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GENERALIZED IDEAL ELEMENTS IN le-I'-SEMIGROUPS

KostaQ HiLA AND EDMOND PIsHA

ABSTRACT. In this paper we introduce and give some characterizations
of (m,n)-regular le-I-semigroup in terms of (m,n)-ideal elements and
(m, n)-quasi-ideal elements. Also, we give some characterizations of subid-
empotent (m,n)-ideal elements in terms of ro- and l- closed elements.

1. Introduction and preliminaries

In 1981, Sen [19] introduced the concept and notion of the I'-semigroup as a
generalization of semigroup and of ternary semigroup. Many classical notions
and results of the theory of semigroups have been extended and generalized to
I-semigroups. We [1, 2, 5] introduced and gave several other properties and
characterizations in [e-I'-semigroups in general and regular le-I'-semigroups
in particular. The concept of generalized ideals and (m,n)-ideals elements
in semigroups have been introduced by Lajos in [14] as a generalization of
one-sided (left or right) ideals in semigroups and it was studied by several
authors such as [7], [10], [11], [15], [16], [17], [18] and others. Kehayopulu [8, 9]
generalized this concept and several results related in poe-and le-semigroups.
In this paper we extend these concepts and results in le-I'-semigroups. During
this paper we introduce and give some characterizations of (m,n)-regular le-
I-semigroup in terms of (m,n)-ideal elements and (m, n)-quasi-ideal elements.
Also, we give some characterizations of subidempotent (m, n)-ideal elements in
terms of r,- and [,- closed elements with respect to appropriate elements.

We introduce below necessary notions and present a few auxiliary results
that will be used throughout the paper.

In 1986, Sen and Saha [20] defined I'-semigroup as a generalization of semi-
group and ternary semigroup as follows:

Definition 1.1. Let M and I'" be two non-empty sets. Denote by the letters
of the English alphabet the elements of M and with the letters of the Greek
alphabet the elements of I'. Then M is called a I'-semigroup if
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(1) avybe M for all a,b € M and v € T.

(2) (aad)Be = aa(bBe) for all a,b,c € M and o, 8 €T.

(3) If mi,mo,mz,my € M,v1,72 € T such that m; = m3z,y1 = 72 and
me = My, then myy1mg = mayamy.

Example 1.2. Let M be a semigroup and I' be any non-empty set. If we
define ayb = ab for all a,b € M and v € I'. Then M is a I'-semigroup.

Example 1.3. Let M be a set of all negative rational numbers. Obviously M
is not a semigroup under usual product of rational numbers. Let I' = {—Zl) :p
is prime}. Let a,b,c € M and « € T'. Now if aab is equal to the usual product
of rational numbers a, «, b, then aab € M and (aab)Bc = aa(bBc). Hence M
is a ['-semigroup.

Example 1.4. Let M = {—i,0,i} and ' = M. Then M is a I'-semigroup
under the multiplication over complex numbers while M is not a semigroup
under complex number multiplication.

These examples show that every semigroup is a I'-semigroup and I'-semi-
groups are a generalization of semigroups.

A T-semigroup M is called a commutative I'-semigroup if for all a,b € M
and v € ', ayb = bya. A nonempty subset K of a I'-semigroup M is called a
sub-I"-semigroup of M if for all a,b € K and vy €T, ayb € K.

Example 1.5. Let M = [0,1] and I' = {Z|n is a positive integer}. Then M is
a I'-semigroup under usual multiplication. Let K = [0,1/2]. We have that K
is a nonemtpy subset of M and ayb € K for all a,b € K and v € I'. Then K
is a sub-I'-semigroup of M.

Different examples can be found in [1, 3, 4, 19, 20].

Definition 1.6. A po-T'-semigroup (: ordered T'-semigroup) is an ordered set
M at the same time a I'-semigroup such that for all a,b,c € M and for all
vyel

a < b= ayc < bye, cya < cvb.

A poe-T-semigroup is a po-I'-semigroup M with a greatest element “e” (i.e.,
e>a,Ya € M).

In a po-I'-semigroup M, a is called a right (resp. left) ideal element if
aab < a (resp. baa < a) for all b € M and for all « € I'. And a is called an
ideal element if it is both a right and left ideal element. In a poe-I'-semigroup
M, a is called right (resp. left) ideal element if ace < a (resp. eaa < a) for all
ael.

