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Abstract

We investigate the properties of Galois, dual Galois, residuated, and dual residuated connections on posets. In partic-

ular, we show that their connections are related to relations.
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1. Introduction and Preliminaries

Galais, dual Galois, residuated and dual residuated con-
nections are defined by relationship between posets. Wille
[11] introduced the formal concept lattices by allowing
some uncertainty in data as examples as Galois, dual Ga-
lois, residuated and dual residuated connections. Galois
connection analysis is an important mathematical tool for
data analysis and knowledge processing [1-5,8,9,11].

In this paper, we investigate the properties of Galais,
dua Galois, residuated and dua residuated connections.
We find generating functions which induce Galois, dual
Galais, residuated and dual residuated connections. In par-
ticular, we show that their connections related to relations.

Let X beaset. Arelationex C X x X iscalled apar-
tially order set (simply, poset)if it isreflexive, transitive and
anti-symmetric. We can define aposet ep(x)y C P(X) x
P(X)as(A,B) € epx)iff AC Bfor A,B € P(X). If
(X, ex) is aposet and we define a function (z,y) € e'
iff (y, ) € ex, then (X, e") isaposet.

Definition 1.1. [10] Let (X, ex ) and (Y, ey ) be posetsand
f:X—=Yandg:Y — X maps.

(D) (ex, f, g, ey) iscalled aGalois connection if for all
reX,yeY,(y f(z)) €eyiff (z,9(y)) € ex.

(2)(ex, f,g,ey) is caled adua Galois connection if
foradlze X,y eV, (f(z),y) € ey iff (g(y),x) € ey.

(3) (ex, f,g,ey) is caled a residuated connection if
foralz e X,y eV, (f(z),y) € ey iff (z,9(y)) € ey.

(4 (ex, f,g,ey) iscaled adual residuated connection
ifforallz e X,y €Y, (y, f(x)) € ey iff (g(y),x) € ey.

Remark 1.2. [10] Let (X, ex) and (Y, ey ) be aposet and
f:X—>Yadg:Y — X maps.

(1) (ex, f,g,ey) isaGalais (resp. dual Galois) con-
nection iff (ey,g, f,ex) is a Gaois (resp. dual Galois)
connection.
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(2 (ex, f,g,ey) is a Gdois (resp. residuated) con-
nectioniff (3", f, g, ey ") isadual (resp. dual residuated)
Galois connection.

(3) (ex, f, g, ey) isaresiduated (resp. dual residuated)
connection iff (e, g, f,ex') is aresiduated (resp. dual
residuated) connection.

4 (ex, f,g,ey) isaGaois (resp. dua Galois) con-
nection iff (ex, f, g, ey ") isaresiduated (resp. dual resid-
uated) connection.

(5) (ex,f,g,ey) is a residuated connection iff
(ey, g, f,ex) isadua residuated connection.

Theorem 1.3. [10] Let (X, ex) and (Y, ey ) beaposet and
f:X—=Yadg:Y — X maps.

(D) (ex, f,g,ey) isaGalois connection if f, g are an-
titone mapsand (y, /(9(y))) € ey and (z, g(f(2))) € ex.

(2) (ex, f,g,ey) isadua Galoisconnectionif f, g are
antitone maps and (f(g(y)).) € ey and (9(f(2)),z) €
€x.
(3) (ex, f,g,ey) isaresiduated connection if f, g are
isotone maps and (f(g(y)),y) € ey and (z,g(f(x))) €
€x.
(4) (ex, f,g,ey) is called a dua residuated connec-
tion if f, g are isotone maps and (y, f(g(y))) € ey and
(9(f(z)),2) € ex.

(5) (ex, f,g,ey) is a Gaois (resp. residuated) con-
nectioniff (ey', f, g, ey ") isadual (resp. dual residuated)
Gadlois connection.

2. Various Connection and Their Relations

Theorem 2.1. Let (P(X), €p(X)) and (P(Y), €p(y)) bea
posetand F : P(X) - P(Y)and G : P(Y) — P(X)
maps.

