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OPERATORS IN BANACH SPACES
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ABSTRACT. The purpose of this article is to prove strong convergence the-
orems for weak relatively nonexpansive mapping which is firstly presented
in this article. In order to get the strong convergence theorems for weak
relatively nonexpansive mapping, the monotone CQ iteration method is
presented and is used to approximate the fixed point of weak relatively
nonexpansive mapping, therefore this article apply above results to prove
the strong convergence theorems of zero point for maximal monotone op-
erators in Banach spaces. Noting that, the CQ iteration method can be
used for relatively nonexpansive mapping but it can not be used for weak
relatively nonexpansive mapping. However, the monotone CQ method can
be used for weak relatively nonexpansive mapping. The results of this pa-
per modify and improve the results of S.Matsushita and W.Takahashi, and
some others.
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1. Introduction and Preliminaries

Let E be a Banach space with the dual E*. We denote by J the normalized
duality mapping from E to 2F" defined by

Jr={f e E":(x,f) = ||* = | fI*},
where (-,-) denotes the generalized duality pairing. It is well known that, the
normalized duality J has the following properties: (1) if F is smooth, then J
is single valued; (2) if F is strictly convex, then J is one-to-one (i.e. Jx N
Jy = 0 for all z # y); (3) if E is reflexive, then J is surjective; (4) if E is
Frchet differentiable norm, then J is uniformly norm-to-norm continuous; (5) if
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F is uniformly smooth, then J is uniformly norm-to-norm continuous on each
bounded subset of E; (7) if F is a Hilbert space, then J is the identity operator.

As we all know that if C' is a nonempty closed convex subset of a Hilbert
space H and Pz : H — C is the metric projection of H onto C, then Pg is
nonexpansive. This fact actually characterizes Hilbert spaces and consequently,
it is not available in more general Banach spaces. In this connection, Alber [1]
recently introduced a generalized projection operator Il in a Banach space E
which is an analogue of the metric projection in Hilbert spaces.

Let E be a smooth Banach space. Consider the functional defined by

$(z,y) = |l2|* = 2(z, Jy) + [lyl|* for z,y € E. (1.1)

Observe that, in a Hilbert space H, (1.1) reduces to ¢(z,y) = ||z—yl||?, =,y € H.

The generalized projection Il : E — C' is a map that assigns to an arbitrary
point z € E the minimum point of the functional ¢(x,y), that is, ez = Z,
where T is the solution to the minimization problem

existence and uniqueness of the operator Il follow from the properties of the
functional ¢(x,y) and strict monotonicity of the mapping J (see, for example,
[1,2]). In Hilbert space, II¢ = Pg. It is obvious from the definition of function
¢ that

(lyll = z)* < oy, @) < (lyll + ll2])*  for all 2,y € E. (1.3)

If F is a reflexsive strictly convex and smooth Banach space, then for z,y € E,
¢(z,y) = 0 if and only if x = y. It is sufficient to show that if ¢(z,y) = 0 then
x = y. From (2.3), we have ||z|| = |ly||. This implies (z, Jy) = |z|* = ||Jy|*
From the definitions of j, we have Jx = Jy. That is, © = y; see [3,4] for more
details.

Let C be a closed convex subset of E, and Let T be a mapping from C' into
itself with nonempty set of fixed points. We denote by F(T') the set of fixed

points of T'. T is called hemi-relatively nonexpansive if ¢(p, Tx) < ¢(p, x) for all
xe€CandpeF(T).

A point of p in C is said to be an asymptotic fixed point of T if C' contains a
sequence {z, } which converges weakly to p such that the strong lim,, o (T, —
xn) = 0. The set of asymptotic fixed points of T" will be denoted by ﬁ(T) A
hemi-relatively nonexpansive mapping 7' from C' into itself is called relatively
nonexpansive if F(T) = F(T) (see, [5]).

