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ON THE CONVERGENCE OF HYBRID PROJECTION
METHODS FOR ASYMPTOTICALLY
PSEUDOCONTRACTIVE MAPPINGS IN THE
INTERMEDIATE SENSE

SUN YouNG CHO, SHIN MIN KANG, AND XIAOLONG QIN

ABSTRACT. In this paper, mappings which are asymptotically pseudo-
contractive in the intermediate sense are considered based on a hybrid
projection method. Strong convergence theorems of fixed points are es-
tablished in the framework of Hilbert spaces.

1. Introduction and preliminaries

In this paper, we always assume that H is a real Hilbert space whose inner
product and norm are denoted by (-,-) and || - ||, respectively. Let C' be a
nonempty closed convex subset of H and T : C' — C' a nonlinear mapping. In
this paper, we use F(T) to denote the fixed point set of T

Recall that T is said to be nonexpansive if

(L.1) [Tz =Tyl <[l —yll, Yo,y € C.

T is said to be asymptotically nonexpansive if there exists a sequence {k,} C
[1,00) with k,, — 1 as n — oo such that

(1.2) [T"z — T y|| < knllz —yll, Yn > 1,2,y € C.

The class of asymptotically nonexpansive mappings was introduced by Goebel
and Kirk [5] as a generalization of the class of nonexpansive mappings. They
proved that if C'is a nonempty closed convex and bounded subset of a real uni-
formly convex Banach space and T is an asymptotically nonexpansive mapping
on C, then T has a fixed point.

Received March 8, 2010.

2010 Mathematics Subject Classification. 47TH09, 47TH10, 47J25.

Key words and phrases. asymptotically nonexpansive mapping, asymptotically pseudo-
contractive mapping, asymptotically pseudocontractive mapping in the intermediate sense,
fixed point.

The third author was partially supported by Natural Science Foundation of Zhejiang
Province(Y6110270).

(©2011 The Korean Mathematical Society

473



474 SUN YOUNG CHO, SHIN MIN KANG, AND XIAOLONG QIN

T is said to be asymptotically nonexpansive in the intermediate sense if it is
continuous and the following inequality holds:
(1.3) limsup sup (||7"z —T"y|| — ||z —y[|) < 0.

n—oo  x,Yyec

Observe that if we define

(1.4) 7 = max {0, sup (|[T"z —T"y[| — [z —y[)},
z,yeC

then 7,, — 0 as n — oo. It follows that (1.3) is reduced to
(1.5) [Tz = T"y|| < [lz =yl + 7m0, Vn=1zyecC

The class of mappings which are asymptotically nonexpansive in the inter-
mediate sense was introduced by Bruck, Kuczumow and Reich [3]. It is known
[10] that if C is a nonempty closed convex bounded subset of a uniformly con-
vex Banach space E and T is asymptotically nonexpansive in the intermediate
sense, then T has a fixed point. It is worth mentioning that the class of map-
pings which are asymptotically nonexpansive in the intermediate sense contains
properly the class of asymptotically nonexpansive mappings.

Recall that T is said to be strictly pseudocontractive if there exists a constant
k € [0,1) such that

(1.6) Tz =Tyl < llo = yl* + &ll(I = T)z — (I = T)yl*, Va,yeC.

The class of strictpseudocontractions was introduced by Browder and Petryshyn
[2] in a real Hilbert space.

Recall that T is said to be an asymptotically strict pseudocontraction if there
exist a constant x € [0,1) and a sequence {k,} C [1,00) with k,, = 1 asn — oo
such that

(L7) T = T"y|* < kalle = yl* + 61T =Tz — (I =T")y|?, Va,y € C.

The class of asymptotically strict pseudocontractions was introduced by Qihou
[17] in 1996.