(1) (epx), F,G,epyy) is a Galois connection iff
F(UiGF Ai) = nier F<Ai)-
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(@ (ep(x), F, G, ep(yy) is aresiduated connection iff
F(Uier 4i) = Uer F(A0).

() (ep(x), F, G,ep(yy) isadua Galois connection iff
(ﬂzGF A; ) UzEF ( Z)

(4) (epx), F,G,ep(y)) is adua residuated connec-

tioniff F'(,cp Ai) = Nier F(A4).
Proof. (1) (=) Since (B, F(U;cr 4i)) € ep(y iff
(Uier 4i,G(B)) € ep(x) iff (Vi € T)(A;,G(B)) €
ep(Xx) iff (Vi € F)(B,F(Ai)) S ep(y) iff
(B,Njer F(As)) € epyy, put B = {y} for each y ¢
Y,y € F(Ujer 4i) it ({y}, F(Uier i) € ep(y) iff
(v} Nier F(Ai)) € epy) iffy € ﬂ r F'(4i). Hence
F(User Ai) = Nier F(A).

(<) Define G(B) = UJ{C | B c F(C)}. If
B C F(C), then C C G(B). If C C G(B), then

F(C)> F(G(B)) D B.

(=) Since (F(Ujcr 4i), € epy) Iff
)

B)
(Uzgl"A“G(B)) S ep(Xx) iff ( 7 ¢ T (A“G( )) S
ep(X) iff (VZ S F)(F( ) ) c ep(y) iff
(Uier F(Ai), B) € epy, then F(Uep 4i) =

UieF F(Ai)-

(<) Define G(B) = U{C | F(C) c B}. |If
F(C) c B, thenC C G(B). If C C G(B), then
F(C)c F(G(B)) C B.

(=) Since (F(Ner A:), B)
(G(B)’ﬂiEFAi) S ep(X iff (\V’Z S
epxy iff (Vi e T)(F(4),B) € epx Iff
(Uper F(4),B) € epx), then F(ep A) =
UiEF F(4).

(<) Define G(B) = N{C | F(C) c B}. If
F(C) ¢ B, then G(B) c C. If G(B) C C, then
F(C)cC F(G(B)) C B.

S ep(y) iff
D)(G(B), Ai) €

(4 (=) Since (B,F(er 4i)) € Ep(y) iff
(G(B)’mzel"Ai) S ep(X) iff (Vl S F)(G( ) ) S
ep(X) iff (VZ S F)(B,F(AZ)) S €p(y) iff
(B.Nier F(A4) € epy), then F(N,pA) =
Nier F(A4i).

(«<) Define G(B) = ﬂ{ | B ¢ F(C)}. |If
B C F(C), then G(B) C If G(B) c C, then

F(C) > F(G(B)) > B.
O

Theorem 2.2. Let (P(X),ep(x)) and (P(Y),ep(y)) bea
posetand F' : P(X) — P(Y)ad G : P(Y) — P(X)
maps.
(1) (ep(xy, F, G, ep(yy) isaGalois connectioniff there
exists R € X x Y such that
FA) ={yeY |(VreX)(ze€ A— (z,y) € R)}

GB)={zeX|(VyeY)(yeB— (z,y) € R)}.

(2 (ep(x), F,G,ep(yy) is aresiduated connection iff
thereexists R ¢ X x Y such that

FA)={yeY |(FreX)(zre€ A& (z,y) € R)}
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G(B)={re X | (Vy € Y)((a,y) € R—y € B)}

(3) (ep(x), F, G, ep(y)) isadual Gaois connection iff
thereexists R € X x Y such that

FA)={yeY |(FreX)(zec A& (z,y) € R)}

y) € R)}

(4) (ep(x), F,G,ep(y)) is adua residuated connec-
tion iff thereexists R € X x Y such that

GB)={zeX|(FyeY)(y € B°& (x,

FA)={yeY | (Ve X)((z,y) e R—xz € A)}

GB)={zeX|(FyeY)yeB&(z,y) € R)}

Proof. (1)(=)

y € F({2}) iff ({4}, F({2})) € eppr)
it ({2}, G({y})) € epcx) 1T @ € GU{y)).

