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Abstract

We have proposed a new approach based on energy gradient concept for the study of flow instability and turbulent
transition in parallel flows in our previous works. It was shown that the disturbance amplitude required for turbulent
transition is inversely proportional to Re, which is in agreement with the experiments for imposed transverse disturbance.
In present study, the energy gradient theory is extended to the generalized curved flows which have much application in
turbomachinery and other fluid delivery devices. Within the frame of the new theory, basic theorems for flow instability
in general cases are provided in details. Examples of applications of the theory are given from our previous studies
which show comparison of the theory with available experimental data. It is shown that excellent agreement has been
achieved for several configurations. Finally, various prediction methods for turbulent transition are reviewed and
commented.
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1. Introduction

Turbulence is still a challenging problem in science and engineering even though much effort of more than a century has
been made in the science community since the pioneering work of Reynolds (1883) [1-5]. In practice, the understanding of
turbulence transition and generation has great significance for basic sciences and many engineering fields such as aerospace,
mechanical, environmental, energy and chemical engineering, etc. This issue is intricately related to the instability problem of the
base flow subjected to some imposed disturbances [1-2].

In the past, several stability theories have been developed to describe the mechanism of flow instability. These are: (1) The
linear stability theory, which goes back to Rayleigh (1880), is a widely used method and has been applied to several problems [6].
For Taylor-Couette flow and Rayleigh-Bernard convective problem, it agrees well with experimental data. However, this theory
fails when used for wall-bounded parallel flows such as plane Couette flow, plane Poiseuille flow and pipe Poiseuille flow. (2)
The energy method (Orr, 1907) which is based on the Reynolds-Orr equation is another mature method for estimating flow
instability [7]. However, agreement could not be obtained between the theoretical predictions and the experiment data. (3) The
weakly nonlinear stability theory (Stuart, 1971) emerged in 1960’s and the application is very limited (see [8]). (4) The secondary
instability theory (Herbert et al, 1988), which was developed most recently, explains some of flow transition phenomena (mainly
for the boundary layer flow) better than the other earlier theories (see [9]). However, there are still significant discrepancies
between the predictions obtained using this method and experimental data; particularly at transition.

Stability of parallel flows is the fundamental of stability studies (Fig.1). This topic has attracted many scientists to explore the
physics of turbulent transition for more than 60 years since the pioneering work of Lin [2]. For plane Poiseuille flow, Lin
demonstrated by asymptotic analysis that the flow is unstable when the Re exceeds 8000 [2]. However, how this instability is
related to turbulent transition was not studied. Subsequently, more careful numerical studies showed that this critical value of Re
based on linear stability is 5772 for plane Poiseuille flow, see [1]. For wall bounded parallel flows, it is observed from
experiments that there is a critical Reynolds number Re, below which no turbulence can be sustained regardless of the level of

imposed disturbance. For the pipe Poiseuille flow, this critical value of Reynolds number is about 2000 as found from experiments
[10,11]. Above this Re,, the transition to turbulence depends to a large extent on the initial disturbance to the flow. For example,
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experiments showed that if the disturbances in a laminar flow can be carefully avoided or considerably reduced, the onset of
turbulence can be delayed to Reynolds number up to Re=0(10°), see [12]. Experiments also showed that for Re>Re, , only when
a threshold of disturbance amplitude is reached, can the flow transition to turbulence occur [13]. Trefethen et al. suggested that
the critical amplitude of the disturbance leading to transition varies broadly with the Reynolds number and is associated with an
exponent rule of the form, A oc Re” [12]. The magnitude of this exponent has significant implication for turbulence research [12].
Chapman, through a formal asymptotic analysis of the Navier-Stokes equations (for Re— o), found y =—3/2 and -5/4 for plane
Poiseuille flow with streamwise mode and oblique mode, respectively, with generating a secondary instability, and y = —1 for
plane Couette flow applicable to the above-mentioned both modes. He also examined the boot-strapping route to transition
without needing to generate a secondary instability, and found y = —1 for both plane Poiseuille flow and plane Couette flow [14].
Recently, Hof et al. [15], used pulsed injection disturbances in experiments, to obtain the normalized disturbance flow rate in the
pipe for the turbulent transition, and found it to be inversely proportional to the Re number, i.e., y =—1. Further experiments later
confirmed this scaling law for transverse injection disturbance [16], while the value of y is not -1 for no- transverse injection
disturbance. These experimental results mean that the product of the amplitude of the disturbance and the Reynolds number may
be important for the consideration of transition to turbulence. This phenomenon must ultimately have a physical background, and
a physical mechanism for this result was proposed by Dou [17,18].

Dou [17,18] proposed an energy gradient theory with the aim of clarifying the mechanism of flow transition from laminar
flow to turbulence. He gave detailed derivations for this method based on first principle Newton’s mechanics, and thus it is
compatible with the Navier-Stokes equations. For plane Poiseuille flow and Hagen-Poiseuille flow, this method yields consistent
results with experimental data. This method is also used to explain the mechanism of instability of inflectional velocity profile for
viscous flow and this inflectional instability is only valid for pressure driven flows (it should be noticed that inflectional instability
is not suitable for plane Couette flow). However, for shear driven flows such as plane Couette flow, the situation is changed since
the energy loss could not be obtained directly from the Navier-Stokes equations. It should be mentioned that the energy gradient
method is a semi-empirical theory based on physical analysis since the critical value of K is observed experimentally and cannot
be directly calculated from the theory thus far.

