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Abstract

We investigate the relations between various connections on set and those on power set. Moreover, we give their exam-

ples.
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1. Introduction and Preliminaries

An information consists of (X,Y, R) where X isa set
of objects, Y isaset of attributes and R is a relation be-
tween X and Y. Wille[11] introduced the formal concept
lattices by alowing some uncertainty in data as examples
as Galois, dual Galois, residuated and dua residuated con-
nections. Formal concept analysis is an important math-
ematical tool for data analysis and knowledge processing
[1-5,8,9,11].

In this paper, we show that Galois, dua Galois, residu-
ated and dual residuated connections on set induce various
connections on power sets. In particular, we give their ex-
amples.

Let X beaset. Arelationex C X x X iscalled apar-
tially order set (simply, poset)if it isreflexive, transitive and
anti-symmetric. We can define aposet ep(x) C P(X) x
P(X)as(A,B) € epx)iff AC Bfor A,B € P(X). If
(X, ex) is aposet and we define a function (z,y) € ex!
iff (y,2) € ex, then (X, ey') isaposet.

Definition 1.1. [10] Let (X, ex) and (Y, ey ) be posetsand
f:X—=Yadg:Y — X maps.

(1) (ex, f,g,ey) iscaled aGalois connection if for all
reX,yeY,(y, f(z)) €eyiff (x,9(y)) € ex.

(2 (ex, f,g,ey) iscaled a dua Galois connection if
foralze X,y eV, (f(x),y) € ey iff (g(y),x) € ey.

(3) (ex, f,g,ey) is caled a residuated connection if
fordlz e X,y €Y, (f(z),y) € ey iff (x,9(y)) € ey.

(4) (ex, f,g,ey) iscalled adual residuated connection
ifforadlze X,y €V, (y, f(x)) € ey iff (4(y),x) € ey.

(5) f isan isotone map if (f(z1), f(x2)) € ey for al
(z1,22) € €x.

(6) f isan antitone map if (f(x2), f(z1
(1‘1,1}2) cex.

)) € ey forall

Theorem 1.2. [10] Let (X, ex ) and (Y, ey ) beaposet and
f:X—=Yadg:Y — X maps.

(1) (ex, f, g,ey) isaGalois connection if f, g are an-
titone mapsand (y. f(9(y))) € ey and (z, g(f(x))) € ex.
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(2 (ex, f,g,ey) isadua Galoisconnectionif f, g are
antitone maps and (f(9(y)),y) € ey and (g(f(z)),z) €
e€x.

(3) (ex, f,g,ey) isaresiduated connection if f, g are
isotone maps and (f(g(y)),y) € ey and (z,g(f(x))) €
e€x.

(4) (ex, f,g,ey) is called a dua residuated connec-
tion if f, g are isotone maps and (y, f(g(y))) € ey and

(9(f(@)),z) € ex.
Theorem 1.3. [9] (1) (ep(x), F, G, ep(y)) isaGalois con-
nection iff F(U;cr Ai) = N;er F(As).

(2 (epx), F, G, ep(y)) isaresiduated connection iff

(U’LGF A; ) UzGF ( )
() (ep(x), F, G, ep(y)) isadual Galois connection iff
i)

F(Mier A1) = Ujer F(A

(4) (ep(x), F,G,epy)) is adua residuated connec-
tioniff F(,cr Ai) = Nyer F(A).

2. Galois and Residuated Connections on Sets
and Power Sets

Theorem 2.1. Let (X,ex) and (Y,ey) be a poset and
f:X—=Yadg:Y — X maps. Foreach A € P(X)
and B € P(Y'), we define operations as follows:

(A ={yeY | (Ve e X)(xe A— (f(z)y) €ey)},

BA)={yeY |(Vze X)(z € A— (y,f(z)) €Eev)},
Gi(B)={zr e X[ (VWeY)(y€B—(z,9(y)) €ex)},
Ga(B) ={z e X |(VWyeY)(yeB—(g(y),) € ex)},
Hi(B)={zeX|@yecY)(yecB&(zg(y) € ex)},
Hy(B)={z € X |(FyeY)(yeB&(g(y) ) €ex)},
L(A)={yeY |(@FreX)(zc A& (y f(z)) €ev)},
LA ={yeY|EzeX)(zec A& (f(z),y) Eey)},