Examples of ordered I'-semigroups can be found in [3, 4, 6].

For nonempty subsets A and B of M and a nonempty subset I of T", let
ATYB = {ayb:a € Ajb € B and v € T'}. If A = {a}, then we also write
{a}I"B as al"B, and similarly if B = {b} or I = {~}.

Let T be a sub-I'-semigroup of M. For A C T we denote
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(Al ={t € T|t < a for some a € A},
[A)r = {t € T|t > a for some a € A}.

An element a of a po-I'-semigroup M is called reqular if there exists b € M
such that a < aabfa for some o, 5 € I'. A po-I'-semigroup M is called regular
if every element of M is regular. The following are equivalent:

(1) For every A C M, A C (ATMT A],
(2) For every element a € M,a € (aI'MTa).

An element a of a poe-I'-semigroup is called a quasi-ideal element if eca Nace
exists and ace A eaa < a for all @« € I'. We denote by g(a) the quasi-ideal
element of M generated by a, i.e., the least quasi-ideal element of M containing

a. We say that a € M is a bi-ideal element of M if and only if aaefa < a,
Va,B €T

Definition 1.7. Let M be a semilattice under V with a greatest element e
and at the same time a po-I'-semigroup such that for all a,b,c € M and for all
vyel

ay(bVe) =aybV ayc
and

(aV b)yec = avycV byc.
Then M is called a Ve-I'-semigroup.

A Ve-T'-semigroup which is also a lattice is called an le-I'-semigroup.
The usual order relation < on M is defined in the following way

a<b&saVvb=0.

Then we can show that for any a,b,c € M and v € I, a < b implies avyc < byc
and cya < cyb.

Example 1.8 ([1]). Let (X, <) and (Y, <) be two finite chains. Let M be
the set of all isotone mappings from X into Y and I' be the set of all isotone
mappings from Y into X. Let f,g € M and a € I". We define fag to denote
the usual mapping composition of f,«a and g. Then M is a I'-semigroup. For
f,9 € M, the mappings f V g and f A g are defined by letting, for each a € X

(f Vg)(a) = max{f(a),g(a)}, (f A g)(a) = min{f(a),g(a)}

(the maximum and minimum are considered with respect to the order < in X
and Y). The greatest element e is the mapping that sends every a € X to the
greatest element of finite chains (Y, <). Then M is an le-I'-semigroup.

Example 1.9 ([1]). Let M be a po-I'-semigroup. Let M; be the set of all
ideals of M. Then (My,C,N,U) is an le-T-semigroup.

Example 1.10 ([1]). Let M be a po-T'-semigroup. Let M; = P(M) be the set
of all subsets of M and I'y = P(T") the set of all subsets of I'. Then M, is a
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po-TI'1-semigroup if

(A](A(B] = (AAB] if A, B € M;\{0},A € ;)\ {0}

AAB:{@ if A=0or B=0.

Then (M7, C,N,U) is an le-I';-semigroup.

Example 1.11. Let G be a group, I, A two index sets and I' the collection of
some A x I matrices over G° = GU{0}, the group with zero. Let u® be the set of
all elements (a);y where i € I, A € A and (a);» the I x A matrix over G° having
a in the i-th row and A-th column, its remaining entries being zero. The expres-
sion (0);x will be used to denote the zero matrix. For any (a)ix, (b);u, (¢)kw € 1°
and a = (pxni), 5 = (gni) € T we define (a)ina(b)j, = (apr;b)iu. Then it is
easy verified that [(a)ina();.B(¢)k = (a)ira[(D);uB(c)rn]. Thus p° is a I'-
semigroup. We call I' the sandwich matrix set and p° the Rees I x A matrix I'-
semigroup over G° with sandwich matrix set I and denote it by u°(G : I, A,T).
In [6] we deal with lattice-ordered Rees matrix I'-semigroups.

If M is a Ve-T'-semigroup, then every map ¢ : M — M is called a topology
on M [1]. A topology ¢ on M is said to be an:

(1) S-topology on M if and only if a1,as € M, with a; < ag implies
plar) < p(az).

(2) I-topology on M if and only if a € M, implies a < ¢(a).

(3) U-topolgy on M if and only if ¢(p(a)) = ¢(a) for every a € M.