A point of p in C' is said to be an strong asymptotic fixed point of T if C
contains a sequence {x,} which converges strongly to p such that the strong
lim,, oo (T2, — x,) = 0. The set of strong asymptotic fixed points of T will be
denoted by ﬁ(T) A hemi-relatively nonexpansive mapping 7" from C into itself
is called weak relatively nonexpansive if F(T) = F(T) (see, [6]).
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The following conclusions are obvious: (1) Relatively nonexpansive mapping
must be weak relatively nonexpansive mapping. (2) Weak relatively nonexpan-
sive mapping must be hemi-relatively nonexpansive mapping.

In this paper, we will give two examples to show that, the inverses of above
two conclusions are not hold.

In an infinite-dimensional Hilbert space, Mann’s iterative algorithm has only
weak covergence, in general, even for nonexpansive mappings. Hence in order to
have strong convergence, in recent years, the hybrid iteration methods for ap-
proximating fixed points of nonlinear mappings has been introduced and studied
by various authors.

In 2003, Nakajo and Takahashi[7] proposed the following modification of
Mann iteration method for a single nonexpansive mapping 7" in a Hilbert space
H:

xg € C chosen arbitrarily,
Yn = QpTp + (1 - Oén)TZ‘n,
Co={2€C:|lyn— 2| < llzn — 2|}, (1.4)
Qn={z€C:{x, —2z,z0—xp) >0},
Tny1 = Po,nq., (7o),
where C' is a closed convex subset of H, Px denotes the metric projection from
H onto a closed convex subset K of H. They proved that if the sequence {a,,}

is bounded above from one then the sequence {z,} generated by (1.1) converges
strongly to Pp(p)(z0). Where F(T') denote the fixed points set of 7.

The ideas to generalize the process (1.4) from Hilbert space to Banach space
have recently been made. By using available properties on uniformly convex and
uniformly smooth Banach space, Matsushita and Takahashi [8] presented their
ideas as the following method for a single relatively nonexpansive mapping 7" in
a Banach space E:

xg € C chosen arbitrarily,

Yn = J Y anJzo + (1 — ap)JTxy,),
Cpn={2€C:¢(z,yn) < O(z,2,)}
Qn=A{z€C:{x, —2Jxg— Jzx,) >0},
Tpi1 = e, nq, (zo).

where J is the duality mapping on E, and IIx(-) is the generalized projection
from E onto a nonempty closed convex subset K. They proved the following
convergence theorem .

Theorem MT. Let E be a uniformly convexr and uniformly smooth Banach
space, let C' be a nonempty closed convexr subset of E, let T be a relatively
nonexpansive mapping from C into itself, and let {a,} be a sequence of real
numbers such that 0 < a,, < 1 and limsup,,_, . @, < 1. Suppose that {z,} is
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given by (1.6), where J is the duality mapping on E. If F(T) is nonempty, then
{zn} converges strongly to Ilp(ryxo, where Ilpiry(-) is the generalized projection
from C onto F(T).

Resent, S. Plubtieng, K. Ungchittrakool [9], proposed the following hybrid
iteration method for a countable family of relatively nonexpansive mappings in
a Banach space and proved the convergence theorem:

Theorem PU. Let E be a uniformly smooth and uniformly convexr Banach space
and let C and C' be two nonempty closed convex subsets of E such that C' C C'.

Let {T,,} be a sequence of relatively nonexpansive mappings from C into E such
that (.2, F(T,,) is nonempty and let {z,} be a sequence defined as follows:

o € C,
C,=0C,
z1 = Ilg, xo,

Yn = J HanJz, + (1 — an)JThx,),
Cry1={2€Cy: 0(2,yn) < o(z,2,)},n > 1,

Tn+1 = HCnJrlev

where oy, € [0, 1] satisfies either

(a) 0 < ay <1 foralln>1 and limsup,,_, . o, <1 or

(b) liminf, o (1 — @) > 0.
Suppose that for any bounded subset B of C there exists an increasing, continuous
and conver function hg from RT into R such that hp(0) =0, and

lim sup{hp(||Tiz — Trz||) : = € B} =0.
l,k—o00

Let T be a mapping from C into E defined by Tx = lim,, oo Tnx for all x € C
and suppose that
F(T) = mF(Tn): nF(Tn):F(T)'

n=1 n=1

Then {xn}, {Thxn} and {y,} converge strongly to Il pryzo.