In this paper, the basic principle of this method is generalized for curved flows. The basic theorems for flow instability in
general cases are provided. Comparisons of the theory with experimental data are given (excellent agreement is achieved for all
the available published data). Based on these results, the prediction methods for turbulent transition are reviewed.

2. Energy Gradient Method for Curved Flows

The energy gradient theory has been described for parallel flows in detail in [17,18]. Extending the theory from parallel flow
to curved flow (Fig.2 and Fig.3), we only need to change the Cartesian coordinates (X, y) to curvilinear coordinates (s, n), to
replace the kinetic energy (% m uz) with the total mechanical energy (E = p+(1/2)pu 2 ), and to make the velocity (u) along the

streamline. Here, we use the similar steps in the derivation to those in [18].

Let us consider the elastic collision of particles when a disturbance is imposed to the base of a curved shear flow (Fig.3). A
fluid particle P at its equilibrium position will move in a cycle in the vertical direction under a vertical disturbance, and it will
have two collisions with two particles (P, and P, ) at its maximum disturbance distances, respectively. The masses of the three

particles are m, m;and m,, and the corresponding velocities prior to collisions are U, U;and U, . We shall use primes for the
corresponding quantities after collision. Without loss of generality, we may assume m=m,;=m, for convenience of the derivation.

For parallel flows, only kinetic energy difference exists between neighboring streamlines. For curved flows, the difference of
energy between streamlines is the difference of the total mechanical energy. When fluid particles exchange energy by collisions, it
is the exchange of the total mechanical energy. For a cycle of disturbances, the fluid particle may absorb energy by collision in
the first half-period and it may release energy in the second half-period because of the gradient of the total mechanical energy.
The total momentum and total mechanical energy are conserved during the elastic collisions. The conservation equations for the

first collision on streamline S, are

m,u, + mu =mu',+mu'= o, (M, + mu,, (1)
and

Q,E, +QE =Q,E"+QE'= £,(Q, + Q)E,. 2)

Here Q=m/p and Q, =M, / p are the volumes of the particles, and @, and [, are two constants such that &; <1 and

B <1. The values of @ and f3, are related to the residence time of the particle at P,. If the residence time at position P, is

sufficiently long (e.g. whole half-period of disturbance), the particle P would have undergone a large number of collisions with
other particles on this streamline and would have the same momentum and total mechanical energy as those on the line of S, , and

it is required that «; =1 and ﬂl =1. In this case, the energy gained by the particle P in the half-period is (QE 1~ QE ). When the
particle P remains on S; for less than the necessary half-period of the disturbance, the energy gained by the particle P can be

* *
written as ,5*1 (QE,—QE), where S 1 is a fraction of a half-period with ﬂ 1 <1,
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The requirements of conservation of momentum and energy should also be applied for the second collision on streamline S, ,

and similar equations to Eq.(1) and (2) can be obtained as in [17,18]. The difference is that the energy gained in the second half-
cycle is negative owing to the distribution of energy in base flow. For the first half-period, the particle gains energy by the
collision and the particle also releases energy by collision in the second half-period.

We use the (s, n) to express the coordinates in streamwise and transverse directions, respectively. Using the similar
derivations to those in [18], the energy variation per unit volume of fluid for a half-period for the disturbed fluid particles can be
obtained as,

T/2 T/2
AE=2 ) Endt:EE [ndt, 3)
T 0 on onT 0

where E=p+(1/2)pu 2 is the total mechanical energy per unit volume of fluid, and T is the period.
Without loss of generality, we shall assume that the disturbance variation is associated with a sinusoidal function,

n= Asin(ot +¢,) 4)

where A is the amplitude of disturbance in transverse direction, @ is the frequency of the disturbance, t is the time, and ¢, is the
initial phase angle. For the curved flow, A is respectively expressed by A; and A, in the first half and the second half circle;
generally, Ay # A, . The velocity of the disturbance in the vertical direction, is the derivative of (4) with respect to time,

v':%:v'm cos(wt+g,). (5)

Here, V', = A® is the amplitude of disturbance velocity and the disturbance has a period of T =27/ @.
Substituting Eq.(4) into Eq. (3), we obtain the energy variation per unit volume of fluid for the first half-period,

GE 272 QE 2T GE2 17 OE 2A
AE = %E 2 thdt = %5 2 Pasin(ot + 0 )dt = 25 2 LT Asin(ot + 0 )dot= 25 22 6
anT | anT ) sin(ot + ;) T o) Asin(@t+ @y )dot=—m (©)

The stability of the particle can be related to the energy gained by the particle through vertical disturbance and the energy
loss due to viscosity along streamline in a half-period.

The energy loss per unit volume of fluid along the streamline due to viscosity in a half-period is obtained in a similar way as
in [18],

oH oH
AH=""1="""y. %)
0s 0s o
where H is the energy loss per unit volume of fluid due to viscosity along the streamline, | = U(T /2) = U(7 / @) is streamwise

length moved by the particle in a half-period.

The magnitudes of AE and AH determine the stability of the flow. After the particle moves a half cycle, if the net energy
gained by collisions is zero, this particle will stay in its original equilibrium position (streamline). If the net energy gained by
collisions is larger than zero, this particle will be able to move into equilibrium with a higher energy state. If the collision in a
half-period results in a drop of total mechanical energy, the particle can move into lower energy equilibrium. However, there is a
critical value of energy increment which is balanced (damped) by the energy loss due to viscosity. When the energy increment
accumulated by the particle is less than this critical value, the particle could not leave its original equilibrium position after a half-
cycle. Only when the energy increment accumulated by the particle exceeds this critical value, could the particle migrate to its
neighbor streamline and its equilibrium will become unstable.