89



International Journal of Fuzzy Logic and Intelligent Systems, vol. 11, no. 2, June 2011

Ji(B) ={z e X[ (Vy €Y)((z,9(y)) € ex) =y € B)},
Jo(B) ={z € X [ (Vy € Y)((9(y),2) € ex) =y € B)},
Ki(A) ={yeY | (Ve € X)((f(2),y) € ey) — z € A)},
Ky(A) ={yeY [ (Vz € X)((y, f(z)) € ey) = x € A)},
Li(B)={z € X | By e Y)(y € B® & (z,9(y)) € ex)},
Ly(B)={zx e X |(FyeY)(ye B & (g(y) z) € ex)},
Mi(A)={yeY | (Bre X)(z e A°& (4, f(x) € ev)},
My(A) ={y €Y | (Br € X)(x € A& (f(z),y) € ev)},

Then the following statements hold:

@ Fl({x}) = L({z}) = Ma(({z})9) = (ev)s)

Bl = Lie) = M) = ()b,

Ka(({2})) = ((ev) )" K1({2}9) = (ev) -

@ Gi({y}) = Hi({y}) = Li({y}) = (ex),4)
G2({y}) = H2({y}) = L2({y}) = (ex)gw)-
Ji(({y})°) = ((ex);(z))c, J2({y}9) = (ex)(y)-

(3) (ex,f,g,ey) is a Galois connection iff
(ep(x), F2,G1,epyy) is a Galois connection iff

(ep(x), K2, Hi,ep(y)) is a dua residuated connection
iff (ep(x), M1, L1,ep(y)) isadua Galois connection iff
(ep(x), 11, J1,ep(y)) isaresiduated connection.

4 (ex,f,g,ey) is a residuated connection iff
(ep(x), F1,G1,epyy) is a Galois connection iff
(ep(x), K1, H1,ep(yy) is a dua residuated connection
iff (ep(x), Ma, L1,ep(y)) isadua Galois connection iff
(ep(x), 12, J1,ep(y)) isaresiduated connection.

(5) (ex,f,g,ey) is a dud Galois connection
iff (ep(x), F1,G2,epyy) is a Gaois connection iff
(ep(x), K1, Ha,ep(yy)) is a dua residuated connection
iff (ep(x), Ma, L2, ep(y)) isadua Galois connection iff
(ep(x), I2, J2, ep(yy) isaresiduated connection.

(6) (ex,f,g,ey) is a dua residuated connection
iff (ep(x), F2,G2,epyy) is a Galois connection iff
(ep(x), K2, Ha,ep(yy)) is a dual residuated connection
iff (ep(x), M1, L2, ep(yy) isadua Galois connection iff
(ep(x), 11, J2, ep(yy) isaresiduated connection.

(7) If f(\/iel"l'i) = /\ierf(xi) for x; € X, there ex-
istsafunctiong : ¥ — X suchthat (ex, f,g,ey) isa
Galois connection. Moreover, (ep(x), F2, G1,ep(y)) isa
Galois connection, (ep(x), K2, H1,ep(y)) isadual resid-
uated connection, (ep(x), M1, L1,ep(y)) isadua Galois
connection and (ep(xy, 11, J1, ep(y)) isaresiduated con-
nection.

(8) If f(Vierzi) = Vierf(z;) for z; € X, there ex-
istsafunction g : Y — X such that aresiduated connec-
tion. Moreover, (ep(x), F1,G1, ep(yy) isaGalois connec-
tion, (ep(x), K1, Hi,ep(yy) isadua residuated connec-
tion, (ep(x), M2, L1,ep(yy) is adua Galois connection
and (ep(x), I2, J1,ep(y)) isaresiduated connection.

9) If f(Nierxsi) = Vierf(z;) forz; € X, thereexists
afunctiong : Y — X such that (ex, f,g,ey) isadua
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Galois connection. Moreover, (ep(x), F1, Ga,ep(y)) isa
Galois connection, (ep(x), K1, Ha, ep(y)) isadual resid-
uated connection, (ep(x), M2, L2, ep(yy) isadua Gaois
connection and (ep(x), I2, J2, ep(y)) is aresiduated con-
nection.

