
J. of the Chosun Natural Science

Vol. 4, No. 4 (2011) pp. 289 − 293

− 289 −

Sobolev Estimates for Certain Singular Curves

Sunggeum Hong†

Abstract

In this paper we obtain some Sobolev estimates for the integral operator over singular curves (t, tm) on  R 2  for

m ≥ 2.
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1. Introduction

For m ≥ 2 we consider the integral operator

,

where σ is a smooth function with a compact support

near the origin with σ(0) ≠ 0.

For σ ≥ 0 and 1 < p < ∞ let Lα

p (R2) denote the Lp

Sobolev space with the norm

(R2)
 = 

(R2)

It is well known that T maps Lp(R2) to Lq(R2) if 1/

p-1/q = 1/1+m and (1/p, 1/q) only if and belongs to the

closed triangle belongs with vertices (0,0), (1,1) and

(2/1+m, 1/1+m) (m/1+m,m−1/1+m), (see [1,3,4]). The

localized operator of T maps Lp(R2) to (R2) if m/

m−1 < p <m in view of M. Christ in [2].

The purpose of this paper is to determine the exact

range of (1/p, 1/q, α) for which T maps Lp(R2) to

Lα

q(R2) when 0 < α < 1/m and p < q. We shall prove

the following :

Theorem 1. Let 0 < α < 1/m. The operator T maps

Lp(R2) to Lα

q(R2) if and only if (1/p, 1/q, α) lies on or

in the interior of the closed trapezoid with vertices 

,

except the edge AA', where A' and  are the sym-

metries of A and Bα with respect to the non principal

diagonal, respectively.

For an even function (R) such that supp χ ⊂

{t∈ R : 21/m ≤ t ≤ 24/m}, 0 ≤ χ ≤ 1 and 

for t ≠ 0.

We may decompose the operator 

where 

< dσl,f > = .

Following the approach in M. Christ in [1], we intro-

duce C∞ partition of unity {ηl} in R
2 minus the coor-

dinate axes, with ηl homogeneous of degree zero (with

respect to the Euclidean dilation R2) such that 

and the support of is a subset of 

.

Let Ql be the operator with multiplier ηl and C0 be

a constant such that  ηl is identically one

on the support of ηl. We define  Qi and
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denote by  its multiplier.

Let hl ∈ C∞ (R) be identically one in a neighborhood

of the origin, and let Pl be the Fourier multiplier oper-

ator with symbol

.

For the estimates we split the operator into

(1.1)

 

To treat the first and the third integrals in (1.1), we

prove the following Lemmas 1 and 2. 

Lemma 1. The kernel K1 of the convolution opera-

tors 

satisfies 

.

Proof. Denote Kl by the kernel of the operators (I−∆)α/2

Pl dσl × f. A computation shows that the kernel Kl is

(1.2)

 

 

 

Since 2l is more contributive than 2l/m in the kernel

estimate (1.2), we have

where Gl ∈ S (R2) and Gl =
∨.

We integrate by parts to obtain

.

Thus, we have 

 

 

Lemma 2. The kernel K3 of the convolution opera-

tors

satisfies

.

Proof. As in Lemma 1 the kernel of 

is bounded by

,

where ∨.

Since Gl ∈ S(R2), we apply the same argument as

above to obtain the desired bound. 

2. Proof of Theorem1

We begin with the sufficiency. We introduce the Lit-

tlewood-Paley decomposition. Let φ ∈ C0
∞(R2) be sup-

ported in {ξ:1/8 ≤ |ξ| ≤ 8} such that φ(ξ) = 1, if 1/2

≤ |ξ| ≤ 2. Then Littlewood-Paley operator Lk is given by

and denote by φ (2-k| • |) = φk(| • |).

For fixed k the operator LkT does not map 

and . However, it holds 

and the following estimate:

Lemma 3. For fixed k the operator LkT is of restricted

weak type (m, m).

Proof. Let χ ∈ C0
∞(R2) be supported in (-1,1) and

χ(s) = 1 if |s| ≤ 1/2. Fix k. We decompose LkT into

, 
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and K is the Gaussian curvature of the surface (t,tm).

From K(t) =  , we have . Write LkTl= Tk,l

and f = χE, where E is a measurable set of finite measure

in R2. We want to show that for β > 0

.

The left-hand side of the above is bounded by 

In view of , 

we may assume . Then

.

 

 

If we take , then

 
is an empty set. We proceed to

the case 2l ≤ δ. By van der Corput lemma, the multiplier

corresponding to Tk,l is bounded by

and so by Plancherel's theorem 

.

Therefore by Chebyshev's inequality and L2 bound-

edness, we obtain

where |E| denotes the Lebesgue measure of E. Since

, this completes the proof.
 

By duality the operator LkT is of restricted weak type

m−1/m,m−1/m. We also note that
 .

We interpolate between the points (C=(1/2,1/2,1/m))

and O = (1,0,0) to obtain  boundedness of T.

We thus obtain that on the open line segment CO the

operator T maps Lp to Lα

q  such that 

(2.1)

where for θ = 1 − 1/p + 1/q for 0 < θ < 1.

