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Signomial Classification Method with Lo-regularization
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In this study, we propose a signomial classification method with Ly-regularization (SCp), which seeks a

sparse signomial function by solving a mixed-integer program to minimize the weighted sum of the

Lo-norm of the coefficient vector of the resulting function and the L;-norm of loss caused by the function.

SCy gives an explicit description of the resulting function with a small number of terms in the original

input space, which can be used for prediction purposes as well as interpretation purposes. We present a

practical implementation of SCy based on the mixed-integer programming and the column generation
procedure previously proposed for the signomial classification method with L;-regularization. Computational
study shows that SC, gives competitive performance compared to other widely used learning methods for

classification.

Keywords: classification, signomial function, Ly-regularization, mixed-integer program, column generation

1. Introduction

The supervised learning is a machine learning tech-
nique to deduce a hidden function by investigating a
number of data each of which can be represented as a
pair of an input vector and the corresponding output
value, which is to be used to predict the output values
for new (unforeseen) input vectors (Lee ¢z /., 2010).
The classification problem is one of the most important
topics in the development of the supervised learning
methods, which has been studied by many researchers, so
that a number of popular classification methods including
the logistic regression (Hosmer and Lemeshow, 2000),
CART (classification and regression tree) (Brieman ez a/.,
1984; Kim and Loh, 2001), and SVM (support vector
machine) (Burges, 1998; Gunn, 1998; Vapnik, 1995)

have been proposed and widely used.

Due to its simplicity and flexibility, SVM has been
received much attention and has been applied to many
practical applications. SVM is originally developed for
two-class classification and separates observations of
different classes by an affine function (a hyperplane)
with a maximal margin (Vapnik, 1995). SVMs can
explore the nonlinearity of data patterns in a relatively
flexible manner by means of the so-called kernel trick,
which make it possible to find a separating hyperplane
in a higher dimensional feature space induced by kernel
functions. For the details of SVMs, we refer the readers
to Burges (1998) and Gunn (1998).

A dlassifier produced by SVMs is in the form of a
kernel expansion, which is a sum of a linear com-
bination of (pre-specified) kernel functions and a
constant term. Even though there have been lots of
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effort on improving the generalization performance
and the calculation time involved in the prediction by
developing noble and computationally efficient SVMs
to get a sparser kernel expansion, SVM has some
drawbacks as noted by Lee ez 2/. (2010) and Jeong ez
al. (2010) : (i) Even though exploring high dimensional
feature space is possible by the kernel trick, the resu-
Iting function is restricted to some surface in the high
dimensional space because the weights between hig-
her terms are fixed by the kernel parameters; (i) it is
not easy to get an explicit function description in the
original input space if we use a nonlinear kernel. Thus
we can use the resulting function (classifier) for pre-
diction purposes but less easily for interpretation
purposes; (iii) The generalization performance of the
resulting function may heavily depend on the choice
of kernel function and its parameters.

To handle those drawbacks of SVMs mentioned
above, Lee ez a/. (2010) proposed the sparse signomial
classification and regression (SSCR) model. SSCR
seeks a sparse signomial function by solving a linear
program to minimize the weighted sum of the
Ly-norm of the coefficient vector of the function and
the L;-norm of violation (or loss) caused by the
function. SSCR gives an explicit description of the
resulting function in the original input space while
exploring the nonlinearity of the given data without
using nonlinear kernels, and shows competitive and
even better prediction performance compared to other
widely used classification methods including SVMs
(Burges, 1998; Gunn, 1998).

The number of terms of the resulting classifier is
closely related to the prediction performance of the
classifier, and to have a smaller number of terms (a
sparser classifier) may be desirable for the better
prediction performance (Vapnik, 1995). To get a sparse
classifier, SSCR used L;-regularization as mentioned
above, which is in fact a relaxation of Ly-regulari-
zation.

In this study, we propose a signomial classification
method with Ly-regularization (SCy) based on SSCR
(Lee et al., 2010), which seeks a sparser signomial
function than those obtained by SSCR by solving a
mixed-integer program to minimize the weighted
sum of the Lo-norm of the coefficient vector of the
resulting function and the L;-norm of loss caused by
the function. We present a practical implementation
of SCy based on the mixed-integer programming and
the column generation procedure previously proposed
for SSCR.

In the next section, we present the detailed description

of SCy with a practical implementation of it. The
performance of SCy is evaluated in a computational
study given in section 3. Finally, concluding remarks
are given in section 4.

2. An implementation of SC,

Let ¢ = (x, -, ,) be a positive real vector, and let
d = (d,, -, d,) be a real vector. Define a real-valued

) : 4
function of z for a given d, g,(x): = [ [, where
iEN

N =A{1, 2, -, n}. Note that the components of 4 can
be negative and/or fractional. Then, a signomial function
of z is defined as

fl@)= D wyg,(z)+b (1)

de D

where bE R, D is afinite subset of R" such that 0&Z D,
and w,< R for all = D. For a given signomial function
of the form (1), L;-norm (Ly-norm) of the coefficient
vector we R is denoted by Il w Il ,( Il w ). Note
that | w Il , is defined as the number of non-zero
elements of the coefficient vector.