The stability of a flow depends on the relative magnitude of AE and AH . For flow with a curved streamline, with similar
steps as in [18], the relative magnitude of the energy gained from collision and the energy loss due to viscous friction determines
the disturbance amplification or decay. Thus, for a given flow, a stability criterion can be written as below for the half-period, via
Eq.(6) and Eq.(7),

F_AE_[OEMJ/(GH”uj:iKﬂzéKv—m<ConSt, ®)

_m_ on 0S @ 2 u T

and
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oE
K = —é” . ©)
oH

0S

Here, F is a function of coordinates which expresses the ratio of the energy gained by the particle in a half-period and the energy
loss due to viscosity in the half-period. K is a dimensionless field variable (function) and expresses the ratio of transversal energy

gradient and the rate of the energy loss along the streamline. Here, E = p+(1/2)pV % is the total mechanical energy, s is

along the streamwise direction and n is along the transverse direction.
It can be found from Eq.(8) that the instability of a flow depends on the value of K and the amplitude of the relative

disturbance velocity V'm / U . For given disturbance, the maximum of K, Ky, in the flow domain determines the stability.

Therefore, Ky is taken as a stability parameter here. For K <K, the flow is stable; for K, >K,, the flow is unstable. Here, K is
the critical value of K. For all types of flows, it has been shown that the magnitude of K is proportional to the global Reynolds

number for a given geometry [17,18]. Thus, the criterion of Eq.(8) can be written as,
1

v
Re—™ < Const. (10)
u

For a given flow geometry, U is a characteristic velocity and generally is a function of u. Thus, Eq.(10) can be written as,

'

Vv
Rev’“< Const, (11)

V' _
or (e ~ (Re) L (12)

Thus, it is found from Eq.(8) that the critical amplitude of the disturbance scales with the Re by an exponent of -1. This
scaling has been confirmed by careful experiments for pipe flow in [17,18].

This theory obtains good agreement with the experiments in parallel flows in three aspects [17,18]. (1) The threshold
amplitude of disturbance for transition to turbulence is scaled with Re by an exponent of -1 in parallel flows (Fig.4), which
explains the recent experimental results of pipe flow by Hof et al. [15] and also Peixinho and Mullin [16] where injection
disturbances are used. (2) For wall bounded parallel flows, turbulent transition takes place at a critical value of the energy gradient
parameter, Kpax, about 370-380, below which no turbulence exists. (3) The location where the flow instability is first initiated
accords with the experiments. This location is at y/h=0.58 for plane Poiseuille flow and at r/R=0.58 for pipe Poiseuille flow,
which have been confirmed by Nishioka et al’s [19] experiments and Nishi et al’s [20] experiments, respectively.

3. Three Important Theorems on Flow Stability For Curved Flows

In our previous work, we have applied the energy gradient theory to derive the three important theorems on flow stability
for curved flows [21]. In this section, we give the details of the formulation of these theorems.

The equation of total mechanical energy for incompressible flow by neglecting the gravitational energy can be written as
[17,18],

p%—i—V(p—i—%puz)=,uV2u+p(u><V><u). (13)

For pressure driven flows, the derivatives of the total mechanical energy in the transverse direction and the streamwise
direction can be expressed, respectively, as [21],

OE _a(p+(1/2pu?) dn

dn
- et (V) — = +(uV? 14
n P p(uxo) ] (4V~u) ] Ao+ (uV-u), (14)
OE  o(p+(1/2)pu?) ds , _ ds 5
— — - — 4 v R v . 15
Py 2 p(uxom) s (4V~u) ds (4V "), (15)

where ® =V XU is the vorticity. Since there is no work input in the pressure driven flows, the magnitude of the total mechanical
energy loss of unit volumetric fluid along the streamwise direction equals to the derivatives of the total mechanical energy in the
streamwise directions. That is [22],

oH  oE

- = 16
0S 05 (16
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For shear driven flows, the derivatives of the total mechanical energy in the transverse direction is the same as Eq.(14). The
energy loss of unit volumetric fluid along the streamwise direction equals to the derivatives of the total mechanical energy in the
streamwise directions plus the work done to the fluid by the external,

oH OE oW
= (17)
0S 0s 0%

where W is the work done to the unit volume fluid by the external.
It is found from Eq.(14) that the transversal energy gradient is composed of two parts: the vorticity flux and the viscous
diffusion of transversal velocity. For parallel flows, the transversal velocity is zero, v=0 and there is no viscous diffusion of

transversal velocity, (1V 2u) n = 0. The energy gradient in transverse direction is 8_ = pUw . Viscosity only induces viscous
n

loss of energy, (uV 2u) s - Thus, viscosity plays the part of stability in parallel flows (e.g., free shear layer, pipe Poiseuille flow,

plane Poiseuille flow, and plane Coutte flow). This characterization is a significant difference between parallel and non-parallel
flows, which may result in variations of flow phenomena between them. It should be noted that the boundary layer flow on a flat
plate is not a parallel flow, and therefore, there exists viscous diffusion of transversal velocity. This viscous diffusion can change
the energy distribution and leads to (possibly) more unstable role if it increases the value of K according to “energy gradient
theory.” For circular flows, similar to parallel flows, there is no viscous diffusion of transversal velocity too. Viscosity has only
the role of stabilization. This behaviour has been confirmed in Taylor-Couette flows between concentric rotating cylinders. As
such, we may obtain (for viscous flow only):

Corollary (1): Viscosity has only the role of stabilization in parallel flows.
Corollary (2): Viscosity has only the role of stabilization in circular flows.