In this article, the authors have obtained the following results: (1) the def-
inition of uniformly closed countable family of nonlinear mappings. (2) strong
convergence theorem by the monotone hybrid algorithm for a countable family
of hemi-relatively nonexpansive mappings in a Banach space with new method
of proof. (3) two examples of uniformly closed countable families of nonlinear
mappings and applications. (4) an example which is hemi-relatively nonexpan-
sive mapping but not weak relatively nonexpansive mapping. (5) an example
which is weak relatively nonexpansive mapping but not relatively nonexpansive
mapping. Therefore, the results of this article improve and extend the results of
Somyot Plubtieng, et al [9] and many others.

We need the following Definitions and Lemmas.
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Lemma 1.1 (Kamimura and Takahashi [10]). Let E be a uniformly convex and
smooth Banach space and let {x,}, {yn} be two sequences of E. If ¢(pn,yn) — 0
and either {x,} or {yn} is bounded, then x,, — y, — 0.

Lemma 1.2 (Alber[l]). Let C' be a nonempty closed convex subset of a smooth
Banach space E and x € E. Then, x¢g = lgx if and only if

(xo —y,Jox — Jag) >0 foryeC.

Lemma 1.3 (Alber[1]). Let E be a reflexive, strictly convex and smooth Banach
space, let C' be a nonempty closed convex subset of E and let x € E. Then

oy, ex) + d(Mex, x) < @y, z)  for ally € C.

The following Lemma is not hard to prove.

Lemma 1.4. Let E be a strictly convex and smooth Banach space, let C be a
closed convex subset of E, and let T be a hemi-relatively nonexpansive mapping
from C into itself. Then F(T) is closed and convex.

In this paper, we present the definition of uniformly closed for a sequence of
mappings as follows.
Definition 1.5. Let E be a Banach space, C' be a closed convex subset of
E, let {T,,}5°, be a sequence of mappings of C into E such that (2, F(T},)
is nonempty. We say that {T},}22, is uniformly closed, if p € (", F(T,)
whenever {x,,} C C converges strongly to p and ||, — Tpx,| — 0 as n — co.

Lemma 1.6 ([11,12]). Let E be a p—uniformly convex Banach space with p > 2.
Then, for all z,y € E, j(x) € Jp(x) and j(y) € Jp(y),

(r—y,j(x) —iy) = = =yl

cP—2p
where J, is the generalized duality mapping from E into E* and 1/c is the
p—uniformly convexity constant of E.

2. Main results

Theorem 2.1. Let E be a uniformly convexr and uniformly smooth Banach
space, let C' be a nonempty closed convex subset of E, let {T,}52, : C — FE
be a uniformly closed sequence of hemi-relatively nonerpansive mappings such
that F = (", F(T,)) # 0. Assume that {a,}52g, {Bn}olo, {1}, are three
sequences in [0,1] such that a4 Bn+yn = 1, lim, oo ap, =0 and0 < v <7, <1
for some constant v € (0,1). Define a sequence {x,} in C by the following
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algorithm:
xg € C'  arbitrarily,
Yn = J HanJzo + Bndan + Y Thxy),n > 1,
Cn={2€Cn1:9(29n) < (1 —an)d(z,7,) + and(z,70)},n > 1,
Co=0C,
Tpt1 =g, o, n>0.
Then {x,} converges strongly to g = Ilpxy.
Proof. We first show that C,, is closed and convex for all n > 0. From the

definitions of C,,, it is obvious that C,, is closed for all n > 0. Next, we prove
that C), is convex for all n > 0. Since