(10) If f(ANierx;) = Nier f(z;) for z; € X, there ex-
istsafunctiong : Y — X suchthat (ex, f,g,ey) isadua
residuated connection. Moreover, (ep(x), F2, G2, epy))
isaGaloisconnectionand (ep(x), K2, Ha2, ep(y)) isadua
residuated connection, (ep(x), M1, L2, epyy) is a dua
Galois connection and (ep(x), I1, J2, ep(y)) is aresidu-
ated connection.

Proof. (1) y € Fi({z}) iff (Vz € X)(z € {z} —

(f(2),y) € ey) iff (f(z),y) € ey. Similaly, F>({z}) =
(ev)jwy We have Ki({z}9) = (ey)j, from y €

Ki({z}o) iff (V2 € X)((f(2),y) € ey — z € {z}°)iff
(Vz € X)(z € {z} — (f(2),y) & ev) iff (f(2),y) & ey
similarly, K(({x})") = <<ey>fm>

Other cases and (2) are similarly proved asin (1).

(3) First, if (x,9(y)) € ex iff (y, f(x)) € ey, then
(A,Gl(B)) € ep(x) iff (B,FQ(A)) € epy)-

(B, F3(A)) €
iff (Vy e Y)(
iff (Vy € Y

= (4, f(z

P(Y)
€ B) —y € Fy(A4))

)
)(( - VreX)(ze A
) >)

) €
iff (vy €V (vxeX)(xeA_)(yeB
= (@.9(y)) € ex))
iff (Vo € X)(a: €A (WeY)yeB
— (@,9(y)) € ex))
iff (Vo € X)(m ceA—ze Gl(B))
iff (A,Gl(B)) S ep(Xx)-

)
)

Conversely, put A = {z} and B =

F{a}) = (ev);t, and Ga({y}) = (e
and (2), we have

{y} Since
)g(y) from (1)

(y, f(2)) € ey iff ({y}, Fo({2})) € ep(y)
iff ({«}, G1({y})) € ep(x) iff (2,9(y)) € ex.

Second, if (z,g(y)) € ex iff (y, f(x)) € ey, then
(Hl(B),A) € ep(x) iff (B,Kg(A)) € epy)-
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(H1(B),A) € ep(x)

iff (Vo e X)(z € Hi(B) =z € A)

iff (VJCEX)((EIyEY)(( ,9(y)) €ex &y € B)
—xz €A

iff (VmeX)(Ver)(yeB—%(x 9(y)) € ex
—>m€A)

iff (Vy eY) (yEBH (Vz € X)((y, f(x)) € ey
—>x€A)

iff ( VyEY(yEB—QyEKQ )

iff (B, K2(A)) € ep(x).

Put A = {z}¢and B = {y}. Since Kx({z}°) =

((ev) ;)7 and Hi({y}) = (ex),,, from (1) and (2),
we have

(z,9(y)) & ex iff (Hi({y}), {2}°) € ep(x)
iff ({y}, Ko({2}9)) € ep(y) iff (y, f(2)) € ey

Third, if (z,9(y)) € ex iff (y, f(z)) € ey, then
(Ll(B),A) € ep(x) iff (Ml(A)7B) € epy)-

(Ml(A),B) S ep(y)
iff (VyeY)(ye Mi(A) -y e B)

iff (VyeY)((Fze X)(ze€ A& (y, f(2)) €Eey)
—y € DB)

iff VyeY)Vze X)((z € A° — ((y, f(2)) € ey
—y € B)

iff (Vze X)((z€ A°— (Vy e Y)((y, f(2) € R
—y € B)

iff (Vze X)((FyeY)((z,9(y)) € ex &y € BY)
—z€A)

iff (Ll(B>7A) € ep(Xx)-

Put A = {z}¢and B = {y}°.
(ev) 7y and Li({y}) = (ex) )
have

Since My ({z}°) =
from (1) and (2), we

(v, f(z) € ey iff y € My({z}) iff
(My({2}9), {y}°) € epy) iff (Li({y}), {2}°) € ep(x
iff x € Ly ({y}°)° iff (z,9(y) € ex.