In the following, we shall prove three important theorems for flow stability [21].
Theorem (1): Potential flow (inviscid and V xu = 0) is stable.

Proof: For inviscid flow, there is no energy loss along the streamline due to absence of viscosity. From Eqgs.(15) and (16), we
have

oH _

0. 18
P (18)

The energy gradient in the transverse direction for potential flow is zero due to @ = 0, from Eq.(14)

OE _a(p+1/2pu%)

0. 19
on on (1
Introducing Eq.(18) and Eq.(19) into Eq.(9), the value of K is, everywhere,
oE/on 0
K=——=—. (20)
oH/os O

In this case, the value of K is indefinitive. We can do the following analysis. For potential flow, the total mechanical energy
is uniform in the flow field everywhere, the imposed disturbance could not be amplified without an energy gradient, no matter
how large the disturbance amplitude is. As the result, we conclude that potential flow (inviscid and V xu =0) is stable. Based on
this, we obtain the following corollary:

Corollary (3): Turbulence could not be generated in potential flows.
Uniform rectilinear flow is an example of potential flow in parallel flows. For the basic cases of potential flow such as

uniform flow, source/sink, free vortex, and corner flow, they are always stable.
In fact, the instability of flows is a process to make the total mechanical energy tend to becoming uniform in the flow field.

Theorem (2): Inviscid rotational (V xu # 0 ) flow is unstable.

Proof: For inviscid flow, there is no energy loss along the streamline due to absence of viscosity. From Eqgs.(15) and (16), we
have
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oH

—=0. 21
. 21)

The energy gradient in the transverse direction is not zero due to ® # 0. From Eq.(14), we have

8_E_8(p+l/2pu2)¢0

22
on on -
Introducing Eq.(21) and Eq.(22) into Eq.(9), the value of K is,
OoE /on
=—= (23)
oH /0s

It is seen that for inviscid rotational flow, the transversal energy gradient is not zero, and there is no energy loss in the
streamline direction to damp the disturbance as it is an inviscid flow. Thus, any imposed finite disturbance could be amplified by
the transversal energy gradient ( F =0 in Eq.(8)) at sufficiently high Re. Therefore, we conclude that inviscid rotational
(Vxu#0) flow is unstable. This theorem has important significance for climate dynamics and meteorology, since most air
flow over the atmosphere boundary layer can be treat as inviscid rotational.

For cases in which viscosity is not dominating like those not near solid walls, the flow is always unstable if it is subjected to
disturbance. The non-uniform motion of air in atmosphere is an example of this kind.

Theorem (3): Velocity profile with an inflectional point is unstable when there is no work input or output to the system, for
both inviscid and viscous flow, in curved streamline configurations (including parallel flow configurations).

Proof: For inviscid flow, there is no energy loss along the streamline. For viscous flow, the energy loss due to viscosity is
zero at the inflection point (( ,quu)S =0), which can be obtained from Eqgs.(15) and (16), if there is no work input or output to the
system (implying pressure driven flows). Thus, for both inviscid and viscous flows, we have along the streamline at the inflection

point,
oH

0. 24
P (24)

For inviscid flow, when there is an inflection point on the velocity profile (0u/dn = 0) and if it is not at a stationary wall
(u = 0), the energy gradient in the transverse direction at this point (due to rotational), from Eq.(14),

2
Eza(p+1/2pu )¢0.
on on

(25)

For viscous flow, the addition of viscosity causes diffusion by the transversal velocity (Eq.(14)). This only changes the
distribution of OE /on, and does not cause its value to be zero. Introducing Eq.(24) and Eq.(25) into Eq.(9), the value of K at this
point is as follow,

_OE/én

=—=0 (206)
oH / os

Thus, the value of the function K becomes infinite at the inflection point and indicates that the flow is unstable when it is
subjected to a finite disturbance (F =0 in Eq.(8)). Therefore, we conclude that velocity profile with an inflectional point is
unstable when there is no work input or output to the system for both viscous flow and inviscid flow. For both inviscid flow and
viscous flow, we are able to prove that this is a sufficient condition for instability. If there is work input or output to the system,
OH /0s # 0 at the inflection point, then this theorem is not applicable anymore. For example, the flow with an inflection point
is unstable in pressure driven flows. In shear driven flows, the presence of inflection point may or may not make the flow to be
unstable owing to the input of energy.

Velocity inflection could result in instability as found in experiments and simulations, e.g., the vortex instability behind a
cylinder at an sufficient high Re. This phenomenon has been identified as inviscid instability [23]. According to the present theory,
regardless if the flow is inviscid or viscous, inflectional velocity necessarily leads to instability. However, the fact is that viscosity
does not play an important role when an inflectional instability occurs since the energy loss due to viscosity is zero at the
inflection point. This theorem is also true for axisymmetrical flow in parallel flows [24]. For pressure driven flows and shear
driven flows, necessary and sufficient conditions for turbulent transition have been given in [25].
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4. Applications of Energy Gradient Theory

It is mentioned in previous sections that the critical value of K in Eq. (8) is decided by its maximum (Knax) in the field and
should be a constant for parallel shear flows. In this section, we will review the comparison of the theory with the experimental
data at the critical condition of turbulent transition for parallel flows and also for curved flows. The derivation of function K in
Eq.(8) for pipe Poiseuille flow, plane Poiseuille flow and plane Couette flow have been given previously in [17,18, 26]. Here, we
briefly give the results. The schematic diagrams of these flows are shown in Fig.1.