The last term in (2.1) is convergent when

, which is equivalent to the condi-

tion

 

Similarly, if we interpolate between

the points A=(1/m,1/m,1/m) and O, we also obtain the

condition . Thus (1/p,1/q,α) must lie on or above the

line joining AO and CO with , except the point A. By

duality (1/p,1/q,α) must also lie on or above the line

joining A'O with  without the point A'. The intersec-

tion points of the line segments AO, A'O with  are

Bα = (α(1−m)+2/1+m,α+1/1+m,α) and  Bα

' = (m−α/1+m,

m−α+αm−1/1+m, α).

Consequently, if we let  be the closed trapezoid

with vertices A, Bα, Bα' and A', then T maps L
p to Lα

q

in the interior of  union the open line segments ABα

and A'Bα'. Thus there is only remained the case of the

edge BαBα', which is on the line 1/p−1/q=1−mα/1+m.

Therefore, we shall show that

on the line 1/p−1/q=1−mα/1+m.

We consider the first integral in (1.1). In view of

Lemma 1, we write 

.

For the estimates
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we shall show that . 

Let λ be a positive number and set . Using

Lemma 1, we have

.

Since now the kernel belongs to , from

Young's inequality it follows that convolution with K1

maps Lp to Lw, where

.

The same goes for the third integral in (1.1), because

the kernel K3 of the convolution operators 

also belongs to . Thus we have 

(2.2)

Therefore, it remains to estimate the second term in

(1.1). By replacing C0 by a large constant in the defi-

nition of , we may define  with the same prop-

erties such that  for all l. Then by

Littlewood-Paley inequalities

(2.3)

where . Now the kernel of 

is not positive. Thus we cannot directly apply the

method of M. Christ in [1]. We decompose the operator

I−Pl by telescoping series 

Set (Pk+l − Pk+l-1) = Rk+l. Likewise Ql we define oper-

ators such that  for all . Then Lit-

tlewood-Paley inequalities acting on Lp(l2(Z2)), the last

term in (2.3) is bounded by

(2.4)

 

where fl,n = Rnfl.

For and p ≤ 2 by 0 < θ < 1, observing 1/2 = θ/p + 1-θ/

∞ = θ/p, we shall use complex interpolation to estimate

(2.4).

Let us denote MHL by nonisotropic Hardy-Littlewood

maximal function and MC by the maximal function of

f, respectively. 

We note that and 

.

By Minkowski's inequality, Lq boundedness of MHL

and Lp→Lq boundedness of MC we obtain we obtain
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Consequently, combining (2.1) through (2.4) and

(2.7), we obtain the desired bound.

We turn to the proof of the necessity. Let δ > 0 be

small and fδ be the characteristic function of the rectan-

gle with dimensions δ 1/m× δ centered at the origin.

Since away from the parabola the kernel of (I−∆)α/2T

looks like ,  looks like

on the set

.

Therefore,

 

.

Since , letting δ → 0, and compar-

ing the exponent, no inequality of the form 

is possible when 

,

which is equal to . 

This finishes the proof of Theorem 1.

Acknowledgment

This study was supported (in part) by research funds

from Chosun University, 2010.

References
 

[1] M. Christ, “Endpoint bounds for singular fractional

integral operators”, preprint, unpublished, 1988.

[2] M. Christ, “Failure of an endpoint estimates for inte-

grals along curves”, Fourier analysis and partial dif-

ferential equations, ed. by Garcia-Cuerva, E. Hernadez,

F. Soria and J.L. Torrea, CRC Press, 1995.

[3] A. Greenleaf, A. Seeger, and S. Wainger, “On X-ray

transforms for rigid line complexes and integrals

over curves in”, Proc. Amer. Math. Soc., No. 12, pp.

3533-3545, 1999.

[4] F. Ricci and E. M. Stein, “Harmonic analysis on

nilpotent groups and singular integrals III : Frac-

tional integration along manifolds”, J. Funct. Anal.,

Vol. 86, pp. 360-389, 1989.

C x1
m

x2+
1 α+( )–

I ∆–( )α 2⁄
Tfδ 

I ∆–( )α 2⁄
Tfδ x( ) x1

m
x2+

1 α+( )–

δ
1

1

m
----+

∼

Bδ x:x1 δ
1 m⁄

x1
m

x2+ 10δ>,∼{ }=

I ∆–( )α 2⁄
Tfδ x( )

q
xd

B
δ

∫⎝ ⎠
⎛ ⎞ 1 q⁄

δ
1

1

m
----+

δ
1 α+( )– 1

1

m
----+⎝ ⎠

⎛ ⎞1
q
---+

∼

 fδ 
L
p δ

1
1

m
----+⎝ ⎠

⎛ ⎞1
p
---

=

I ∆–( )α 2⁄
Tfδ L

q C  fδ 
L
p≤

1
1

m
---- 1 α+( )– 1

1

m
----+⎝ ⎠

⎛ ⎞1
q
--- 1

1

m
----+⎝ ⎠

⎛ ⎞1
p
---<+ +

1

p
--- 1

q
---

1 mα–

1 m+
---------------->–



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <FEFFd5a5c0c1b41c0020c778c1c40020d488c9c8c7440020c5bbae300020c704d5740020ace0d574c0c1b3c4c7580020c774bbf8c9c0b97c0020c0acc6a9d558c5ec00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee563d09ad8625353708d2891cf30028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c4fbf65bc63d066075217537054c18cea3002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