D(z,yn) < (1= an)d(2,2n) + and(z, o)
is equivalent to
2z, (1 = ap)Jzn + anJzo — Jyn) < (1 — an)||@all® + anllzol*.
It is easy to get C, is convex for all n > 0.
Next, we show that F' C C,, for all n > 1. Indeed, for each p € F, we have
d(p,yn) = O(p, J N anJzo + BudTn + Y Tnn))
= lpll> = 2(p, anJwo + Budxn + Yad Tny)
+llanJzo + BnJxn + Y Thxy)|?
< Ipl* = 20 (p, Jao) = 28,(p, J2n) — 270 (p, JTnn)
+ anllzol® + Bullzall + vnl Tuza
< and(p, o) + Brd(p, Tn) + 1 (P, Tnan)
< an@(p, zo) + (1 = an)(p, zn).
So, p € C), , which implies that F' C C), for all n > 1.
Since x,,41 = g, 29 and C),, C C,,_1, then we get
O (xp,x0) < O(Tpy1,x0), forall n>0. (2.1)

Therefore {¢(zn,x0)} is nondecreasing. On the other hand, by Lemma 2.3 we
have

¢(xn,20) = d(Ilc, 70, 20) < G(p,20) — G(p, Tn) < G(p, T0),
for all p € F(T) C Cp,—1 and for all n > 1. Therefore, ¢(z,,xo) is also bounded.
This together with (3.1) implies that the limit of {¢(z,,zo)} exists. Put

lim ¢(zy,x0) =d. (2.2)

n—0o0

From Lemma 2.3, we have, for any positive integer m, that
¢($n+m7 anrl) = (b(anrmv 1_[C,L-TO) S ¢<xn+ma 330) - ¢(HC,L3707 .’IJQ)

= ¢(xn+m7l’0) - ¢(xn+17x0)7
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for all n > 0. This together with (3.2) implies that
lim ¢(xn+m7xn+1) =0 (23)

n— oo

is, uniformly for all m, holds. By using Lemma 2.1, we get that
nlingo [Zntm — Tngr] =0 (2.4)

is, uniformly for all m, holds. Then {z,} is a Cauchy sequence, therefore there
exists a point p € C such that =, — p.
Since x,,41 = g, x9 € ), from the definition of C),, we have

P(@n+1,Yn) < (1 = an)d(Tnt1, Tn) + An@(Tnt1, o).
This together with (2.3) and lim,_, . c,, = 0 implies that
nlggo ¢($n+1a yn) = 0.
Therefore, by using Lemma 2.1, we obtain
Jim [z 41 = yal = 0.
Since J is uniformly norm-to-norm continuous on bounded sets, then we have
lim ||[Jzpt1 — Jynl| = lim || Jxpyr — Jzg| = 0. (2.5)
n—oo n—oo
Noticing that
[Jzni1 = Jynll = [[JTns1 — (anJz0 + BndTn + Y Tnn)||

= ||O¢n(Jmn+1 - J:L'O) + ﬁn(an+1 - J-Tn) + ’Yn(t]-rn#»l - JTnxn)H
2 ol Jxnir — JTnan|| — anllJen 1 — J2ol| = BullJzntr — Jan,

which leads to

1
| Jzns1 — JTnan| < T(HJ%H — Jyn|l + an||Jzo — JTniall + Bnl|JTns1 — Jznl)).

From (2.5) and lim;, 0o oy, =0, 0 < v <, <1 we obtain
lim ||Jzp41 — JThzy| = 0.

n—oo

Since J~! is also uniformly norm-to-norm continuous on bounded sets, then we
obtain

lim ||xp4+1 — Thzn| = 0. (2.6)
n—oo

This together with (2.4) implies that

lim ||z, — Thz,|| = 0.
n— o0

Since ,, — p and {T},}52, is uniformly closed, we have p € F =\, F(T},).
Finally, we prove that p = llpxg, from Lemma2.3, we have

¢(p, Mrzo) + d(IlFwo, 70) < G(p, T0). (2.7)
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On the other hand, since z,1 = I, zp and F C C,, for all n. Also from
Lemma2.3, we have

o(pxo, Tpi1) + ¢(@nt1, 20) < S(Ilpwo, o). (2.8)
By the definition of ¢(z,y), we know that
Jim @(zn41,20) = G(p, o). (2.9)

Combining (2.8) and (2.9), we know that ¢(p, o) = ¢(Ilpzo, o). Therefore, it
follows from the uniqueness of IIpxzo that p = IIpxg. This completes the proof
O

When a,, = 0 in the Theorem 2.1, we obtain the following result.