An element a € M is called a closed element of M related to a topology ¢
(or p-closed) if and only if ¢(a) = a. The set of all closed element of M related
to ¢ will be denoted by Fi,.

In a Ve-I'-semigroup M, we define two mappings r, and lg for each o, 5 € I'
as follows:

To: M — M,ry(a) = ace V a,
lg: M — M,lg(a) =efaVa
for all a € M.
It is clear that r, and lg, for a, B € I, are I- and S-topologies on M. If M
is an le-I'-semigroup, then r, and lg are U-topologies on M.
For other definitions and terminologies not given in this paper, the reader is
refered to [1], [19], [20].
2. On (m,n)-ideal elements in le-I'-semigroups
Let M be a Ve-I-semigroup and m,n € Z*.
Definition 2.1. An element a € M is called an (m,n)-ideal element of M if
(amiay2a ... ym—1a)aeB(apiapsa. .. pn_1a) < a

for all a, 8 € ' and for some 1,72, ..., Ym—1,P1,--«sPn-1 € L.
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a is defined such that a®yb = bya® = b (b€ M,y € T).

For m =0,n =1 (resp. m = 1,n = 0) Definition 2.1 give us the trivial case
of left (resp. right)-ideal elements. It is clear that the right (resp. left)-ideal
elements are (m,0) (resp. (0,n))-ideal elements for every m > 1 (resp. n > 1).

An le-T-semigroup is called subidempotent if aca < a for all a € M, €T

In the sequel of the paper, for the sake of simplicity, we denote a™ =
ay1avy2a. .. ym—1a for some v1,72,...,vm—1 € I' and for some m € Z*.
It can be easily proved the following statements:

(1) Let M be a poe-I'-semigroup and a,b two (m,n)-ideal elements of M.
Then the intersection a A b if exists is an (m, n)-ideal element of M.

(2) Let M be a poe-I'-semigroup. Then the k-power (k > 1) of an (m,n)-
ideal element is also an (m,n)-ideal element.

(3) Let M be a poe-T-semigroup. If a is an (m,n)-ideal element of M
(m,n > 1), then for every b € M, € T such that aab < a (resp.
baa < a), the products aab and baa are (m,n)-ideal elements of M.
For m = n = 1 we have: If a is a bi-ideal element, then ayb and bva,
~v € I, are bi-ideal elements, for all b € M. Clearly, Vo, 8,v € T,

(ayb)aeB(ayb) = (ayb)a(eBa)yb < (ayb)aeyb = avy(baeyb) < ayb,
similarly (bya)aef(bya) < bya.
(4) Let M be a Ve-I'-semigroup and a, b two left (resp. right)-ideal elements
of M. Then the union a V b is a subidempotent (m,n)-ideal element,
Ym > 0,Yn > 1 (resp. n > 0,m > 1).
In the following, (@) () Will be denoted the principal (1m,n)-ideal element
of M generated by a, i.e., the least (m,n)-ideal element of M containing a and
by I(mmn) the set of all (m,n)-ideal elements of M.

Definition 2.2. Let M be a Ve-I'-semigroup and m,n € Z*. M is called
(m, n)-regular if

a < (ay1ay2a. .. ym—10)aef(apiapsa. .. pp_1a)

for all a € M, a, 8 € ' and for some v1,7%2, ..., Ym—1,P1,---,Pn-1 € L.

Lemma 2.3. Let M be a Ve-I'-semigroup and m,n, k € Z. Then the following
hold true:

(1) (aVa™aeBa®)™ve = a™ye, Ya € M,a, 3,7 € T.

(2) ey(aV d*aeBa™)™ = eya™, Ya € M,a, B3,y €.

(3) (@)(mmn) =aVa™aepa™, Ya € M,a,B3,€T.

Proof. We prove the first two conditions in case m,n > 1, since the case m = 0
or n =0 is obvious. For a € M, a, 5,p € I, we have

(1) (a Vv amaeBa*)ve = ((a V a™aeBa")p)™ (a V a™aeBar)ve = ((a V
am™aeBar)p)m L ((ayevamaeBakve) = ((aVa™aeBa*) )™ Lave = ((aVa™aeBa¥)
p)™2(aV a™aefa¥)paye = ((a V a™aeBak)p)" 2 (apaye V a™aeBartlye) =
((aVamaeBa®)p)m 2a?ye = - - = a™e.
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The proof of (2) is analogues to that of (1).