4.1 Pipe Poiseuille flow
For pipe Poiseuille flow, the function K has been derived in [17,18]. Here it is just introduced as,

2
K=kl L]olrel|1-12 |, @7)
R) 2 Rl R

where, Re = pUD/ i is the Reynolds number, p is the density, 4 is the dynamic viscosity, U is the averaged velocity, I is in the

radial direction of the cylindrical coordinate system, R is the radius of the pipe, and D the diameter of the pipe. It can be seen that
K is a cubic function of radius, and the magnitude of K is proportional to Re for a fixed point in the flow field. The position of the
maximum value of K occurs at r/R=0.58.

4.2 Plane Poiseuille flow
For plane Poiseuille flow, the function K has been derived in [17,18]. Here it is just introduced as,

2
K=kl L|=3re Y122 | (28)
h) 4 h h?

where, Re = pUL/ i is the Reynolds number, U is the averaged velocity, y is in the transversal direction of the channel, h is the

half-width of the channel, and L=2h is the width of the channel. It can be seen that K is a cubic function of y which is similar to
the case of pipe flow, and the magnitude of K is proportional to Re for a fixed point in the flow field. The position of the
maximum value of K occurs at y/h=0.58. In other references, another definition of Reynolds number is also used, Re = puyh/ i,

where U, the velocity at the mid-plane of the channel [2-5].

4.3 Plane Couette flow
For plane Couette flow, the function K has been derived in [26]. Here it is just introduced as,

2
K = K(%j:Rez—z, (29)

where Re = puph/u is the Reynolds number, U, is the velocity of the moving plate, y is in the transversal direction of the

channel, and h the half-width of the channel. It can be seen that K is a quadratic function of y/h across the channel width, and the
magnitude of K is proportional to Re at any location in the flow field. The position of the maximum value of K occurs at y/h=1.0,
and

_puh _
U

K

max

Re. (30)

Table 1 Comparison of the critical Reynolds number and the energy gradient parameter K., for plane Poiseuille flow and
pipe Poiseuille flow as well as for plane Couette flow [17, 18].

Flow type Re expression Linear stability | Energy Experiments, Energy gradient
analysis, Re, method Re, method, K., at
Re, Re, (from
experiments), = K,
Pipe Poiseuille Re=pUD/u Stable for all Re 81.5 2000 385 (1/R=0.58)
Plane Poiscuille Re=pUL/u 7696 68.7 1350 389 (y/h=0.58)
Re = puyh/ u 5772 49.6 1012 389 (y/h=0.58)
Plane Couette Re = pUh/ u Stable for all Re 20.7 370 370 (y/h=1.0)

120



Here, U is the averaged velocity, U, the velocity at the mid-plane of the channel, D the diameter of the pipe, h the half-width of

the channel for plane Poiseuille flow (L=2h) and plane Couette flow. The experimental data for plane Poiseuille flow and pipe
Poiseuille flow are taken from Patel and Head [11]. The experimental data for plane Couette flow is taken from Tillmark and
Alfredsson [27], Daviaud et al [28], and Malerud et al [29]. Here, two Reynolds numbers are used since both definitions are
employed in literature. The data of critical Reynolds number from energy method are taken from [1]. For Plane Poiseuille flow
and pipe Poiseuille flow, the K,,,x occurs at y/h=0.58, and r/R=0.58, respectively. For plane Couette flow, the K., occurs at
y/h=1.0.

The values of Ky at the critical condition as determined by experiments for various types of flows are shown in Table 1. We
take this critical value of Ky for the turbulent transition as Kc. In Table 1, the critical Reynolds number determined from energy
method is also listed in it for purpose of comparison. The critical Reynolds number determined from eigenvalue analysis of
linearized Navier-Stokes equations is also listed. It is seen that the critical value of K., for all the three types of flows fall within
in a narrow range of 370~389. It is observed that although the critical Reynolds number is different for these flows, the critical
value of Kny is the same for these flows. This demonstrates that K,,x as a dominating parameter provides certain degree of
consistency for the transition to turbulence. These data strongly support the proposed method in the present study and the claim
that the critical value of Ky, is constant for all parallel flows, as discussed before. In comparison, the critical Reynolds number
predicted by the energy method based on Reynolds-Orr equation is much lover than the experimental data for all the three cases.
While the linear stability analysis lacks the physical mechanism behind turbulent transition and therefore it is unable to predict the
critical condition of turbulent transition.

The location of Kpa represents the position where the flow instability is first initiated if the disturbance is uniformly
distributed as shown in Eq.(8). For pipe flow, the experiments by Hof et al. [30] showed that the streamwise vortices at Re=2000
(the base flow is still laminar) occur at about r/R=0.5-0.6 (see their Fig.2(A) in [30]), which accords with the present study where
we have found the maximum of K occurring at the ring of r/R=0.58 [17,18]. Nishi et al [20] did experiment on turbulent transition
for pipe flow through puffs and slugs generation and the disturbance was introduced at the pipe inlet by a short duration of
inserted “wall fences”. Figures 6 and 7 show an example of the experimental results chosen from a large number of time records
for the instantaneous velocities of the puffs at different radial locations 1/R. These pictures indicate that the flow becomes most
unstable in the range of r/R=0.47-0.73 under the disturbance influence, which is in agreement with the prediction in this study that
the 1/R=0.58 is the most unstable position for initiation of transition.