Theorem 2.2. Let E be a uniformly convexr and uniformly smooth Banach
space, let C be a nonempty closed convexr subset of E, let {T,}5%, : C — E be
a uniformly closed sequence of hemi-relatively nonexpansive mappings such that
F =", F(T,) #0. Assume that {a,}52 is a sequences in [0,1] such that
0<a, <a<1l for some constant o € (0,1). Define a sequence {x,} in C by
the following algorithm:

xg € C'  arbitrarily,

Yn = J HanJz, + (1 — an)JTpwy),n > 1
Cpn={2€Ch1:0(z,yn) < d(z,2,)},n > 1,
Co =C,

Tpt1 = g, zg, n>0.

Then {x,} converges strongly to ¢ = Il pxg.

3. Applications for equilibrium problem

Let E be a real Banach space and let E* be the dual space of E. Let C be a
closed convex subset of E. Let f be a bifunction from C' x C to R = (—o0, +00).
The equilibrium problem is to find x € C such that

f(z,y) >0, VyeC. (3.1)

The set of solutions of (1.1) is denoted by EP(f). Given a mapping T : C' — E*
let f(z,y) = (Tz,y — z) for all z,y € C. Then, p € EP(f) if and only if
(Tp,y —p) > 0 for all y € C, i.e., pis a solution of the variational inequality.
Numerous problems in physics, optimization, and economics reduce to find a
solution of (1.1). Some methods have been proposed to solve the equilibrium
problem in Hilbert spaces; see, for instance, [13-15].

For solving the equilibrium problem, let us assume that a bifunction f satisfies
the following conditions:

(A1) f(z,2) =0, Vz € E,

(A2) fis monotone, i.e. f(z,y)+ f(y,z) <0, Vz,y € E,

(A3) for all ,y, 2 € E, limsup, o f(tz + (1 —t)z,y) < f(z,y),
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(A4) for all x € C, f(x,-) is convex and lower semi-continuous.

Lemma 3.1 (Blum and Oettli[13]). Let C be a closed convex subset of a smooth,
strictly convex, and reflexive Banach space E, let f be a bifunction from C' x C
to R = (—o00,400) satisfying (A1)-(A4), and let r > 0 and x € E. Then, there
exists z € C such that

1
f(z,y)+;<y—z,]z—Jx> >0, VyeC.

Lemma 3.2 (W. Takahashi, K. Zembayashi[15]). Let C' be a closed convez subset
of a uniformly smooth, strictly convezx, and reflexive Banach space E, and let f
be a bifunction from C x C to R = (—o0,+00) satisfying (A1)-(A4). Forr >0,
define a mapping T, : E — C' as follows:

Tr(x):{zEC’:f(z,y)—l—%(y—z,Jz—Jx) >0, VyeC}

for all x € E. Then, the following hold:
(1) T, is single-valued;
(2) T, is a firmly nonexpansive-type mapping, i.e., for all x,y € E,

(Tyx — Ty, JTrx — JTyy) < (Trx — Try, Jx — Jy);

(3) F(T) = EP(f);
(4) EP(f) is closed and convez;
(5) T, is also a relatively nonexpansive mapping.

Lemma 3.3(W. Takahashi, K. Zembayashi[15]). Let C be a closed convex subset
of a smooth, strictly convex, and reflexive Banach space E, let f be a bifunction
from CxC to R = (—o0, +00) satisfying (A1)-(A4), and letr > 0 and let x € E,
q € F(T,), then the following holds:

#(q, Trw) + ¢(Trx, ) < (g, ).