For given two subsets in R}, (the set of positive
real vectors of n dimension), {27/} e and {yj }]E M
the signomial classifiers obtained by SSCR for the
two sets are defined as the solution of the following
optimization problem (Lee ez a/., 2010).

minimize || w Il ,+ C(lull {+ ol ) 2
subject to E wyg, (@) +b>=1— uj, JE My,
dED
degd(yj)er §—1+vj,jE]V[1,
de D

|24

M,
we R bE R, uE R! a1l

5 'UER+

In the above problem (2), the set D is defined by
four parameters, d d 7, and S, as follows:

max? min’

D={dER"d;, < d; < dypops i€ N,
MYld,l < 8, Tde Z"} 3)
iIEN

The problem (2) can be readily reformulated as a
linear program. However, depending on the four
parameters of the set D, the number of elements of
D can be huge, which means there may be huge
number of variables in the reformulated linear
program. To overcome this issue Lee ez #/. (2010)
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proposed an algorithm to solve the linear program
based on the column generation technique (Chvatal,
1983) to handle this issue. For the details of SSCR,
we refer the readers to Lee et «/. (2010). Now, we
present the detailed description of SC.

2.1 A mixed-integer program for SC,

The signomial classifiers with Lo-regularization for
: j j : n
the given two sets {xJ}jE% and {yj}jEM'l mn R},
are defined as the solution of the following optimi-
zation problem.

minimize || w Il o+ C(lull {+ vl ) 4)

subject to Y, wyg, (7)) +b = 1—uj, jEM,,
deD 4

S wg, () +b = —1+uv, jEM,
deD

|0z

s
weE R bE R, uE R, !

s U€R+ s

where the set D is defined as (3).

Unlike problem (2) for SSCR, the above problem
(4) can not be transformed into a linear program.

For a sufficiently large positive real number 77, the
above problem (4) can be transformed into the following
mixed-integer program by introducing a binary variable
z, for each d € D, which we call MP :

minimize Z 24+ C( Z u;+ Z v;) 6
de D JE M, ’ JE M, ’
subject to ¥, wyg,(z7) +b = 1= wuy, j& M,
deD
degd(yj)er <—1+v;,jEM,
de D
— Uzd < Wy < Uzd7d S5 D;
wERlD‘, bER,uERB[(’l,vERBJI‘,
» e B”

2.2 An Implementation of SC,

Even though the exponents set D is finite, it can be
exponentially large, which makes it practically intrac-
table to solve MP after enumerating all the elements of
D. In this section, we propose a practical implemen-
tation of SCy based on the generation method for the
problem (2) devised in Lee ez 4/. (2010).

By using the fact that the linear program corres-
ponding to the problem (1), LP, is a relaxation of
MP, we first solve LP rather than the LP-relaxation of
MP. To solve LP, we used the algorithm devised by
Lee et al. (2010). Then, we solve MP which is formu-

lated by using the generated columns (a subset of D)
in the process of solving LP rather than the entire set
D. To formulate MP, We also specify the value of ¢/
to the maximum of absolute values of w, d € D.
This approach, of course, can not guarantee an optimal
solution to MP. However, as proved by Lee et /.
(2010), the column generation problem for LP is
NP-hard so that it may not be practical to try to solve
MP to optimality. In the following, we give the details
of our implementation of SCy.

Procedure SCy(C,, &) :

Given : Positive real numbers C;, Cy;

Stepl : Solve LP with C'= C;

Step2 : Let D be the set of generated exponents;

Let w be the solution of LP;
Step3 : Solve MP with D:= D, C= C,,
and U= maxdeﬁ{h;d\};

3. Experimental Results

In this section, we report on the performance of SCO on
four widely circulated real data sets, ‘Breast Cancer,’
‘BUPA Liver,” ‘Diabetes,” and ‘Heart Disease,” from
the UCI Machine Learning Repository (Murphy and
Aha, 1992). <Table 1> shows the characteristics of
those data sets including the name of each data set, the
number of observations and variables of each data set,
and the associated task with each data set.

Table 1. The characteristics of data sets

Data Set #Observations #Variables
Breast Cancer 683 9
BUPA Liver 345 6

Diabetes 768 8
Heart Disease 297 13

The ‘Heart Disease’ data set originally consists of
303 observations but 6 of them have some missing
values. We discarded those observations and used
the remaining 297 observations.

For the test of SC,, the procedure SCy(C;, C,) was
implemented by using Xpress Mosel language and
associated optimization library functions including the
branch-and-bound procedure for solving mixed-integer
programs (Xpress, 2010). The experiment was executed
on a PC(2.5GHz CPU, 3GB RAM), and we set the time
limit of the branch-and-bound procedure to 100 seconds.
In the experiment, we specified the set D defined as (3)
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with its parameters d,,;,, =—1, d,,,, =1, =1, and
7= 100 for all the data sets. The larger value of C; for
LP in Step1 results in generating more signomial terms,
which enables MP in Step 3 to choose less number of
terms. In our computational test, the parameter ¢, for
LP in Step1 was set to 100 for all the data sets. The other
parameter C, for MP in Step 3 was varied such that
C,=10"%10"% 10", 1, 10", 10* and 10°. For each
value of (0, we performed five independent runs. We
summarize the average training, validation and test
accuracies in <Table 2> for the best value of ¢, with
respect to the average validation accuracy.