(3) Let m,n > 0,,8 € T. Then, (aV a™aefa"™)™aef(aV a™aefa™)" =
a™aefa™ (by (1) and (2)), so that a V a™aefa"™ € Iy ). Now, if b is an
(m,n)-ideal element of M containing a, then a V a™aefBa™ < b. This finishes
the proof. (I

Theorem 2.4. A Ve-T'-semigroup M is (m,n)-regular if and only if
(%) aaefa” = a, Ya € Iy, ), Vo, B €T

Proof. (=) This statement is obvious.
(<) Let a € M,a, 8 € T'. Since (@) (m,n) € L(m,n), We have:

(<a>(m,n))maeﬁ(<a>(m,n))n = <a>(m,n)
But, ({a)(m,n))"ae = a™ae (by Lemma 2.3(3),(1)), and eB({a)m,n))" = efa”™
(by Lemma 2.3(3),(2)).
Thus, a < a™aefa™ and M is (m,n)-regular. O

Theorem 2.5. Let M be a subidempotent le-I"-semigroup. Then M is (m,n)-
reqular if and only if

(xx) aNb=a"abAaBb", Ya € Iy 0),b € [on), o, BeT.

Proof. (=) Let M be a (m,n)-regular le-I-semigroup. Let a € I, ) and
b € I(o,n)- Then, a™ae < a and efb™ < b, hence a™abAafBb™ < a™aeNefb™ <
a A'b. On the other hand, a Ab < (a Ab)"aeB(a Ab)™ < a™aefb™ < a™ab,
similarly, a A b < a8b", hence a Ab < a™ab A afb".

(«<=) Since M is a (0,0)-regular le-I'-semigroup, the the statement is true for
m=mn=0.

Let m # 0,n = 0. If a € I, ), then since e is a (0,0)-ideal element of M,
we have by (xx), that a = a™ae,a € T, so that M is (m, 0)-regular (Theorem
2.4). The proof in the case m = 0,n # 0 is analogues.

Now, let m # 0,n # 0. Then, M has the property:

(s % %) aNb<aab, Va € Iy 0), Vb € Lon), Va €T
Indeed: let a € I(;, 0). Then Vo € T,
aANb=a"abAaab™ <aab (m>1,n>1).

Now, let a € M. Since (a)(m,0) € I(m,0) and e is a (0,n)-ideal element of M,
we have by (xx), that Vo, 8 € T

(@mo) = (@)m,0))" e A(a)um,0Be"
< ({@)(m,0)) " @e = a™ae (by Lemma 2.3(3),(1)),

thus (a)(m,0) = a™ae. Similarly, (a)(o,,) = efa™. On the other hand,

a < {@)(m,0) ANa)(0,n) < (@) (m,0)7(a)(0,n), 7y € L'(by(x * *))
= a™we?Ba" < a™aefa’.
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Therefore, M is (m,n)-regular, and this finishes the proof. Il

Theorem 2.6. Let M be a poe-I'-semigroup and m,n € Z+ with m +n > 1.
Let be the following statements for a € M,p € I':

(1) da; € FT(;“’I), i1=1,2,...,m and
b, € Fl(pbj’l), j=1,2,...,n where

ag = e,byg = ay, and by, = a (resp. by = e,ag = by, and a,, = a).
(2) a is a subidempotent (m,n)-ideal element of M.

Then, (1) = (2). In particular, if M is a Ve-T'-semigroup, then (1) < (2).
Proof. (1) = (2). In fact a is subidempotent, and for «, 3, p € T', we have:

bmaeBb? = (bpp)™ tbpaefb < (bp)™ tajaeSb
(bnp)™ a1 by = (bnp)™ 2bppa1 By, < (bup)™ >azpas Bby,
(bnp)™ 2asfiby < -+ < (bup)™ =" Vg1 5b];

<
<

= by pam—18b;, < Gmpam—18b;, < anm, by,
= Gy By b < Bbrpb T < by !
= b1 pb,pblt =% < by pbopbl =2 < bopbli 2
<o Kby pb? (D = b pby, < by,

(2) = (1). Let M be a Ve-I'-semigroup and let a be a subidempotent (m, n)-
ideal element of M. We put:

a; = {a),0), 1 =0,1,2,...,m and b; = (a)(m.j), j = 0,1,2,...,n.