Lemma 3.4. Let E be a p—uniformly convexr with p > 2 and uniformly smooth
Banach space, and let C' be a nonempty closed convex subset of E. Let f be a
bifunction from C x C to R = (—o0,400) satisfying (A1) — (A4). Let {r,} be
a positive real sequence such that lim, .71, = r > 0. Then the sequence of
mappings {Tr, } is uniformly closed.

Proof. (1) Let {z,} be a convergent sequence in C. Let z, = T;. x, for all n,
then

1
f(Zn,y)+7<y*Zn,JZn7J:17n>20, Vyed, (32)

and
1

Tn+m

fGnam,y) + (Y — Zntm, J2Zntm — JTpim) >0, Vy € C. (3.3)
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Putting ¥ = zn4m in (3.2) and y = 2, in (3.3), we have

1
f(zZns 2ntem) + — Znam — 2ny J2n — Jxn) 20, Vy € C,
r

n

and

f Zntm, zn) + (zn — Zntms I Zntm — JTnim) >0, Vy € C.

Tn+m
So, from (A2) we have

JZn — an JZn+m — an+m

) =0,

<Zn+m - Zna
Tn Tn—i—m

and hence

(Znam — Zny J2n — Jap — I'n (Jzntm — JTnim)) > 0.
Tn4+m

Thus, we have

<zn+m — Zn; Jzn - JZner + Jzn+m - Jmn - n (Jszrm - Jmn+m)> 2 07
T'n+m

which implies that

T'n

<Zn+m_zn7 JZn+m_Jzn> g <Zn+m_zn7 JZner_Jmn_ (Jzn+m_an+m)>~

Tn+m
By using Lemma 1.6, we obtain
cP Tn

ﬂ”zn+m — Zn||? < {Zngm — 2, J2ngm — JTn —

(Jzntm — JTnim))
rn+m

T'n T'n

)J,Zn+m —+
rn-‘rm rn-‘rm

= (Zntm — 2n, (1 — JTpgm — Jxn)).

Therefore, we get
_c _ . qp-1 _ "n _
Cpfzpllznﬂn 2| <1 7,n_‘_mmjznﬂnn + Hrn_’_m JTnym — Jznll. (3.4)

On the other hand, for any p € EP(f), from z, = T, =, we have

Iz =Pl = ITr, 20 = pll < ll2n = pll,

so that {z,} is bounded. Since lim, . 7, = 7 > 0, this together with (3.4)
implies that {z,} is a Cauchy sequence. Hence T, z,, = z, is convergent.

(2) By using the Lemma 3.2, we know that,
(oo}
() F(T;,) = EP(f) # 0.
n=1

(3) From (1) we know that, lim, ., T} x exists for all z € C. So, we can
define a mapping 7" from C into itself by

Te= lim T, z, VxeC

n—oo
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It is obvious that, T' is nonexpansive. It is easy to see that
o
EP(f) = () F(T,) C F(T).
n=1
On the other hand, let w € F(T), w, = T,, w, we have
1
f(wruy) + 7<y - wrqun - Jw> 2 07 Vy eC.
Tn
By (A2) we know
1
—{y — Wy, Jw, — Jw) > f(y,w,), Vy € C.
Tn
Since w, — Tw = w and from (A4), we have f(y,w) <0, for all y € C. Then,
for t € (0,1] and y € C,
0=f(ty+ (1 —t)w,ty+ (1 — tHw)
<tf(ty+ (1 —tw,y) + (1 - 6)f(ty + (1 - t)w, w)
Therefore, we have
flty+ (1 —t)w,y) > 0.
Letting ¢ | 0 and using (A3), we get
flw,y) >0, VyeC.
and hence w € EP(f). From above two respects, we know that, F(T) =
Nnzo F(T5,)-
Next we show {T;. } is uniformly closed. Assume z, — x and ||z, =T x| —
0, from above results we know that, Tx = lim, o, T,, 2. On the other hand,
from ||z, — Ty, zyn] — 0, we also get lim,,_,o0 Ty, = x, so that z € F(T) =
Mo, F(T,,). That is, the sequence of mappings {7, } is uniformly closed. This
completes the proof O
Theorem 3.5. Let E be a p—uniformly convex with p > 2 and uniformly smooth
Banach space, and let C' be a nonempty closed convexr subset of E. Let f be a
bifunction from C x C to R = (—o00,+00) satisfying (A1) — (A4). Assume that
{an}22 0, {Bn}%0s {1n 152 are three sequences in [0,1] such that o, + Brn+vn =
1, limp oo, =0 and 0 <y < 7, < 1 for some constant v € (0,1). Let {x,}
be a sequence generated by