Table 2. The performance of SCy

Data Set Train Validation Test
Breast Cancer 0.967 0.959 0.964
BUPA Liver 0.720 0.718 0.692
Diabetes 0.757 0.754 0.749
Heart Disease 0.808 0.784 0.810

The following <Table 3> shows the sparsity of the
resulting classifiers obtained from SC, for the best value
of ¢, for each data set. In the table, #GenTerms
denotes the average number of generated terms (the
number of elements in D) in Step1, and #SelTerms
denotes the average number of terms in the resulting
classifiers.

Table 3. The sparsity of classifiers (SCy)

toolbox (Matlab statistic toolbox, 2008) for testing
CART, logistic regression.

For SVM, linear, polynomial(with degree 2 and 3) and
RBF kernels were all tested with varying model parameter
P (similar parameter to €'in MP) such that P=10"%,
1072,10 %, 1, 10', 10 and 10°. For RBF kernels, the
kernel parameter o was varied such that o =10"%,10" 2,
1071, 1, 10, 102 and 10®. For each combination of a
kernel, P, and ¢ among 70 combinations in all, five
independent runs were also performed. The average test
accuracies for the best combination in terms of the
average validation accuracy are summarized in <Table
4>,

For CART, trees are pruned based on an optimal
pruning scheme that first prunes branches giving less
improvement in error cost. By varying the pruning level,
five independent runs were also performed. The average
test accuracies for the best pruning level in terms of the
average validation accuracy are summarized in <Table

4>,

Table 4. Test accuracies of SVM and CART

Data Set SVM CART
Breast Cancer 0.960 0.945
BUPA Liver 0.701 0.614
Diabetes 0.773 0.706
Heart Disease 0.831 0.749

Data Set #GenTerms #SelTerms
Breast Cancer 91.8 1.0
BUPA Liver 103 2.6

Diabetes 240.8 3.0
Heart Disease 105.2 2.0

Now, we present the performance of previously
proposed classification methods on the same data sets
including SSCR (Lee ¢t 4/., 2010), SVM (Vapnik, 1995),
logistic regression (Hosmer and Lemeshow, 2000), and
CART (Brieman et 2., 1984; Kim and Loh, 2001), and
compare their performance to that of SCyin terms of test
accuracy measured by the portion of correctly classified
observations. These tests were performed by one of the
authors of SSCR (Lee ¢ /., 2010) to compare SSCR with
SVM, logistic regression, and CART.

SSCR was implemented by using Xpress Mosel
language and associated optimization library functions
(Xpress, 2010). SVM was tested by using the LIBSVM
package (Chang and Lin, 2001). We used the MATLAB

From <Table 2> and <Table 4>, we observe that
the performance of SCy in terms of test accuracy is
competitive to those of SVM and CART. In particlular,
SCo shows consistently better performance than CART
for all the data sets.

For the logistic regression, no special parameters are
needed to be specified. As in the other cases, five
independent runs were also performed, and the average
test accuracies are summarized in <Table 5>.

Table 5. Test accuracies of Logistic Regression and SSCR

Data Set Logistic SSCR
Regression

Breast Cancer 0.961 0.964

BUPA Liver 0.672 0.754

Diabetes 0.767 0.761

Heart Disease 0.824 0.834

From <Table 2> and <Table 5>, we also observe
that the performance of SC, in terms of test accuracy is
competitive to that of logistic regression. However,
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SSCR shows consistently better performance than SC
for all the data sets.

The following <Table 6> shows the sparsity of the
resulting classifiers obtained from SSCR for the best
value of C for each data set. In the table, #GenTerms
denotes the average number of generated terms, and
#SelTerms denotes the average number of terms in the
resulting classifiers.

Table 6. The sparsity of classifiers (SSCR)

Data Set #GenTerms #SelTerms
Breast Cancer 20.4 8.0
BUPA Liver 24.6 10.4

Diabetes 39.4 20.6
Heart Disease 54.6 13.6

Even though SSCR shows better test accuracies
than SC;, <Table 3> and <Table 6> show that
classifiers obtained from SC, are much sparser than
those obtained from SSCR.

4. Conclusion

A signomial classification method with L-regularization
with a practical implementation is developed, and
is compared to the existing classification methods.
Experimental results show that the proposed
SCy shows competitive prediction performance to the
existing methods with smaller number of terms in the
resulting classifiers. The average number of terms in
the resulting classifiers is only 1~3. This is an
encouraging result since the proposed approach gives
an explicit function description in original input space,
which can facilitate easier interpretation.

Topics for the future research may include devising
more sophisticated implementation of SC, along with

Kyungsik Lee
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Engineering, Hankuk University of Foreign Studies
Ph.D and MS : Korea Advanced Institute of Science and
Technology
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an extensive computational experiments to further
enhance the proposed approach and to extend it to the
case of the variable selection.
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