Recently, Sahu, Xu and Yao [23] introduced a class of new mappings: asymp-
totically strict pseudocontractive mappings in the intermediate sense. Recall
that T is said to be an asymptotically strict pseudocontraction in the interme-
diate sense if
(1.8)
limsup sup ([T"e — Tyl — kulla — |2 — 6ll(I - ")z — (I — T")y)|?) <0,

n—oo z,ycC
where k € [0,1) and {k,} C [1,00) such that k, — 1 as n — oo. Put
(1.9)
&, = max {0, supc (|72 —T"y||* — knllz —y[|> = 6| (I = T™)z— (I =T™)y[|*) }.
z,ye
It follows that &, — 0 as n — oco. Then, (1.8) is reduced to the following:

(1.10) |T"2~T"y|* < knlla—ylP+ll(I-T")a—(I-T")y|*+&n, Va,y € C.
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Recall that T is said to be an asymptotically pseudocontraction if there exists
a sequence {k,} C [1,00) with k, — 1 as n — oo such that

(1.11) (T"z — Ty, x —y) < ky||lz —y||?>, Va,yeC.
It is clear that (1.11) is equivalent to
(1.12) T2 = T"y|* < kalle = y* + (1 = Tz — (I = T")y|?, Va,y e C.

The class of asymptotically pseudocontractive mapping was introduced by Schu
[24]. In [22], Rhoades gave an example to show that the class of asymptoti-
cally pseudocontractive mappings contains properly the class of asymptotically
nonexpansive mappings; see [22] for more details. In 2009, Zhou [27] showed
that every uniformly Lipschitz and asymptotically pseudocontractive mapping
which is also uniformly asymptotically regular has a fixed point.

Recently, Qin, Cho and Kim [21] introduced the class of mappings which are
asymptotically pseudocontractive mappings in the intermediate sense.

Recall that T is said to be an asymptotically pseudocontractive mapping in
the intermediate sense if
(1.13) limsup sup ((I"z —T"y,z —y) — kn||z — y[|*) <0,

n—oo z,yeC
where {k,} is a sequence in [1,00) such that k, — 1 as n — co. Put

(1.14) vy, = max {0, sup ((T"x — Ty, x —y) — kpl||lz — y||2)}

z,yeC
It follows that v, — 0 as n — oo. Then, (1.13) is reduced to the following:
(1.15) (T's —T"y,x —y) < kllz —ylI> + v, Yn2>1la,yeC.
It is easy to see that (1.15) is equivalent to
1T — TP < (ko — Dl — g + (T = Tz — (T — Ty

1.16
( ) 4+ 2v,, Vn > 1,x,y € C.

We remark that if v, = 0 for each n > 1, then the class of asymptotically
pseudocontractive mappings in the intermediate sense is reduced to the class
of asymptotically pseudocontractive mappings.

Recall that the normal Mann iteration was introduced by Mann [11] in 1953.
Since then, the constructions of fixed points for nonexpansive mappings via the
Mann iteration have been extensively investigated by many authors. The Mann
iteration generates a sequence {z,} in the following manner:

(1.17) {:m € C chosen arbitrarily,

Tnp1 = (1 — o)y + anTayn, V> 1,

where {a,} is a sequence in the interval (0,1).

If T is a nonexpansive mapping with a fixed point and the control sequence
{ay} is chosen so that )~ | a,(1—a,) = oo, then the sequence {z,,} generated
by the Mann iteration (1.17) converges weakly to a fixed point of T'.
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It is well known that, in the infinite-dimensional Hilbert space, only weak
convergence theorems for the normal Mann iteration were established even for
nonexpansive mappings, see [4]. Attempts to modify the normal Mann iteration
for nonexpansive mapping by hybrid projection methods have recently been
made so that strong convergence theorems are obtained; see, for example, [1],
[6]-[9], [12]-]16], [18]-[21], [25])-[27] and the references therein.

In 2008, Kim and Xu [7] considered the class of asymptotically strict pseu-
docontractions. To be more precise, they obtained the following results.

Theorem KX. Let C be a closed conver subset of a Hilbert space H and let
T :C — C be an asymptotically k-strict pseudocontraction for some 0 < k < 1.
Assume that the fized point set F(T) of T is nonempty and bounded. Let {x,}
be the sequence generated by the following (CQ) algorithm

xg € C' chosen arbitrarily,
Yn = QpTp + (]- - an)Tnxn7
Crn={2€C:|lyn — 2> < lzn — 2|

1.18

( ) —|—[/§;_an(1—an)]||l‘n—T".I'n||2+9n}’7
Qn — {Z c(C: <x0—xn,1‘n —Z> > O}a
Tn+1 = Po,n@., To,

where

0, = Ai(l—an)(kn —1) =0 (n— o), A, =sup{|lz,—z| : 2 € F(T)} < .