xg € C  arbitrarily,

Yn = J Y anJxg + Budrn + Y J T, n),m > 1,
Cpn={2€Cpho1:0(z,yn) < (1 —an)d(z,2,) + anp(z,20)},n > 1,
Co =C,

Tpt1 = g, o, n >0,

where limy, oo 1, = 7 > 0. Then {x,} converges strongly to q = MEepfyTo-
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Proof. By Lemma 3.4, {T} }52, is uniformly closed, therefore, by using Theo-
rem 3.1, we can obtain the conclusion of Theorem 3.5. This completes the proof
O

When «,, = 0 in the Theorem 3.5, we obtain the following result.

Theorem 3.6. Let E be a p—uniformly convex with p > 2 and uniformly smooth
Banach space, and let C be a nonempty closed convexr subset of E. Let f be a
bifunction from C x C to R = (—o0, +00) satisfying (A1) — (A4). Assume that
{an}22, is a sequences in [0,1] such that 0 < ay, < a < 1 for some constant
a € (0,1). Define a sequence {x,} in C by the following algorithm:

xg € C  arbitrarily,

Yn = J HanJz, + (1 — an)JTy, 2n),m > 1
Cpn={2€Cno1:0(z,yn) <é(z,2,)},n > 1,
Co=0C,

ZTpt1 = e, 29, n >0,

where limy, o0 1, = 7 > 0. Then {x,} converges strongly to q = epfyTo-

4. Applications for maximal monotone operators

In this section, we apply the our above results to prove some strong con-
vergence theorem concerning maximal monotone operators in a Banach space
E.

Let A be a multi-valued operator from E to E* with domain D(A4) = {z €
E: Az # 0} and range R(A) = {z € E: z € D(A)}. An operator A is said to
be monotone if

(1 — 22,91 —y2) > 0
for each z1,29 € D(A) and y; € Ax1,y2 € Azs. A monotone operator A is said
to be maximal if it’s graph G(4) = {(z,y) : y € Az} is not properly contained
in the graph of any other monotone operator. We know that if A is a maximal
monotone operator, then A~10 is closed and convex. The following result is also
well-known.

Theorem 4.1. Let E be a reflexive, strictly convex and smooth Banach space
and let A be a monotone operator from E to E*. Then A is maximal if and only
if R(J+rA)=FE*. forallr >0.

Let E be a reflexive, strictly convex and smooth Banach space, and let A
be a maximal monotone operator from F to E*. Using Theorem 5.1 and strict
convexity of F, we obtain that for every r > 0 and = € F, there exists a unique
x, such that

Jr € Jr, +rAx,.
Then we can define a single valued mapping J,. : E — D(A) by J, = (J+rA)~1J
and such a J, is called the resolvent of A. We know that A=10 = F(J,.) for all
r > 0.
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Theorem 4.2. Let E be a uniformly conver and uniformly smooth Banach
space, let A be a maximal monotone operator from E to E*, let J,. be a resolvent
of A for r > 0. Then for any sequence {r,}°; such that liminf,, . r, > 0,
{Jr, 1521 is a uniformly closed sequence of hemi-relatively nonespansive map-
pings.

Proof. Firstly, we show that {J,. }°2, is uniformly closed. Let {z,} C F be a
sequence such that z, — p and lim,,_, [|2n — Jr, 2, || = 0. Since J is uniformly
norm-to-norm continuous on bounded sets, we obtain

1
= (Jzn — J I, 20) = 0.

