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Abstract

In this paper, we consider fuzzy complex valued fuzzy measures and Choquet integrals with respect to a fuzzy measure
of real-valued measurable functions. In doing so, we investigate some basic properties and convergence theorems.
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u(A) < u(B), whenever A, B € Qand A C B.
for every increasing sequence {A,,} of measurable sets,
p(UnZy An) = nhlréo 1(An),
for every decreasing sequence {4, } of measurable sets
and pi(Ar) < oo, p(MpZiAn) = lim p(Ay).

1. Introduction (ii)
(iii)
Burkley [1-3] have been studied the concept of fuzzy
complex numbers, the differentiability and integrability of (@iv)
fuzzy complex valued functions on the complex plane C.

Recently, Wang and Li [14] studied generalized Lebesgue
integrals with respect to a complex valued functions. We
first defined interval-valued Choquet integral with respect
to a fuzzy measure and have been studied some properties
and various convergence theorems of them.

In this paper, we define the Choquet integral with respect
to a fuzzy complex valued fuzzy measure of real-valued
measurable functions. In section 2, we list the definitions
and some basic properties of fuzzy measures, Choquet in-
tegrals, interval-valued sets, and fuzzy numbers. In section
3, we introduce fuzzy complex numbers , interval-valued
fuzzy measures. In section 4, we consider fuzzy complex
valued fuzzy measures and define the Choquet integral with
respect to a fuzzy complex valued fuzzy measure of a real-
valued measurable function. In particular, we discuss the
existence of them and investigate some basic properties.

2. Definitions and Preliminaries

In this section, we assume that (X, )) is a measurable
space and R = [0, 00) and R* = [0, 0o]. We first list the
definitions of fuzzy measures and Choquet integrals(see[4-
14]). A fuzzy measure 1 on a measurable space (X, ) is
a set function p : Q@ — R satisfying

i u(®) =0,
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We note that a fuzzy measure satisfies the conditions (i)
and (ii) in many papers. But, in this paper, we assume that
a fuzzy measure satisfies the four conditions (i)-(iv). Now,
we introduce the Choquet integral with respect to a fuzzy
measure which was defined by M. Sugeno (see[9-13]) as
follows.

Definition 2.1. (1) The Choquet integral of a measurable
function f : X — R™ with respect to a fuzzy measure
on A € Q1 is defined by

CYRUE / " u{elf@) > v 0 Aydr

where the integral on the right-hand side is an ordinary one.

(2) A measurable function f is said to be C-integrable if
the Choquet integral of f on X can be defined and its value
is finite.

Instead of (C) [y fdu, we will write (C) [ fdu. We
note that if we define the distribution function G;(r) =
w({z|f(x) > r}) of a measurable function f for any r €

R* = [0,00), then G(r) is a decreasing function for r €
R*.

Definition 2.2. Let ;4 be a fuzzy measure on 2 and f a
measurable function. We say that f and g are comonotonic,
in symbol, f ~ g if f(z) < f(y) — g(z) < g(y) for all
z,y € X.
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From Definition 2.1 and Definition 2.2, we introduce the
following comonotonicity and basic properties of Choquet
integrals

Theorem 2.3. ([6,7,8]) Let f, g, and h be measurable func-
tions. Then we have

M f~f

Q) f~g= g~ [

(3) f ~aforalla € RT,

@ f~gandg~h=— f~g+h.

Theorem 2.4. ([6,7,8]) Let f and g be measurable func-
tions. Then we have

(1) if f < g, then (C) [ fdu < (C) [ gdu,

(2) By C Ey and Ey,Ey € (), then (O) fEl fdu <
(©) ng fdp,

3)if f ~ganda,b € RT, then

(©) [ (af + byin = a(C) [ o+ ) [ g,

(4) if we define (f V g)(z) = f(z) V g(x) and (f A
9)(x) = f(z) A g(x) forall z € X, then

© [ 1vgau=(©) [ fanv©) [ giu

nd
©) [ £ rgau=(C) [ faun(C) [ ga

Throughout this paper, I(R™T) is the class of all closed
intervals in R, that is,

IRT)={la",a"]|la”,at € R" and a~ <a™}.