Forth, if (x,9(y)) € ex iff (y,f(x)) € ey, then

(Il(A),B) € epy) iff (A, J1(B)) € ep(x)-

(Il(A),B) € ep(y)

iff Vy e Y)(y € I1(A)

—y € B)

iff VyeY)(FreX)(zeA&(
iff VyeY)Vee X)(ze A— ((
—y € B)

iff (Ve e X)(z e A— (Vy € Y)((,
—y € B)

iff (Ve e X)(ze A—xe Ji(B))
iff (A, Jl(B)) € ep(x)-

y, f(x) € ey

9(y) € ex

PutA_{x}an B

(eY)f(w) and J1({y}°)
we have

= {y}. Since Li({z}) =
((ex)5,))° from (1) and (2),

(y, f(x) € ey iff y € I ({x})° iff
(L ({2}), {y}°) € epry) iff ({}, L({y}©)) € ep(x)
iff 2 € Ji({y}°) iff (2,9(y)) € ex.

(4) Let (x,9(y)) € ex iff (f(x),y) € ey be given.
Then (A,Gl B)) € ep(x) iff (B,Fl(A)) € epy) from:

(B, F1(A)) € EP(Y)
iff (VyeY)((y € B) =y € Fi(A4))

iff (Vy € Y) ((yeB (Vre X)(zeA
= (f(@),y) € ey))

iff (VyEY)(VxEX)(:BEA—%yEB
= (2.9(1)) € ex))

iff (VmeX)(:r/eAH (VyeY)(yeB

— (@,9(y)) € ex))
iff (Vo € X)(q: cAze Gl(B))
iff (A,Gl(B)) € ep(x)-

Conversely, put A = {z} and B = {y}. Since F; ({z}) =

(ey) @) and G1({y}) = (e )g(y) from (1) and (2), we
have

(f(z),y) €eyiffy e Fi({z})
iff ({y}, F1({z})) € epyy iff ({2}, G1({y})) € ep(x)

iff z € G1({z}) iff (z,9(v)) € ex.

Second, if (z,9(y)) € ex iff (f(z),y) € ey, then

9N

y, f(z) €eey) — y € B)
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(Hl(B)7A) S €pP(X) iff (B,Kl(A)) € ep(y) from:

(Hl(B),A) S ep(X)
iff (Ve € X)(x € Hi1(B) »x € A)

iff (Ve e X ((Ely €Y)((z,9(y)) €ex &y € B)

—_ —

zeA
iff (VxeX)(Ver)(yEB—%(x 9(y)) € ex
—>$€A)
iff (vy € V) (yeB—> (Vz € X)((f(2),y) € ey
—>$€A)
iff ( Ver(yEB—myEKl )
)

iff (B Kl( )Eep(y

Put A = {z}¢and B = {y}. Since K;({z}°) =
(ev)§(y and Hi({y}) = (ex),, from (1) and (2), we
have

(z,9(y)) & ex iff « & Hi({y})
iff (Hi({y}, {2}°) € epx)iff ({y}, Ki({2})) € epy)
iff y € Ki({z}) iff (f(x),y) € ev.

Third, if (z,9(y)) € ex iff (f(x),y) € ey, then
(Ll(B),A) € ep(x) iff (MQ(A)7B) € epy)-

(M3(A), B) € ep(y)

iff (VyeY)(y e Ma(A) -y € B)

iff VyeY)((FzeX)(z€ A°& (f(2),y) €Eey)
—y € B)

iff (Vy e Y)(Vze X)((z € A° = ((f(2),y) € ey
—y € B)

iff (Vze X)((z€ A°— (Vy € Y)((f(2),
—y € B)

iff (Vz € X)((3y € Y)((7,
—z€A)

Put A = {z}¢and B = {y}°.

y) €R

9(y)) €ex &y € B°)

Since My({z}°) =

(ev) ) ad Li({y}*) = (ex),(,, from (1) and (2), we
have
(f(x),y) & ey iff y € Ma({z}c)e iff

(Ma({x}°),{y}°) € ep(yy iff (Li({y}),{z}°) € ep(x)

iff x € Ly ({y}°)° iff (x,9(y) € ex.

{y}c-

= Since Lr({z}) =
((ex) )"

Put A = {2} and B
= from (1) and (2),

(ey) s and Ji({y}°)
we have

(f(2),y) €ey iff y € ({z})Ciff
(L ({=}), {y}°) € epqy) iff ({2}, L({y}°)) € ep(x)
iff x € Ji({y}e) iff (z,9(y)) € ex.

(5) and (6) are similarly proved asin (3) and (4).