For plane Poiseuille flow, the position of the maximum of K occurs at y/h=0.58 so that this position is the most dangerous
position for instability. Nishioka et al’s experimental data has shown that the flow oscillation first appears at the location of about
y/h=0.6 [19]; see Fig.5.

For plane Couette flow, the position of the maximum of K occurs at y/h=1.0. Owing to the fact of no-slip at the wall, the
disturbance at the wall is zero. The most dangerous position should be off a short distance from the wall such that the magnitude
of the disturbance is apparently playing a role and the value of K is still large. Thus, the value of F could get large value and,
therefore, the Eq.(8) is violated. Some nonlinear analysis showed that the development of disturbance and the distortion of base
flow first start at the layer near one of the walls [31]. However, from Eq.(8), this most dangerous location also depends on the
distribution of disturbance, especially the wave number.

4.4 Taylor-Couette flow

The energy gradient theory has been applied to Taylor-Couette flow between concentric rotating cylinder and it is confirmed
that this method is also applicable to rotating curved flows if the kinetic energy in parallel flows is replaced by the total
mechanical energy (Eq.(9), kinetic energy plus pressure energy while gravitational energy is neglected) [32]. The mechanism of
energy loss enhancing flow stability has been studied for both plane Couette flow and Taylor-Couette flow in [22].

The results from energy gradient theory have been compared with the available experimental data for Taylor-Couette flow
between concentric rotating cylinders, and excellent agreement has been obtained [32]. Here, some examples are given in Fig.8
and Fig.9. In the figure, for the occurrence of primary instability (uniform laminar flow becomes cell pattern of rolls), the critical
value of K is a constant for a given geometry independent of the rotating speeds of the two cylinders as observed from
experiments. The critical value of Ky is observed from the experiments at the condition of occurrence of primary instability for
the case of the inner cylinder rotating and the outer cylinder set to rest. These results confirm that the proposed theory is also
applicable to rotating flows.

It should be pointed out that the primary instability in Taylor-Couette flow between concentric rotating cylinders is a case of
transition of laminar flow to laminar flow. This flow can be exactly predicted by the linear stability theory with infinite small
disturbance [3-5].

4.5 Annulus flow

The critical condition for turbulent transition in annulus flow has been calculated with the energy gradient method for various
radius ratios. The critical flow rate and critical Reynolds number are given for various radius ratios. Then, the analytical results
are compared with the experiments in the literature [33]. Finally, the implication of the result is discussed in terms of the drag
reduction and mixing as well as heat transfer in practical industrial applications of various fluid delivery devices.

The critical Reynolds number for the flow in an annulus is obtained as,

Re. - UP2R=R) _ 2K, (1_&]{(“'(2) Kl—_kz)} 31)

c P . In(1/k)

2
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where f max is the maximum of the following function f in the flow field,

2
f(L,ka 1_(Lj L L 62
R R R|R 2(r/R)

It is found that the magnitude of f is large on the side of inner cylinder than that of the outer cylinder. Thus, the flow state on
the inner cylinder side determines the critical condition of turbulent transition. The critical condition of the theoretical result is
compared with experiments in Fig.10 for the turbulent transition at the side of the inner cylinder. It is found that there is very good
agreement. In the reference, turbulent transition is marked by a sudden increase of the drag coefficient.

It is shown that the critical Reynolds number for onset of turbulent transition increases with the radius ratio of the annulus (k).
It reaches to the critical Re of circular pipe flow at the radius ratio of about k<0.12~0.18, where the radius of the pipe is same as
the outer radius of the annulus. It is clear from Fig.10 that the inner cylinder creates instability for k<0.12~0.18; and enhance
stability for k>0.12~0.18. Following this principle, the flow transition can be controlled by changing the radius ratio for a given
outer radius. The idea can be employed in the design of fluid flow devices to control the flow status like drag reduction (by
keeping to laminar flow) or increase the mixing of the fluid media and the heat transfer (by changing to turbulent flow).

The critical value of Re in plane Poiseuille flow obtained by extrapolating the data of annulus flow to k=1, is perfectly
consistent with the experimental data. This result confirms that the energy gradient method is applicable for pipe Poiseuille flow,
plane Poiseuille flow as well as annulus flow for turbulent transition.

4.6 Boundary Layer flow

The energy gradient method is successfully employed to analyze the flow instability and turbulent transition in boundary
layer flows [34]. It is found that the maximum of the energy gradient function occurs at the wall for the Blasius boundary layer
flow (Fig.11). At this location under a sufficiently high Reynolds number, Re, , the stability criterion is first violated very near
the wall at even very small perturbation level. This event serves as the origin of self-sustenance of wall turbulence. In comparison,
in Poiseuille flows, a much larger disturbance is always needed to sustain the transition since the value of K is finite. The
mechanism of receptivity to free-stream turbulence can be understood from the energy gradient criterion. That is, the free-stream
disturbance can propagate towards the wall by the “energy gradient” process to cause turbulent transition, and the transition point
in the boundary layer can be moved forward towards the leading edge when the level of external disturbance increases.

5. Prediction of Turbulent Transition

There is no fundamental prediction method available for turbulent transition. In engineering, people use correlations based on
experiments to predict the onset of turbulent transition. Currently, there are four approaches to predict turbulent transition which
are only for boundary layer flows. For internal flows, there is no any consistent correlation [35].