Assume that the control sequence {a,} is chosen so that limsup,, , . oy < 1—k.
Then {x,} converges strongly to Pp(ryxo.

Recently, Sahu, Xu and Yao [23] extended Theorem KX by considering the
class of asymptotically strict pseudocontractions in the intermediate sense. To
be more precise, they obtained the following results.

Theorem SXY. Let C' be a nonempty closed conver subset of a real Hilbert
space H and T : C — C a uniformly continuous asymptotically k-strict pseu-
docontractive mapping in the intermediate sense with sequence {k,} such that
F(T) is nonempty and bounded. Let {o,} be a sequence in [0,1] such that
0<d<a,<1—k foralln. Let {x,} be the sequence in C generated by the
following (CQ) algorithm

u=u1x1 € C chosen arbitrarily,
Yn = (1 - an)xn + OénTnl'n,
(1.19) Co = {2 € Ct g — 2I1° < llon — 22 + 0},
n=1{2€C:{u—mzy,z, —2z) >0},

Tn+1 = PCannUa
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where
0,, = max {o, sup_ (172 =Ty = knllz = y)|* = &Il = T™)z = (I - Tn)yH?)}
x,yc
+ (k, — 1A,
and
A, =sup{||lz, — 2|l : 2 € F(T)} < 0.
Then {x,} converges strongly to Pp(ryu.

For the class of asymptotically pseudocontractive mappings, Zhou [27] ob-
tained the following results.

Theorem Z. Let C be a closed convex bounded subset of a real Hilbert space
H. Let T : C — C be a uniformly L-Lipschitzian and asymptotically pseudo-
contractive mapping with a fixed point. Assume that the control sequence {ay, }
is chosen so that a, € [a,b] for some a,b € (0 . Let a sequence {x,} be
generated in the following manner:

1
714,7[/)

x9 € C  chosen arbitrarily,
yn = (1 — ap)zy + @ Ty,
Cn={2€C:an[l — 1+ L)ay]||zn — T 2,
<A{xp —2,(I = T")y,) + (k, — 1)(diam C)?},
Qn={2€C:{z—xn,x, —2) >0},

Tnt+1 = PCanniUO-

(1.20)

Then {x,} converges strongly to Ppryxo.

In this paper, motivated Theorem KX, Theorem SXY and Theorem Z, we
consider mappings which are asymptotically pseudocontractive mappings in the
intermediate sense based on a shrinking projection method. Strong convergence
theorems of fixed points are established in the framework of real Hilbert spaces.

In order to prove our main results, we also need the following lemmas.

Lemma 1.1. Let C be a nonempty closed convexr subset of real Hilbert space
H. Given x € H and z = Pcox, then if and only if there holds the relation

(x—z2—y)>0, VyeC.

Lemma 1.2 (|21, Qin, Cho and Kim]). Let C be a nonempty closed convex
bounded subset of H and T a uniformly L-Lipschitzian and asymptotically pseu-
docontractive mapping in the intermediate sense. Then F(T') is a closed convex
subset of C'.

2. Main results

Theorem 2.1. Let C' be a nonempty closed convex bounded subset of a real
Hilbert space H, Pc the metric projection from H onto C and T : C — C a
mapping which is uniformly L-Lipschitz and asymptotically pseudocontractive
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in the intermediate sense with the sequence {k,} C [1,00), where k, — 1 as
n — 0o. Assume that F(T) is nonempty. Let {x,} be a sequence generated in
the following manner:

xo € H, chosen arbitrarily,
C,=0C,
x1 = Pe, zo,
(2.1) Yn = (1 — apn)xn + anT"2y,
Cri1 ={v €Cy:an[l — (1+ L)ay)||lzn — T x|
<A{xp — 0, Yn — T"yn) + (k, — 1)(diam C)? + v, },