Put (z,y) € Riff y € F({z}) iff z € G({y}). Then

y € F(A)
iff ({y}, F(A)) € epy) iff (A, G({y})) € ep(x)
iff (Ve € X Ex cAoze G({y}))

iff (Vo e X xeAH(x,y)eR).

~— ~—

x € G(B)
it ({x}, G(B)) € epcx) iff (B, F({z})) € ey
iff (vyeV)(yeB—ye F({x}))

iff VvyeY)|(yeB—(z,y) GR).
(<)

(B, F(A)) € epy)

iff (VyeY)(ye B—yeF(A)
iff VvyeY)(ye B— (VzeX)(xe€ A
iff VeeX)(zeA— (VyeY)(yeB
iff VxGX(xEA—mceG( )

iff ( )Eep(y

~—

— (2,y) € R))
— (¢,9) € R))

,.\A/.\A
\/\_/\_/

(=)

y € F({z})®iff (F({z}),{y}°) € ep(v)
iff ({2}, G({y}9)) € epx) iff v € G({y}°),

Put (z,y) € Riff y € F({z}). By Theorem 2.1 (2), since
F(UiGI‘Ai) = UiGFF(Ai)a then

ye F(4) iffye F(U,calz})
ity € Uy a P ()
iff Gz e X)(x € A& ye F({z}))
iff 3z € X)(z € A& (x,y) € R).



x € G(B)

iff ({2}, G(B)) € ep(x) iff (F({z}),
iff (VyeY)(ye F({z}) >y € B)
iff Yy e Y)((z,y) € R—y € B)

B) € ep(y)

(<)

(F(A),B) € ep(y)

iff (VyeY)(ye F(A) —y € B)
iff(VyeY
iff(VyeY
iff ( )
iff (Vo € X)
iff (A, G(B)

G)(=)

y € F({2}°)° iff (F({}). {y}*) € epry
T (G0)). {2)°) € epox) iff 2 € G}

Put (z,y) € R iff y € F({z}°). By Theorem 2.1 (3),
since F(mieFAi) = UieFF(Ai)u then

(FreX)(zecA&kyec F({z}) -yeB)

Vee X)(z e A— ((x,y) € R—y € B)

Vee X)(ze A— (VyeY)((z,y) e R—ye€ B)
(re A—2xe€G(B))

) € ep(x)-

)
)

~— =

y e F(A)

iff y € F(Nyeactr}) iffy € Upene F({2}°)
iff (Jz € X)(z € A° & y € F({z}))

iff 3z € X)(z € A° & (z,y) € R).

z € G(B)°

iff (G ( ) {7}°) € ep(x) iff (F({z}°), B
iff (B, F({2})%) € ep(y)

iff (Vy €Y)(y € B¢ —y € F({z}°)°).
x € GB)iff (JyeY)(y € B & (z,y) € R).

(<)

) € epy)

(F'(A), B) € ep(y)
iff (VyeY)(ye F(A) — y € B)
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z € G(B)°
iff (C;(B)7 {33}0) € ep(x) iff (B,F({x}c)) € ep(y)
iff VyeY)(yeB—ye F({z}9)).

xre€GB)iff (GyeY)(ye B & (z,
(<)

(B,F(A)) € ep(y)
iff VyeY)(ye B—ye F(A)

y) € R).

)
((z,y) e R— z€ A))

iff (Vy eY)(ye B— (Vz e X)

iff (VyeY)(Vze X)(ye B& (z,y) € R) — z€ A))
iff (VzeX)(FyeY)yeB&(z,y) € R)—z€A))
Iff( ( ) )EBP(X

O

Example 23. Let (X = {a,b,c},epx)) and (Y
{x,y,2},ep(y)) be posets with relation

R = {(a,x), (a7 2)7 (b7 CC), (b7 y>7 (07 Z)}

(1) From Theorem 2.3 (1), (ep(x), F,G,epy)) isa
Galois connection with

F0) =Y, F({a}) = {z,z}, F({b}) = {=,y},
F({c}) = {z}, F({a,b}) = {z}, F({a,c}) = {z},
({b, c}) = F(X) =0,

(0) = X, G({z}) = {a, b}, G({y}) = {b},
({z}) = {a, ¢}, G({x yh) ={b},G({z z}) = {a},
G({y,2}) = G(Y) =