Then, by Lemma 2.3(3), we have Vo, p € T,
a; = {a)u0) =aVaae=aV(ap) lace <aValae
=(a)(i-1,0) = @i—1,1 = 1,2,...,m

and Vo,v,p e’

bj ={(a)(m, ) =aV a™deva’ = aV amdeyapa’ Tt < aVamdeyal !

=(a)(m,j—1) = bj—1,5 = 1,2,...,n.

Also, ag = e,by = a,, and b,, = a. Moreover,
i—1

aipai—1 = (a0 pla)i-1,0 = (aVa'ae)p(aVa ae)

=a?Va'aepa Valae Valaepa’rae < aVatoe

(@)o) = aii=1,2,...,m
that is,
a; € F'((s’ifl)”l: =1,2,...,m.
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Also, ¥,v,p el
(@) (m.j—1)P{@) (m. )
= (aVa™deva? Hpla Vv a™deyal)
=a?Va™eva’ V a™ T eval V a™Seyal T Seryal
<aVamdeya = (@) (m,jy,d =1,2,...,n.
Therefore,
bj—ipb; <bj,j=1,2,...,n
that is,
e RV j=12. n
The other case can be proved similarly. In that case, for (2) = (1) we put:
bj = (a),;,J=0,1,2,...,n
and
a; = {a)(in),1=0,1,2,...,m.

Let M be a poe-TI'-semigroup. An element a € M is called ryl,-closed, o € T,
if there exists a right-ideal element b € M such that a is [,-closed with respect
to b. Similarly, a is called [,7,-closed, if there exists a left-ideal element b with
a € FT(S). O

Corollary 2.7. Let M be a poe-I'-semigroup. Then all rolq-closed and lore -
closed elements are subidempotent bi-ideal elements. In particular, if M is a
Ve-I'-semigroup, the preceding three classes of elements are the same.

3. On (m,n)-quasi-ideal elements in le-I'-semigroups

Definition 3.1. Let M be a poe-I'-semigroup. An element ¢ of M is called an
(m, n)-quasi-ideal element of M if ¢™ae A efq™ exists and ¢"ae A efq" < g,
a,pB el

Remark 3.2. Every quasi-ideal element ¢ of a poe-I'-semigroup M is an (m,n)-
quasi-ideal element of M for all m,n € Z* such that ¢™ae A eBq™ exists. For
m,n € ZT, every (m,n)-quasi-ideal element is an (m,n)-ideal element of M.
If {q;;i € I} is a nonempty family of (m,n)-quasi-ideal elements of M, then
Nier @ is an (m,n)-quasi-ideal element if (A, ; ¢;)ae A ea(\;c; i), Yo € T
exists.

Remark 3.3. Quasi-ideal elements are subidempotent. In poe-I'-semigroups,
quasi-ideal elements are subidempotent bi-ideal elements. In Vel'-semigroups,
quasi-ideal elements are r,l, (resp. lo7q)-closed. In regular le-T-semigroups,
the converse of the last statement also holds (by Corollary 2.7 above and Corol-
lary 2.3 [1]).
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Let we denote by Q) the set of all (m,n)-quasi-ideal elements of M.

In distributive le-I-semigroups [2], the quasi-ideal elements are exactly the
intersections of the left- and right- ideal elements. The following theorem shows
that the analogues property is true for the (m,n)-quasi-ideal elements, too.

Theorem 3.4. Let M be a distributive le-I"-semigroup. Then, an element g
is an (m,n)-quasi-ideal element of M if and only if there exists an (m,0)-ideal
element a and a (0,n)-ideal element b of M such that

qg=aAlb.

Proof. (=) Let a € I(0) and b € I ). Then, since a,b € Q(, ), we have

alNbe Q(m,n)-
(«=) Let ¢ € Q(m,n)- Then, by Lemma 2.2(3), we have

qg = qV(¢"aeNeBq")=(qVq"ae)A(qVebq")
= Dm0 N D 0n)
where (q) (m,0) € I(m,0) and (q)(0,n) € L(0,n)- a

It is clear that (m,0) (resp. (0,n))-ideal elements and (m,0) (resp. (0,n))-
quasi-ideal elements are the same. So, the following theorem is true:

Theorem 3.5. Let M be a distributive le-I'-semigroup. Then, an element q is
an (m,n)-quasi-ideal element of M if and only if there exists an (m,0)-quasi-
ideal element a and a (0,n)-quasi-ideal element b of M such that

qg=aANb.