5.1 Empirical method

(a) Michel’s Method (1952): This method is based on local values of momentum thickness and position [36]. The
momentum thickness of boundary layer can be calculated by Thwaies’ method or other similar methods. That is

Re,y, = % ~29Re, " (33)

(b) Cebeci and Smith Method (1974):

22,400
+ PR

Re,, "% (34)
Re a.tr

X,tr

Reyy ~1.174]1

This equation is for 0.1x10° <Re « $40x% 10° [37]. This equation is correlated with the " method for n=9.
(c) Mayle’s formulation [38]:

Re,, =400Tu™'®, (35)

1 11—~ — — 1/2
Here, TU = U— [E (U'2 +v? +w? )} is the disturbance of free-stream.
0

(d) Abu-Ghannam and Shaw formulation[39]:
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Re,yy =163+ exp{F(A) - 2(9'6;) Tu} , (36)

F(A)=691+12.75H +63.64H* for H <0
F(A)=6.91+2.48H -1227H% for H>0.

Here, H is the shape parameter of the boundary layer.

(e) Proposed semi-empirical formula for pipe flow: These empirical formulas mentioned above are only for boundary layer
flow. For pipe flow, a new equation is proposed in this study based on the energy gradient theory, i.e., using Eq.(12) and Fig.4.
That is

Re, =12.8(V',, /U)™", for Re>2000. (37)

This equation is only suitable for transverse injection disturbance for pipe flow. If the disturbance is not along the transverse
direction, it is not valid.

(f) Prediction of the minimum critical Re for parallel flows: According to the present theory (Energy gradient theory), the
critical value of K, ., for turbulent transition is about 380 in parallel flows. Thus, for a parallel flow, if we set the critical value
K. =380, the minimum critical value of Re for turbulent transition can be predicted, as in [33]. In this process, the value of K in
the flow field can be calculated by analytical solution or numerical solution. For non-parallel flows, the critical value of
K ax depends on the geometry and the curvature of streamlines. For obtaining a correlation of K, with the curvature of

streamlines, much experimental data are needed. For primary instability of the base laminar flow occurring in Taylor-Couette flow,
this correlation has been available [32].

max

52 The € Method

Smith and Gamberoni [40] and van Ingen [41] independently developed the so-called €” method which is widely used in
aircraft design and other applications. This method is based on linear stability theory from Orr-Sommerfeld equation. For two-
dimensional flow, the disturbances are amplified or damped according to the sign of the spatial growth rate of —¢; . For a given
mean flow, the stability diagram can be calculated by the solution of Orr-Sommerfeld equation [42,35]. Let us consider a
disturbance wave which propagates downstream with a fixed frequency f;, see Fig.12. This wave will be amplified when it

passes through the instability zone from X, to X;. At a given position x, the total amplification rate can be calculated as

— =exp|f, —; dx]. (38)
A, 0
The envelope of the total amplification curves is
n=max[In(A/ A, ], for f,,f,, f5, ... f,. (39)

Generally, it is assumed that transition will occur if the n factor reaches a critical value of 7~10. However, it should be
pointed out that this method is only suitable for the cases of low disturbances since it is based on linear stability analysis.
5.3 RANS-”" method

This method relies on the solution of an equation for the intermittent factor in the transition zone [43-47]. This equation can
be an intermittency transport equation or an algebraic equation of intermittency. This equation is coupled with the Reynolds
averaged Navier-Stokes (RANS) equations, while appropriate turbulent model is needed. In the transition region, the effective
viscosity g 1s composed of the turbulent eddy viscosity £ and the non-turbulent viscosity z,, such that

Hetg = (L= )ty + yady . (40)
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For boundary layer flow on a flat plate, it has obtained very good agreement with experiment (see Fig.13). In a recent study,
this method has been successfully used in transition prediction on rotors. More recently, Minkowycz et al [48] simulated the
turbulent transition in a channel flow using the intermittency transport equation method. The effect of inlet conditions on the
downstream flow is the main focus.

5.4 Direct numerical simulation (DNS) method

Direct numerical simulation using Navier-Stokes equations for turbulent transition is the most reliable method for capturing
the transition process [49-55]. However, this method is only available for some simple configurations, and it has not been yet
extended to engineering applications due to its requirement of huge CPU resources. For boundary layer flow, plane Poiseuillel
flow and plane Couette flow, several DNS works have been done. For plane Couette flow, the process of amplification of
turbulent spot has been observed [54, 55]. The critical Re obtained by DNS accords well with the experiments.

Figures 14 and 15 show the results of DNS for plane Couette flow with two walls moving in opposite directions [54]. For
Re=320, a wave packet stimulated by an imposed disturbance decays. For Re=375, the wave packet amplifies with time evolution
and it transits to turbulent spot in downstream. Thus, it can be commented that turbulent transition occurs at about Re=320~375.
This is in agreement with the experimental results which showed Rec=370 [27-29], and previous result of direct numerical
simulation with Rec=375 [55]. These results demonstrated that DNS is a powerful tool for simulating the turbulent transition.

6. Conclusions

The energy gradient method for curved flows is proposed in this study for flow instability and turbulent transition. Criterion
of stability is derived in detail which shows that the stability of a flow depends on the Re and the disturbance amplitude. Excellent
agreement has been obtained between the theory and the experimental data for various flows, including the turbulent transition in
parallel flows and the primary instability in the Taylor-Couette flows. Based on the proposed theory, several basic theorems for
flow instability in general cases are provided for the first time. The flowing conclusions can be drawn:

(1) The energy gradient theory is valid for both parallel flows and curved flows.