(2) From Theorem 2.3 (2), (ep(x), I, G,ep(y)) isa
residuated connection with

F(0) =0,F({a}) = {z, 2}, F{b}) = {=, y},

F
G
G

F({c}) = {2}, F({a, ¢}) = {=, 2},

F({a,b}) = F({b,c}) = F(X) =Y,

G(0) = G({=}) = G({y}) = 0,

G({z}) = {c}, G({z,y}) = {0}, G({z, 2}) = {a, c},

G({y,z}) = {b;c},G(Y) = X.

iff (vy € Y)((3z € X)(2 € A°& (y,2) € R) =y € B) (3) From Theorem 2.3 3), (e JF.G,e is a
iff (Vy € Y)(Ve € X)((z € A° = ((y,2) e R~y € B}iual((;aloisconnection with( - (erc Fe)
iff (Vze X)((z€ A°— (VyeY)((y,2) € R—ye€ B)
iff (Vz€ X)((FyeY)((y,2) e R&yeB)—zecA F0)=YF({a})=F({c}) =
iff (G(B), A) € epx)- FE}Z}Z}; {x{;}zf(P{’? C)}) = {3? v}, F({a,b}) = {2},
(4) Since G(0) = G{x}) = G{y}) = X.G({=}) = {a, b},
, G(Y)=0,G{z,y}) ={a,c},
y € F({=}°) iff ({y}, F({z}°)) € ep(v) G({z,z}) = {b},G{y, 2}) = {a,b}.

iff (G({y}), {2}°) € epx) iff w € G{})".

Put (z,y) € R iff y € F({z}¢)°. By Theorem 2.1 (4),
since F(ﬂieFAi) = ﬂiEFF(Ai)a then

y € F(A)

iffy € F(Npeac{z}?) iffy € Npeae F{2})
iff (Vz e X)(z € A° -y € F({z}9))

iff (Vo e X)(y e F({z}°)® — xz € A)

iff (Ve e X)((z,y) e R—xz € A).

(4) From Theorem 2.3 (4), (ep(x), I, G,ep(y)) isa

dual residuated connection with

F(0) =0, F({a}) = F({c}) =0,

{0}) = {y}, F(X) = 0, F({a,c}) = {z},
é b}) = {2y}, F({b, ¢}) = {u},

{

{z

) 0.G({=}) = {a, b}, G({v}) = {b},

{a,c}, G{z,y}) = {a,b},
}) =

F(
(
(
(
( G({y, 2}) = G(Y) = X.

QT
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From the following theorem, we find generating func-
tionswhich induce Galois, dual Galois, residuated and dual
residuated connections.

Theorem 2.4. Let (P(X),ep(x)) and (P(Y),ep(y)) bea
posetand F' : P(X) — P(Y)ad G : P(Y) — P(X)
maps.

(1) (epcxy, F, G, ep(yy) isaGalois connectioniff there
exists F': P(X) — P(Y) with F({z}) = ~, such that

FA) ={yeY | (VreX)xcA—yecy,)}

(2 (ep(x), F,G,ep(yy) is aresiduated connection iff
thereexists F : P(X) — P(Y) with F({z}) = ~, such
that

FA) ={yeY |(FreX)(zcA&kyec)}

() (ep(x), F, G, ep(yy) isadua Galois connection iff
thereexists F' : P(X) — P(Y) with F({z}¢) = 7, such
that

FA)={yeY|(@zeX)(z € A° &y e )}

(4) (ep(x), F,G,epyy) is adua residuated connec-
tion iff there exists F' : P(X) — P(Y) with F({z}°)° =
~,. such that

FA) ={yeY |(VzeX)(yer, —z€ A)}.