For any a € R, we define a = [a,a]. Obviously, a €
I(R*)(see[4-9]).

Definition 2.5. Ifa = [a—,a™*],b = [b~,b*] € I(RT) and
k € R™, then we define the following operations:

(a+b=[a"+b",a" +b].

(2) ka = [ka™, ka™].

(3)ab=[a"b",atb"].

@anb=[a" Ab",at AbT].

S)yavb=[a" Vb ,at Vvbt].

(6)a < bifand onlyifa~ < b~ and at < bt.

(7)a < bif and only if @ < b and @ # b.

(8)a C bifand only if b~ < ¢~ and o™ < bt.

Theorem 2.6. For a,b,¢ € I(R*), we have
(1) idempotent law: a Aa = a,a V a = a,
(2) commutative law: a Ab=bAa,aVb=>bVa,
(3) associative law: (@ Ab) Ac=a A (bA¢c),
(4) absorption law: a A (aVb) =aV (aAb) = a,
(5) distributive law: a A (bV ¢) = (a A (b) V (@AE),aV

(bne)=(aVv (b)A(aVe).
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We note that a set function dgy : [(RT)xI(RT) — R+
is called the Hausdorff metric if

dyg (A, B) = max{sup inf |z — y|, sup inf |z — yl|},
1 (A, B) {zegyeBl yl yegzeA\ yl}

forall A, B € I(R"). Then it is easily to see that for any
a=la",at],b=[b",b"] € I(R"), we have

dg(a,b) = max{|a” —b"|,|a™ — b |}.

We recall that for a sequence of closed intervals {a,}
converges to @, in symbols, dyg — lim, @, = a if
lim, oo dpr(Gn,a) = 0 and that dy — lim, o G, = @
if and only if lim,, .o @, = a~ and lim,, ,o a = a™*.
We introduce fuzzy numbers and some operations on them
which are used in the next sections.

Definition 2.7. A fuzzy set % on R is called a fuzzy num-
ber if it satisfies the following conditions;

(i) (normality) u(z) = 1 for some z € R™,

(ii) (fuzzy convexity) for every A € (0,1], uy = {z €
R*|u(z) > A} € I(RT), where u, is the level set of .

Let FN(R") denote the class of all fuzzy num-
bers. We define the following basic operations on
FN(R")(see[8,12]); for every u,0 € FN(RT) and k €
R+

u < vif and only if wy < vy, forall A € (0,1],
u < vifand only if u < v and u # v,
w C v if and only if uy C vy, forall A € (0,1].

3. Fuzzy complex numbers and
interval-valued fuzzy measures

In this section, we consider a fuzzy complex number and
interval-valued fuzzy measures(see [1-3, 14]).

Definition 3.1. Let @,b € FN(R"). We define a double
ordered fuzzy numbers (a, b) as follows:

(a,b) : C* —[0,1]

2=z +yi— (@ b)(z) = a(x) Ad(y),

where C* = {z + yilzr,y € R*}. Then the mapping
(a,b) determines a fuzzy complex number, where @ and b

is called a real part and an imaginary part of (a, b), respec-
tively.



Some Properties of Choquet Integrals with Respect to a Fuzzy Complex Valued Fuzzy Measure

We note that if we put C = (a,b), then @ = ReC' and
b = ImC. Let FCN(C") be the class of all fuzzy com-
plex numbers on C*, writing

C =a+bi.

Note that if ¢ = a + bi is a nonnegative complex number,
then its membership function is defined by

|1 ifr=aandy =05
c(z) = { 0 otherwise.

where 2 = z +yi € CT. Clearly, c € FCN(CY),
i.e., a fuzzy complex number is also a generalization of
an ordinary complex number. In [1], we recall that if
C1,Cy € FCN(CY) and we define

Cl * CQ = (ReC’1 * ReCCQ,Imcl * [mCQ)

for an operation * € {4, —, X, A, V}, then clearly we have
C1xCy € FCN(CH).

Definition 3.2. Let Cy,Cy € FCN(C™"). Then we define
the following order and equality operations:

(1) ¢y < Cyifand only if ReCy < ReCs and ImC <
Ing.