Tntl = Pcn+1x07

where

Vp = max {Oa sup ((p —T"Yp,p — yn> - anp - ynHz)}v Vp € F(T)
Yn,peC
Assume that the control sequence {a,} is chosen such that o, € [a,b] for some
a,b € (0, ﬁ) Then the sequence {x,} generated in (2.1) converges strongly
to PF(T):EO'

Proof. From Lemma 1.2, we see that F(T) is closed and convex. This shows
that Pp(r)ro is well defined for each zo € H. Next, we show that (), is closed
and convex for all n > 1. This can be proved by induction on n. Indeed, we
know that C; = C'is closed and convex. Assume that C,, is closed and convex
for some m > 1. Next, we show C),11 is also closed and convex for the same
m. It is obvious Cy,41 is closed. Take vy and vy in C),41. Then we get that

am|l — (1 + L)am]||xm — Tm,73m||2

(2.2) m . 2
< (Tm — V1, Ym — T™Ym) + (km — 1)(diam C)* + vy,
and
amll = (1 + Dam)l|lzm — T @m||?
(2.3) [1—( Jou]| [

< <xm — V2, Ym — Tmym> + (km - 1)(diam 0)2 + Um,
where v1,v9 € Cyp,. Let v = tvg + (1 — t)ve, where ¢ € (0,1). Multiply (2.2) by
t, (2.3) by (1 —t) and add their both sides respectively. Then we obtain that
anL[l - (1 + L)anL]me - me’"L”Q
<A — 0, Ym — T™Y) + (kmy — 1)(diam C)? + v,y,.
This means v € Cy, 1. This implies that C, is closed and convex for all n > 1.
Now, we are in a position to show that F(T) C C, for all n > 1. From the

assumption, we see F'(T') C Cq = C. Suppose that F(T') C C; for some j > 1.
Next, we show that F'(T') C Cj41 for the same j, which completes the proof.
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For any p € F(T) C Cj, we calculate that
. J |2
|; — T 4|

= (2j — TVxj,2; — T7x;)

1 .
— =i, R TJ .
a; (Tj —yj,z; )
1 i j 1 j
= —(zj —yj, v — Twy— (y; — Ty;)) + —(x; — yj, 95 — T’ y5)
o o
1+ L 1 .
< lz; =yl + —(z; —p+p—yj,y5 — T'y;)
j aj
1+ L 1 . 1 )
s lz; —y;ll* + ;j(xj -py; —T7y;) + Ojj(}?— Yi, Y5 — T7y;)
141 , 1 |
— 9. _ =Dy — TJ .
y lzj — ;I + v (xj — D,y ;)
1 ,
+ Py =P+ -y 0 = T7y5))
J
< (1+ L)ajllz; — T7z]* + ;(%’ -py; —T7y;)
J
1
+ —((k = Dllp = y; 11> + ),
Q;
where
vy =max {0, sup ((p—T7y;,p—y;) —kjllp —y;ll*)}, Vp e F(T).

y;,pEC
It follows that
a;[l = (1 + L)ayll|lz; — TP
< (xj —p,y; — T?y5) + (ks = Dllp = y51* + v

This means p € Cj11. Hence, we get that F'(T") C C, for all n > 1. Notice that
the sequence {z,} is a Cauchy sequence. Indeed, we have the following. Since
Tpnit1 = PCnJrlxo S Cn+1 C Cn, we get that

0 < (20— Tn,Tn — Tnt1)

= (Tg — T, Ty — To + To — Tpy1)

IN

—llzo = xnl® + 20 — zoll[|Zn41 — ol
which yields that
I — oll < ll2ns1 — o]l
From the boundness of {z,} we see that lim, o ||zn — xo|| exists. For any

positive integer m > 1, we know that x,,y,, = Po,. 2o € Chim C C,. From
xn = Po, xo, we obtain that

n+m

(o — Tpy Ty — Tyypm) > 0.
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On the other hand, we have
|zn — xm+n”2 = ||n — 0 + 20 — xm+n||2
= ”xn - 370”2 + ||1'0 - $m+n||2 - 2<$0 — Tn,To — xn+m>
= [Jzo — xm+n”2 — l|zn — x0||2 = 2(z0 — Tn, Tn — Tntm)
< |lwo — xm-&-n”Q — lzn — $0||2-
It follows that ||z, — Zmin| — 0 as n — oo. This implies that {z,,} is a Cauchy
sequence. Since H is a Hilbert space and C' is closed convex, we may assume

that
T, >weC asn— oo.