Proof. (1) (=) Since ({y},F({z})) € epq iff

({z},G{y}) € epvy, vy € F({z}) iff 2 € G({y}).
Thus

y € F(A) iff ({y}, F(A)) € ep(y)

iff (A, G({y}) € ep(x)

iff - (VzxeX)((zeAd) —zeG{y}))}
)

(
iff - (Vze X)((xeA)—yeF({z})}

(«) Since F(U,er 4:) = {y € Y | (Va2 € X)(z
User A 5 €10 (g e ¥ | (i € T € X)(r €
Ai =y € )} then F(U,er Ai) = Nier F(A)). We
define

GB) =U{C|FB—F(C)}
=U{CIFVyeY)(ye B— (VxeX)

(zreC—yeF({z}))}
=U{CIF(VWeY)VzeX)(zeC —

(y € B—ye F({z}))}
=U{CIFVzeX)(zelC— (Vyey)

(y € B—yeF({z}))}
={zeX|(WeY)yeB—yecF({z}))}

(B,F(A)) € ep(y)
iff VyeY)(ye B—ye F(A)

)
iff VyeY)(ye B— Vre X)(x e A—ye F({z}))
yeB—-yeF{x

(

iff (Vo e X)(z e A— (VyeY)(
|ff(VxeX)(meA—>$€G( )
iff (4, G(B))

€€p
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(A(=) Since (F({z}),{y}?) € epy) Iiff
({z},G({y}9)) € epy) theny € (F({z})° iff z €
G({y}°)). Thus,

ye F(A)° iff (F(A),{y}°) € ep(y
itf (A, G({y}°)) € epx
iff - (VeeX)((xe A) —z e G({y}?)
iff F(VzeX)(zeA) —-ye F({z})°)

Thus, y € F(A)iff 3z € X)(z € A& y € F({z})).
( )SmceF(UzeF ) UiEF F(Ai)v
G(B)

U{C |- F(C) — B}

U{C |- (Vy e Y)(y € F(C) — y € B)}

=U{C |k g;’y eV (BzeX)(zeC&kye F({z})
—yeDB

=U{CF(WyeY)(Vz e X)(z € C — (y € F({z})
—y € B)}

=U{CIFEVzeX)(zeC— VyeY)(ye F({z})
— Yy € B)}

={zeX|(VyeY)(ye F({z}) —y € B)}

(F(A), B) € ep(y)
iff(VyeY)(ye F(A) —ye€B)
iff VyeY)((FreX)(zcA&kye F({z}) - yeB)
iff VvyeY)Vee X)(z € A— (ye F{z}) -y € B)
iff(VxeX)(zeA— (VYyeY)(ye F({z}) - ye€ B)
iff (Vox e X)(ze A—zeG(B))

iff (A,G(B)) € ep(x)-

@)(=) Since (F({z}),{y}?) €

ep(y) iff

(G{y}), {z}°) € epx)y, y € F({z}o) iff z €
G({y}°)°). Thus,
y € F(A)e iff (F(A),{y}°) € epy)

(A )
iff (G({y}9), 4) € ep(x)

iff F(VzeX)(zeG(({y}) —zeA)
iff - (Vze X)(ze A®— xe G({y}°)°)
iff (Ve X)(xe A® —ye F({z}°)°)

Hencey € F(A) iff F (3z € X)(xz € A° & y €

F({z}%)-

(«=) Since Since F((;cr Ai) = User F(A:), we de-

el

fine

G(B)

={C |- F(C) — B}

={C |- (VyeY)(ye F(C)—yeB)}

=HCIFVyeY)((FzeX)(zelC&ye F({z}9)
—y € B)}

=M{C|F(VyeY)(Vz € X)(z € C° — (y € F({z}°))
—y € B)}

={C|F(VzeX)(zeC— (VyeY)(y e F({z}°)
—y € B)}

) =M{CIF (V2 e X)((Fy e Y)(y € F({z}°) &y € B°)

—ze()}

={reX[(@FeY)ye F{z}9) &ye B)}



(F'(A), B) € ep(y)

iff (VyeY)(ye F(A) —ye€ B)

iff(VyeY)((Fze X)(z€ A° &y € F({z}°)
— y € B)

iff (VyeY)(Vze X)((z€ A° — (y € F({z}9)
— Yy € B)

iff (Vze X)((z€ A — (Vy e Y)(y € F({z}°)
—y € B)

iff (V2eX)(FyeY)(ye F{z}°) &y e B°)
—z€A)

iff (G(B),A) € ep(x)-

@(=) Snce ({y},F({z}9) € eppy) iff
(GUD (o)) € ervxy € F({a) it € G,
us,

ye F(A) iff ({y}, F(A)) € epyy

(

iff (G({y}), 4) € ep(x)
iff (Ve e X)(z € G{y}) — (x € 4))
iff (Vo € X)(z € A° — z € G({y})°)
iff (Vo e X)(z € A° -y € F({z}9))
iff (Vze X)(ye F({z}°)* — z€ A)