(2) There may be a universal mechanism for various turbulent transitions occurring in nature and engineering, i.e., the energy
gradient mechanism.

(3) The basic theorems for flow instability proofed are in consistent with the observations. It is believed that these theorems
have significant importance to the study of flow stability and turbulent transition.

The energy gradient theory is also demonstrated to be suitable for non-Newtonian flows where instability occurs at zero Re,
but elastic effect dominates the stability of the flow [56, 57].

Nomenclature

A amplitude of disturbance in transverse direction m S coordinate in streamwise direction m
b b=(1-k?)/In(1/k) in annulus flow t time s
D diameter of the pipe for pipe flow m T pefloqtofwave S ¢ in th in flow directi
E total mechanical energy of unit volume of fluid J m™ u ::S(_)CI Yy component i the main How direction
h half-channel width in plane Couette flow and plane . . L

Poiseuille ﬂov‘zl m p | W p Ug velocity at the mid-plane for plane Poiseuille flow

-1

H total mechanical energy loss of unit volume of fluid U gi};?:n:lvf;?sgt rirrl1$‘[he flow passace  m s’

due to viscosity in streamwise direction Jm” & Y . passag N
K radius ratio in annulus flow v velocity component in the transverse direction
K function of coordinates (dimensionless). ' ms

" . . . . v = i i ity i
Ke critical value of Ko for instability (dimensionless). m Ao, amplé"rude‘of the d1_slturbance of velocity in
Kiax maximum of K in the domain (dimensionless). transverse direction m s . .
I streamwise length of a half-period m W work done to the unit volumetric fluid by external
- 3
m mass of fluid kg Jm . . T
n coordinate in transverse direction m X coordinate in the streamwise direction m
p static pressure N m y coordlr}ate.1n th.e transver_ge direction m
Q volume of fluid  m® y7i dynamic viscosity Nm™ s
r radius in annulus flow m 1% kinematic viscosity m?s"
. ) 5

R radius of outer cylinder in pipe flow and annulus flow # density of ﬂulq kgm 1

m W frequency of disturbance  rad s
Ry radius of inner cylinder in annulus flow m 0 momentum thickness of boundary layer ~ m
Re Reynolds number (dimensionless).
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Fig. 1 Schematic of wall bounded parallel flows. (a) Pipe Poiseuille flow; (b) Plane Poiseuille flow; (c) Plane Couette flow;
(d) Taylor-Couette Flow; (¢) Annulus Flow; R,=R; R;=kR. (f) Boundary layer flow.

0.007
\x\.\
1 N

'en. - - % =-1

- A
=

= \\q\

0.001 \B\ﬂ\m\

2000 Re 10000 20000

Fig. 4 Experimental results for pipe flow: the normalized flow rate of disturbance versus the Reynolds number (Hof, Juel,
and Mullin, 2003). The range of Re is from 2000 to 18,000. The normalized flow rate of disturbance is equivalent to the
normalized amplitude of disturbance for the scaling of Reynolds number, ®@jy; / P jioe ~ (v'm JU )C .
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Fig. 5 Experimental data for channel flow indicate that instability first occurs at y/h=0.5-0.62, Nishioka et al (1975).
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Fig. 6 Axial velocity as a function of different radial position 1/R at different time after the iris diaphragm is operated at
Re=2450, reproduced from Nishi et al (2008) (Courtesy of F. Durst;). The oscillation first started in r/R=0.53~0.73.
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Fig. 7 Axial velocity at different radial position 1/R vs. time which is shown from the time when the iris diaphragm is

operated at Re=2450, reproduced from Nishi et al (2008) (Courtesy of F. Durst; Use permission by Cambridge University Press).
The oscillation first started in r/R=0.53~0.73.
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Fig. 8 Comparison of the theory with the experimental data for the instability condition of Taylor-Couette flow (Taylor
(1923)’s experiments, R1=3.80 cm, R2=4.035 cm). The relative gap width is h/R;=0.06184.
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Fig. 9 Comparison of the theory with the experimental data for the instability condition of Taylor-Couette flow (Taylor
(1923)’s experiments, R1=3.55cm, R2=4.035 cm). The relative gap width is h/R=0.1366.
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Fig. 10 Comparison of prediction with experimental data for turbulent transition at the inner cylinder: Reynolds number at
critical condition of inner cylinder for annulus flow versus the radius ratio k [33]. The out radius is kept constant. The data at k=0
means the case for circle pipe flow. The data at k=1 corresponds to the case for plane Poiseuille flow.
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Fig. 11 Distribution of K versus the transverse direction for boundary layer flow [34]. The value of K approaches infinite
approaching the wall. Thus, even a very small disturbance can trigger the flow to transit to turbulence near the wall, according to
Eq.(8). In experiments, it looks like that turbulence is originated from the wall region.
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Fig. 12 Prediction of the €" method. Stability diagram of linear stability (top) and amplification factor n envelope (bottom),
adapted from Arnal (1996).
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Fig. 13 Comparison of the skin friction predicted with experiment (adapted from Wang and Fu, 2009).
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Fig. 14 Simulation of turbulent transition for plane Couette flow at Re=320 [54]. Turbulent spot decays with time
development. The time is non- dimensionalized.
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Fig. 15 Simulation of turbulent transition for plane Couette flow at Re=375 [54]. Turbulent spot enlarges with time
development. The time is non- dimensionalized.
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