Since x5, 41 € Cpy1 and T is uniformly Lipschitz, we can easily conclude that
we F(T).

Next, we show that w = Pp(r)xo. In view of Lemma 1.1, we obtain from
rn = Po, xo that

(xo — Tpyxy —p) >0, Vpe F(T) C Cy.
Hence, we have
(xo —w,w—p)y >0, VpeF(T).

From Lemma 1.1, we see that w = Pr(1)xo. This proof is completed. [l

Remark 2.2. Comparing with Theorem Z, we have the following:

(a) the class of mappings is extended from the class of asymptotically pseu-
docontractive mappings to the class of asymptotically pseudocontrac-
tive mappings in the intermediate sense;

(b) the iterative set Q,, is removed;

(c¢) the mapping I — T is demi-closed at zero which is removed.

Corollary 2.3. Let C' be a nonempty closed convexr bounded subset of a real
Hilbert space H, Pc the metric projection from H onto C and T : C — C a
uniformly L-Lipschitz and asymptotically pseudocontractive mapping with the
sequence {kn,} C [1,00), where k, — 1 as n — oo. Assume that F(T) is
nonempty. Let {x,} be a sequence generated in the following manner:

xg € H, chosen arbitrarily,
C,=C,
r1 = Po, xo,
Yn = (1 — ap)zy + @ Ty,
Cry1={veC,:an[l — 1+ L)ay]||lzn — Tra,|?
<Ay —V,Yn — T"yp) + (k, — 1)(diam C)2},

Tnt1 = Po, ., To.

Assume that the control sequence {a,} is chosen such that a,, € [a,b] for some
a,b € (0, I-%L) Then the sequence {x,} converges strongly to Pp(r)yxo.



[1]
2]

3]

[4]

[5]

[6]

[7]

[9]
(10]
(11]
(12]
(13]
(14]
(15]

[16]

(17]
(18]

(19]

20]

(21]

(22]

ASYMPTOTICALLY PSEUDOCONTRACTIVE MAPPINGS 481

References

G. L. Acedo and H. K. Xu, Iterative methods for strict pseudo-contractions in Hilbert
spaces, Nonlinear Anal. 67 (2007), no. 7, 2258—-2271.

F. E. Browder and W. V. Petryshyn, Construction of fized points of nonlinear mappings
in Hilbert space, J. Math. Anal. Appl. 20 (1967), 197-228.

R. E. Bruck, T. Kuczumow, and S. Reich, Convergence of iterates of asymptotically non-
expansive mappings in Banach spaces with the uniform Opial property, Colloq. Math.
65 (1993), no. 2, 169-179.

A. Genel and J. Lindenstrass, An example concerning fixed points, Israel J. Math. 22
(1975), no. 1, 81-86.

K. Goebel and W. A. Kirk, A fized point theorem for asymptotically nonexpansive map-
pings, Proc. Amer. Math. Soc. 35 (1972), 171-174.

I. Inchan and S. Plubtieng, Strong convergence theorems of hybrid methods for two
asymptotically nonexpansive mappings in Hilbert spaces, Nonlinear Anal. Hybrid Syst.
2 (2008), no. 4, 1125-1135.

T. H. Kim and H. K. Xu, Convergence of the modified Mann’s iteration method for
asymptotically strict pseudo-contractions, Nonlinear Anal. 68 (2008), no. 9, 2828—2836.
Y. Kimura and W. Takahashi, Strong convergence of modified Mann iterations for
asymptotically nonexpansive mappings and semigroups, Nonlinear Anal. 64 (2006), no.
5, 1140-1152.

, On a hybrid method for a family of relatively nonexpansive mappings in a
Banach space, J. Math. Anal. Appl. 357 (2009), no. 2, 356-363.

W. A. Kirk, Fized point theorems for non-Lipschitzian mappings of asymptotically non-
expansive type, Israel J. Math. 17 (1974), 339-346.