(«=) Since F((;cr Ai) = N;er F(A:), we define

G(B)

={C |- B — F(CO)}

=C|(VyeY)yeB— (Vz€ X)(y € F({z}°)°
—z€C))}

=M{C|(VyeY)(Vz€ X)(y € B&ye F({z}°)°)
—ze(C)}

=M{C|(Vze X)(ByeY)(ye B&ye F({z}°)°)
—ze ()}

={reX|(FyeY)yeB&yec F({z}))}.

(B, F(A)) € ep(y)
iff (VyeY)(ye B—ye F(A)
iff VyeY)(ye B— (Vze€ X)(y € F({z}°)°
— z € A))
iff (Vy eY)(Vze X)((y € B&ye F({z})°)
—z€A))
iff (Vze X)(FyeY)(lye B&ye F({z}9°)
— z € A))
iff (G( ) A) € ep(x)-
O
Example 25. Let (X = {a,b,c},epx)) and (Y =
{z,y,2},ep(y)) be posets. Define F; : P(X) — P(Y)
fori = 1,2 with
Fi({a}) = {=}, FL({0}) = {z, 4}, Fi({c}) = {v, 2},

F({a,b}) = {z}, Fo({a, c}) = {z,y}, Fo({b, ¢}) = {y, 2}

Various Connections and Their Relations

(1) From Theorem 2.4 (1), (ep(x), F1,G1,epy)) isa
Galois connection with

F(0) =Y, Fi({a}) = {z}, Fi({b}) = {=, v},
F({e}) ={y, 2}, Fi({a,b}) = {z}, Fu({b, ¢}) = {y},
Fi({a,c}) = F(X) =0

G1(0) = X, G1({z}) = {a, 0}, G1({y}) = {b, c},
Gi({z}) = {C} Gi({z,y}) = {0}, G1({y, 2}) = {¢},
Gi({z2}) = G (Y) = 0.

(2) From Theorem 2.4 (2), (ep(x), F1,G1,ep(yy) isa
residuated connection with

Fi(0) =0, Fi({a}) = {=}, Fi({b}) = {=, ¢},
FlE{C}) ={y,2}, Fi({a,0}) = {z,y},

{a,c}) = Fi({b,c}) = (X)) =Y,

G1(0) = Gi({y}) = Gh({z}) =0,

Gi({z}) = {a}, G1({z,y}) = {a b}, G1({z,2}) = {a},
Gi({y,2}) = {c}, G1(Y) =

(3) From Theorem 2.4 (3), (ep(x), F2, G2, ep(y)) isa
dual Galois connection with

B(0) =Y, K ({b}) = F({c}) =Y,

Fz({a}) = {z,y}, Fa({a, c}) = {2, y}, Fa({a, b}) = {},
By ({b,¢}) = {y, 2}, Fa(X) = @
G2(0) = Ga({y}) = Ga({z}) =
Gy({z}) = {a, b}, G2({2,y}) = {a} Ga({z,2}) = {a, b},
Ga({y, 2}) = {b,¢}, Ga(Y) = 0.

(4) From Theorem 2.4 (4), (ep(x), I, G,ep(y)) isa
dual residuated connection with

F(0) =0, ({b}) =0, F>({a}) = {«},
B({e}) ={y}, F2({a, ¢}) = {z,y}, Fa({a, b}) = {z},

Fy({b,c}) = {y, 2}, F2(X) =Y,

G2(0) =0, G2({}) = {a}, G2({y}) = {c},

({Z}) - {b7 C}v GQ({xvy}) = {a" C}, GQ({y7 Z}) = {b’ C}7
Ga({z,2}) = X,G2(Y) = X.
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