Since the poe-I'-semigroups are semilattices under A, we have the following
theorem.

Theorem 3.6. Let M be a poe-T'-semigroup. Then the element
g=aAlbd

where a is an (m,0)-ideal element and b an (0,n)-ideal element of M, is a
(m,n)-quasi-ideal element of M.

We denote by (a)(m,n) the (m,n)-quasi-ideal element of M generated by
a€c M.

Lemma 3.7. Let M be an le-I'-semigoup, a € M, o, 3,v,p € I and m,n € Z*.
The following hold true:

(1) (aV (a™ae Aefa™))™ye < a™~e.

(2) ey(aV (a™ae Aefa™)™ < eya™.

(3) (@)(m,n) ewists and (a)(mn) = aV (a™ae A efa™).
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Proof. (1) Since for m = 0 it is clear. Let m > 1. Then we have
(aV (a™ae NeBa™))"ve
= (aV(a™aeAeBa™)" p(aV (a™ae AefBa™))ve
< (aV(a™aeAeBa™)™ tplave V (a™ae* A efaye))

m—1

= (aV(amaeNeBa™)" paye

= (aV(a™aeAeBa™))" 2p(aV (a™ae A efa™))paye

< (aV(a™aeAeBa™)™ 2p(a’ye V (a™aepaye A efa T ye))
= (aV(a™aeAeBa™)™ %pa’vye

< ame.

(2) Tt is proved similarly.
(3) Let m,n > 0. From (1) and (2) we have Vo, 3 € T

(aV (amaeNefa™)"aeNef(aV (aMaeAefa™))" < a™ae Aefa”

hence a V (a™ae A efa™) is an (m,n)-quasi-ideal element of M containing
a. Now, if b is an (m,n)-quasi-ideal element of M such that b > a, then
aV (a™ae Aefa™) <b. O

Remark 3.8. In general in le-I'-semigroups, (a)(m,n) < (@)(m,n). In particular,
(@) (m.,0) = (@) (m,0) and (a)(0,n) = (@)(0,n)-

Theorem 3.9. Let M be an le-I'-semigroup and m,n € Z. Then the following
are equivalent:
(1) M is (m,n)-regular.
(2) amaeBa™ = a, Va € Iy n),a,B €T,
( ) q aeﬁq =49q, vq € Q(m,n)v aB el
(4) ((a)(m,n)) " @eB({a) (m,n)" = (@) (m,n), Va € M,a, B €T.
(5) ((@)(m,nm)) ™ eB((a)(m,n)" = (@) (m,n), Ya € M,a, B €T

Proof. (1) = (2). It is obvious by Theorem 2.4.
(2) = (3). It is obvious by Remark 3.2.
(3) = (1). Let a € M. By Theorem 3.5 it follows that the element (a) (o)A

(a)(0,n) is an (m,n)-quasi-ideal element of M. Thus, by (3) and Lemma 2.3,

a < {a)(m,0) AN (@) 0n)
= ({@)(m,0) A (a)0,n) " aeB((a) m,0) A (@) (0,n))"
(@) (m.,0)) " aeB({a)(0,n))"
= a"aefa”.
(2) = (4). It is clear.
(4) = (2). If a € I(y,n), then (a)(m,n) = a and by 4), we have a™aefBa™ = a.

IA
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(3) = (5). The proof is similar with the previous case of (m,n)-ideal ele-
ments. U

Remark 3.10. From all above, it is clear that the implications (1) = (2) = (3)
hold in poe-I'-semigroups, and the equivalence (2) < (4) in Ve-I'-semigroups
in general.

Remark 3.11. In regular poe-I'-semigroups, we have I(,, ) = Q1 n)- For every
element a of a poe-I'-semigroup M and «, 3,6, p € I', we have

amae Nefa” < (a™ae AeBa)dep(a™ae Aefa”) < (aae)dep(efa™)
< a"aefa” < a"ae Nefa’.

So, in regular poe-I'-semigroups, we have a™aefa™ = a™ae A efa™.
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