(7) Défine g(y) = V{z | y < f(x)}. If y < f(x), then
< g(y). fa < g(y), then f(z) = f(g(y)) = f(Va) =
Af(z) > y. Hence (ex, f, g, ey) is aGalois connection.
Othersfollow (3).

(8) Define g(y) = V{z | f(z) < y}. If f(2) <y,
then o < g(y). Iz < g(y), then f(z) < flg(y)) =
f(vz) = Vf(x) <y. Hence (ex, f, g, ey) isaresiduated
connection. Othersfollow (4).

(9) Defineg(y) = \{z | f(x) <y} If
g(y) <z If g(y) < a, then f(z) < fg(y
Vf(z) <y. Hence (ex, f,g,ey) isadua
tion. Othersfollow (5).

(10) Define g(y) = Nz | y < f(x)}. Ify <
then gly) < 7. 1f o(y) < . then f(x) = S(o(y)) =
f(Az) = Af(x) > y. Hence (ex, f, g,ey) isadual resid-
uated connection. Others follow (6).

f(z) <y, then
)) = f(rz) =

Gadlois connec-

f

Example 22. Let (X =
{z,y,2}, ey) beaposet with

€x = {(a7 a)a (a7 b)a (a7

{a,b,e,d},ex) and (Y

c), (a,d), (b, ), (b, d),

(¢,¢), (c,d), (d,d)}.

ey = {(z,2), (2,9), (z,2), (4,9), (2,9), (2, 2) }-

D Letf: X —Yasfla)=af(b)=zf(c) =
f(d) =y. Then f(Vierz;) = Vier f(x;) for z; € X. De-
fineg(w) = \V{s € X | f(s) <w}. Theng: Y — X
asg(z) = a,g(y) = d,g(2) = b. Then (ex, f, g,ey) isa
residuated connection.

By Theorem 2.1 (1) and (2), we obtain

Forth, if (z,9(y)) € ex iff (f(z),y) € ey, then E? —Izigcbz}})) :Aﬂjz(({{a}}C)) = {{x Z/}Z}(—(jY)f(a)
(I5(A), B) € ep(yy iff (4, J1(B)) € epix). 1=1Ip = M(1a}) = 1y, 2} = (ev) yv);

) ) (F1 = B)({e}) = Ma({a}*) = {y} = (ev) (07

(I2(4), B) € ep(y) (F1 = IL)({d}) = M2({a}?) = {y} = (ev) ()

iff (Vy €Y)(y € [2(A) —y € B)

iff VvyeY)(Fx e X)(x e A& (f(z),y) Eey) — y € B) K &) —g= .

iff (Vy € V)(Va € X)(x € A — (f(2).y) € ey —y € B) i{a}?) =0 =(ev)j),

iff (V€ X)(z € A — (Vy € Y)((z,9(y) € ex — y € B) Ki({0)) = {z} = (ev)5),

iff (Vo € X)(z € A— z € Jy(B)) Ki({e}?) =A{z, 2} = (ev)§(y

iff (A, J1(B)) € ep(x) Ki({d}) ={z, 2} = (ev)f
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(Gr = H)({z}) = Li({z}*) = {a} = (ex),,
(G = H){w)) = Li({y}) = X = (ev)y
(Gr = Hi)({z}) = Li({2}9) = {a, b} = (ev) )
T({2}) = {b,e.d} = ((ex) )",
Ji({yr)=0= ((eY);(z))c,
Ji({z}9) = {c,d} = ( eY);(lz))c
We obtain F; : P(X) — P(Y)and G, : P(Y) —
P(X) asfollows:
Y if Ae{0,{a}},
FI(A) = { {y,z} if Ae {{b}a{aab}}a
{y} otherwise,
X if Be{0,{y}}
Gl(B) = {av b} if B e {{Z}’ {y’ Z}}a
{a} otherwise.

Then (ep(xy, F1,G1,ep(yv))

We obtain K, : P(X) — P(Y)and H, : P(Y) —
P(X) asfollows:
Y if A=X,
) Az} ifa€ A {a,b} ¢ A,

KA =9 (a2) if{ab)c A% X,
0 otherwise,
0 if B=10,
) X if y € B,

H(B) =4 Y4b) ifzeBy¢B,
{a}  otherwise.