(2) C1 < Cyifand only if C; < Cy and Cy # Cs.

(3) C; = Cyif and only if C; < Cy and Cy < Cf.

@ CLvCy = (R601 V ReCy, ImC7 V ImCs.

B)CLANCy = (R601 A ReCo, ImCy A ImCs.

From Definition 3.2, it is easy to see that if we de-
fine A-cut set C), = {z = x + yi € CT|(ReC)(z) >
Aand (ImC)(y) > A}, then it is a closed rectangle region
inC™t.

Definition 3.3. A mapping D FNC(CT) x
FNC(C*t) — R is defined by

.D(C'l7 CQ) = max{A(ReCh R602>, A(ITI’LCl, Ing)},

where A(ReCh, ReCs) =
supye(o,1)4H ((ReC1)x, (ReC2)x) and
A(ImCy, ImCs) = sup,¢o,11du (ImC1)x, (ImCs2)y).

Then, we can see that (FNC(C™), D) is a metric space.
By using the metric D, we define the concept of conver-
gence of a sequence in the metric space (FNC(C'), D)
and introduce an interval-valued fuzzy measure on (2.

Definition 3.4. Let {C,} € FNC(C") be a sequence
and C € FNC(CT). A sequence {C,,} converges to C, in
symbol, D — lim,, ,, C,, = C'if

lim D(C,,C) =0.

n— oo

Definition 3.5. A mapping i : Q@ — I(R™) on a measur-
able space (X, () is called an interval-valued fuzzy mea-
sure if it satisfies the following conditions:

() () =0,

(i) #(A) < fa(B), whenever A, B € Qand A C B.

(iii) for every increasing sequence {A,} of measurable
sets,

MUpZAy) = di — HILH;O (An),

(iv) for every decreasing sequence {A,,} of measurable
sets and 1( A1) < oo,

/j(ﬂzozlAn) =dg — lim ﬂ(An)

n—0o0

4. Fuzzy complex valued fuzzy measures and
Choquet integrals

In this section, we consider a fuzzy complex valued
fuzzy measure and the Choquet integral with respect to a
fuzzy complex valued measure of a real-valued measurable
function.

Definition 4.1. A mapping 1z : Q@ — FCN(C") on a
measurable space (X, ) is called a fuzzy complex valued
fuzzy measure if it satisfies the following conditions:

() /7(0) = (070)’

(ii) 1(A) < f(B), whenever A, B € Qand A C B.

(iii) for every increasing sequence {A,,} of measurable
sets,

pUntAn) = D = lim p(Ay),
n— oo
(iv) for every decreasing sequence {A,} of measurable

sets and f1(A1) € FCN(CT),

(O, An) = D — lim fi(Ay).

n— oo

Definition 4.2. Let 11 be a fuzzy complex valued fuzzy
measure and f : X — R™T areal-valued measurable func-
tion.

(1) The Choquet integral with respect to 1 of f is defined

by
©) [ sai= (1) [ sain.() [ sam)

where  ((C) [, fdfir) (©) [y fdlur)y =
(©) [ )5 (O) [y ()}
((©) [y fdin), = (O) [y fdlu)x =
((C) [ Fd(un)3(€) [ falur)5 ] forall A € (0,1].

(2) A real-valued measurable function f is p-Choquet
integrable if (C') [, fdp € FCN(C™).

and
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From Definition 4.1 and Definition 3.5, we note that
[t is a fuzzy complex valued measure if and only if
(ir)x and (ji7)y are interval-valued fuzzy measures for
all A € (0,1]. Let 901 be the class of all fuzzy mea-
sures and FC9N the class of all fuzzy complex valued
fuzzy measures. We remark that g € FCO if and only

if ((ur)y. () 1)y ()3 € M forall A € (0,1,

Theorem 4.3. If a real-valued measurable function f is ji-
Choquet integrable, then (C) [ fd(fir)y, (C) [ fd(fir)¥.
(C) [ fd(pr)y, (C) [ fd(ir)y are finite.