W. R. Mann, Mean value methods in iteration, Proc. Amer. Math. Soc. 4 (1953), 506—
510.

G. Marino and H. K. Xu, Weak and strong convergence theorems for strict pseudo-
contractions in Hilbert spaces, J. Math. Anal. Appl. 329 (2007), no. 1, 336-346.

C. Martinez-Yanes and H. K. Xu, Strong convergence of the CQ method for fixed point
iteration processes, Nonlinear Anal. 64 (2006), no. 11, 2400-2411.

S. Y. Matsushita and W. Takahashi, A strong convergence theorem for relatively non-
expansive mappings in a Banach space, J. Approx. Theory 134 (2005), no. 2, 257-266.
K. Nakajo and W. Takahashi, Strong convergence theorems for nonexpansive mappings
and nonexpansive semigroups, J. Math. Anal. Appl. 279 (2003), no. 2, 372-379.

S. Plubtieng and K. Ungchittrakool, Strong convergence of modified Ishikawa itera-
tion for two asymptotically nonexpansive mappings and semigroups, Nonlinear Anal.
67 (2007), no. 7, 2306-2315.

L. Qihou, Convergence theorems of the sequence of iterates for asymptotically demicon-
tractive and hemicontractive mappings, Nonlinear Anal. 26 (1996), no. 11, 1835-1842.
X. Qin, S. Y. Cho, and S. M. Kang, On hybrid projection methods for asymptotically
quasi-¢-nonexrpansive mappings, Appl. Math. Comput. 215 (2010), no. 11, 3874-3883.
X. Qin, Y. J. Cho, S. M. Kang, and M. Shang, A hybrid iterative scheme for asymptot-
ically k-strict pseudo-contractions in Hilbert spaces, Nonlinear Anal. 70 (2009), no. 5,
1902-1911.

X. Qin, Y. J. Cho, S. M. Kang, and H. Zhou, Convergence theorems of common fized
points for a family of Lipschitz quasi-pseudocontractions, Nonlinear Anal. 71 (2009),
no. 1-2, 685-690.

X. Qin, S. Y. Cho, and J. K. Kim, Convergence results on asymptotically pseudocon-
tractive mappings in the intermediate sense, Fixed Point Theory Appl. 2010 (2010),
Article ID 186874.

B. E. Rhoades, Comments on two fized point iteration methods, J. Math. Anal. Appl.
56 (1976), no. 3, 741-750.




482 SUN YOUNG CHO, SHIN MIN KANG, AND XIAOLONG QIN

[23] D. R. Sahu, H. K. Xu, and J. C. Yao, Asymptotically strict pseudocontractive mappings
in the intermediate sense, Nonlinear Anal. 70 (2009), no. 10, 3502-3511.

[24] J. Schu, Iterative construction of fized points of asymptotically nonerpansive mappings,
J. Math. Anal. Appl. 158 (1991), no. 2, 407-413.

[25] W. Takahashi, Y. Takeuchi, and R. Kubota, Strong convergence theorems by hybrid
methods for families of nonexpansive mappings in Hilbert spaces, J. Math. Anal. Appl.
341 (2008), no. 1, 276-286.

[26] H. Zegeye and N. Shahzad, Strong convergence theorems for a finite family of nonez-
pansive mappings and semigroups via the hybrid method, Nonlinear Anal. 72 (2010),
no. 1, 325-329.

[27] H. Zhou, Demiclosedness principle with applications for asymptotically pseudo-
contractions in Hilbert spaces, Nonlinear Anal. 70 (2009), no. 9, 3140-3145.

SuN YounGg CHO

DEPARTMENT OF MATHEMATICS
GYEONGSANG NATIONAL UNIVERSITY
JINJU 660-701, KOREA

E-mail address: ooly61@yahoo.co.kr

SHIN MIN KANG

DEPARTMENT OF MATHEMATICS AND THE RINS
GYEONGSANG NATIONAL UNIVERSITY

JINJU 660-701, KOREA

E-mail address: smkang@gnu.ac.kr

XIAOLONG QIN

DEPARTMENT OF MATHEMATICS
HANGZHOU NORMAL UNIVERSITY
HaNGzHOU 300160, P. R. CHINA
E-mail address: qxlxajh@163.com