Then (ep(x), K1, Hi,ep(y)) isadua residuated connec-

tion.
We obtain Mo :
P(X) asfollows:

1]
Ma(4) = { B}}

P(X) — P(Y)and Ly :

if A=
if A€ {{a,b},{a,b,c},{a,b,d}},
if A< {{a},{a,d},{a,c,d}},

Galois and Residuated Connections on Sets and Power Sets

is a Galois connection.

X,

Y otherwise,

0
Li(B) = }Z,}b}
X

if B=X,
if B={y,z2},

if B e {{y},{z,y},
otherwise.

Then (ep(x), M2, L1, ep(yy) isadua Galois connection.

We obtain I
P(X

0
L(4) = { }y}}

) asfollows:

if A=

. P(X) — P(Y) and J,

0,

it A€ {{c}, {d}, {c d}},
it A€ {{b},{b,c}, {b,d}, {b,c,d}},

Y otherwise,

PY) —

: P(Y) —

X if B=Y,
_ {b, c, d} if B= {y,z},
J1(B) = {e,d}  if Be {{y},{=,y}},
0 otherwise.

Then (ep(x), I2, J1, ep(y)) isaresiduated connection.
@QLetf:X —Yasfla) =y fb) =2 flc) =
f(d) = z. Then f(\/iein) = /\iepf(a?i) forx; € X. De-
fineg(w) = \/{se€ X | f(s) > w}. Theng: Y — X
asg(z) = d,g(y) = a,g(z) = b. Then (ex, f,g,evy) isa
Galois connection.
By Theorem 2.1 (1) and (2), we obtain

(F = I)({a}) = My({a}) = ¥ = (ex) 7y,
(F2 = 1) ({b}) = M ({b}) = {x 2} = (ev)f(b)
(F2 = I)({c}) = Mi({c}) = {z} = (ex), o)
(F = I)({d}) = Mi({d}°) = {z} = (ev)(q-
(Gr = Hi)({z}) = Li({z}) = X = (ex);&%,
(G = H)({y}) = Li({y}?) = {a} = (ey ).,
(Gr = H1)({z}) = Lai({2}%) = {a, b} = (ev) )

Ji({z}) =0 = ((ex);(lg;))c7
L)) = {bed) = ((ev); e,
J({2}0) = {e.d} = ((ev) 4"
K>({a}) =0=(e3)fa):
K>({b}9) ={y} = (e}_’l);(b)v
Ky({c}?) ={y,2} = (61_/1);(0)
K>({d}e) =y, 2} = (e o)
We obtain F» : P(X) — P(Y)and Gy : P(Y) —

P(X) asfollows:

Y if Ae{0,{a}},
Fy(4) = { a2} if A€ {{b}.{a.0}),

{z} otherwise,

X if Be{0,{z}},
Gi(B) = { a6} 1f B e {{s}. o)},

{a}  otherwise.

Then (ep(x), F2, G1,ep(y)) isaGalois connection.

We obtain Ks : P(X) — P(Y)and H; : P(Y) —
P(X) asfollows:
Y if A= X,
_ ) {yy ifaeA{ab}ZA,

Ko(A) =9 (2 if{ab} C A £ X,
) otherwise,
0 if B=10,
X if x € B,

Hi(B) =9 {ap} ifzcB.agB,
{a}  otherwise.

Then (ep(x), K2, H1,ep(y)) isadua residuated connec-
tion.
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We obtain M7 : P(X) - P(Y)and L, : P(Y) —
P(X) asfollows:

0 if A=2X,
_ ) {zy it Ae {{a,b},{a,b,c} {a,b,d}},
My(A) = {z,2} if Ae{{a},{a,c} {a.d}, {a,c,d}},

Y otherwise,
0 it B,

B {a,} if B= {x,Z}a

LB = (ap) it B e {{a} o)},

X otherwise.

Then (ep(xy, M1, L1, ep(yy) isadual Galois connection.
WeobtainI; : P(X) — P(Y)and J; : P(Y) —
P(X) asfollows:

0 it A=0,
(=} ifAe{{ct{d} {cd}},
{z,2} if A€ {{b},{b,c} {b,d},{b,c,d}},

Y otherwise,

Ii(A) =

X if B=Y,
{b,c,d} if B={z,z},

J1(B) = {b,d}  if Be {{z},{z,y}},
0

otherwise.

Then (ep(x), I1, J1, ep(y)) isaresiduated connection.
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