But, in general, we see that the converse of Theorem 4.3
does not hold. In order to prove the converse of Theorem
4.3, we need to prove that the four integrals of Theorem 4.3
are satisfied with the following lemma.

Lemma 4.4. ([6,10]) Let {[ax,bx]|A € (0, 1]} be a fam-
ily of nonempty closed intervals in I(R*). If (i) for all
0 < A < Ag, [anr,,bx,] D [ar,,by,] and (ii) for any
nonincreasing sequence {\} in (0, 1] is converging to A,
[ax,bx] = N, [ax,,bx,]. Then there exists a unique
fuzzy number u € FN(R™) such that the family [ay, )]
represents the A-level sets of a fuzzy number .

Conversely, if [ay,by] are the A-level sets of a fuzzy
number u € FN(R™), then the conditions (i) and (ii) are
satisfied.

By Definition 3.5(iii), we gent the following lemma.

Lemma 4.5. If {\;} is a nonincreasing sequence in (0, 1]
converging to A, then for all o € RT,
}()i) limy o0 (R)y, ({2]f(2) > a}) = (ar)y ({f(2) >
}(){i) lims o (i), ({2l (@) > 0) = (iR)5 (/) >
}()i}i) limys oo (p1)y, ({2 f(2) > a}) = (1) ({f(2) >
}()i’V) limy, o0 ()5, ({2 f(2) > a}) = (05 ({f(2) >

Lemma 4.6. (1) For all 0 < )\1 < Xgand A € , we have

() (C fA fd(iir)y, = fA fd(Br)y,,
(i) (C fA fd(@ir)Y, > (C) [ fd(iir)y,,
(iii) (C) [, fd(ir)y, = (C) [, fd(iir)y,,

@) (O) [y fd(in)3, = (O) [, fd(n)3,.

(2) If { \ } is a nonincreasing sequence in (0, 1] converg-
ing to A, then for all & € R,

() (C) [ fe uR)A =M ((C) [y fd(ER)y,).

(i) (C) [, fd(ir) ,\ —0?1(

(iii) (C) fAfd i)y =My ((C

(iV)CfAfdM[)\—ﬁ (
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By Lemma 4.5 and Lemma 4.6, we obtain the following
theorem.

Theorem 4.7. Let 11 be a fuzzy complex valued fuzzy mea-
sure and f : X — R™T a real-valued measurable func-
tion. If A € Qand (O) [, fd(iir);,» (C) [, fd(ﬁR)f\l,
C) [, fd(pr)y,. (O) [ fd(fr)y, are finite forall A € €,

then we have

O ((C) Ja fdp),, = ((C) [, fdi),,, and

(ii) for every incerasing sequence {\x } in (0, 1] converg-
ing to A,

(©f fdﬁ)A=ﬂZ°—1 (@] fdﬁ)kk-

By Theorem 4.7, we obtain the following theorem which
is the converse of Theorem 4.3.

Theorem 4.8. Let /i be a fuzzy complex valued fuzzy mea-
sure and f : X — R+ a real-valued measurable func-
tion. If A € Qand (C) [, fd(zir);,» (C) [, fd(iir)3,
C) [, fd(an)y,» (C) [, fd(ir)y, are ﬁnlte forall A € ,
then there are uniquely U € FCN(C') such that U =
C) [, fdp.

From Definition 4.1 and Theorem 4.4 and Theorem 4.8,
we get the following basic properties of the Choquet inte-
gral with respect to a fuzzy complex valued fuzzy measure.

Theorem 4.9. Let /i be a fuzzy complex valued fuzzy mea-
sure and f and g be ;i-Choquet integrable functions. Then
we have
(D) if f < g, then (C) [ fdu < (C) [ gdp,
) By C Es and Eq,Ey € Q, then (C
C) [, fdn,
3)if f ~gand a,b € RT, then

) [, fdii <

(©) [ (@t +bo)fi=a(©) [ 1ai+4(©) [ g

(4) if we define (f V g)(z) = f(z) V
9)(z) = f(x) A g(z) forall z € X, then

¢) [ 1vodii=(©) [ 1aiv () [ ga

g(x) and (f A

and

© [ 1rgdi <€) [ faiin(C) [ ga
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