Tn
It follows from
1
—(Jzp — Iy, 2n) € Ady 20,
Tn

and the monotonicity of A that

1
<U) - Jrnzn»w* - 7(JZ71 - JJTnZ”» Z 0

Tn

for all w € D(A) and w* € Aw. Letting n — oo, we have (w — p,w*) > 0 for
all w € D(A) and w* € Aw. Therefore from the maximality of A, we obtain
pe A0=F(J,, ) foralln>1, that isp € (o, F(J,,).

Next we show J,. is a hemi-relatively nonexpansive mapping for all n > 1.
For any w € E and p € F(J,.,) = A~10, from the monotonicity of A, we have
o0, Jr,w) = [Ipl|* = 2(p, JJr, w) + || T, w1
= |Ipl|? + 2{p, Jw — J I, w — Jw) + || Jr,, w]|?
= lpl? + 2(p, Jw — J Jp, w) — 2(p, Jw) + || Jr,, ||
= lpl|? = 2(Jrw — p — Jrpw, Jw — JJp w — Jw) — 2(p, Jw) + ||J, w]|?
= |Ipl|? = 2(Jr,w — p, Jw — JJp w — Jw)
+ 2y w, Jw — J Ty, w) — 2(p, Jw) + || Ty, w]||?
<pl? + 2(Jrw, Jw = JJp, w) = 2(p, Jw) + || I, w]|
= Ipl* = 2(p, Jw) + [[w]|* — || Jr, w]|* + 2(Jp,, w, Jw) — ||w]/*
= ¢(p,w) — ¢(Jr,, w, w)
< ¢(p,w).

This implies that J,. is a hemi-relatively nonexpansive mapping for all n > 1.
This completes the proof O

(
(
(
(

Theorem 4.3. Let E be a uniformly conver and uniformly smooth Banach
space, let A be a mazximal monotone operator from E to E* with nonempty zero
point set A71(0), let J,. be a resolvent of A for r > 0. Assume that {a,}5,,
{0, {2y are three sequences in [0,1] such that oy + Bn + v = 1,
limy, o0 anp =0 and 0 < v < 7, < 1 for some constant v € (0,1). Let {z,} be a
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sequence generated by

xg € C'  arbitrarily,

Yn = J_l(aano + Bndxn + Y Jp, T0),n > 1,
Cpn={2€Cpn1:9(2,yn) < (1 —an)d(z,2,) + and(z,20)},n > 1,
Co=C,

Tpt1 = Ilg, o, n >0,

where liminf,, o 7y, > 0. Then {x,} converges strongly to q = I1 41 (g)o.
Proof. From Theorem 4.2, {J, }52 is uniformly closed countable family of
hemi-relatively nonexpansive mappings, on the other hand, A=1(0) = ("', F(J.,),

n=1
by using Theorem 2.1, we can obtain the conclusion of Theorem 4.3 O

When «,, = 0 in the Theorem 4.3, we obtain the following result.

Theorem 4.4. Let E be a uniformly conver and uniformly smooth Banach
space, let A be a mazximal monotone operator from E to E* with nonempty zero
point set A=(0), let J,. be a resolvent of A for r > 0. Assume that {a,}5°,
is a sequences in [0,1] such that 0 < a, < e < 1 for some constant o € (0,1).
Define a sequence {x,} in C by the following algorithm:

xg € C  arbitrarily,

Yn = J HanJz, + (1 —ap)J . x,),n > 1

Cn = {Z €Cp_1: ¢(Zayn) < d)(zaxn)}’n > 1,

Co =0,

ZTni1 =g, z0, n >0,

where liminf,, o ry, > 0. Then {x,} converges strongly to q = Il 41 (g)o.

5. Examples

Firstly, we give an example which is hemi-relatively nonexpansive mapping
but not weak relatively nonexpansive mapping.

Example 5.1. Let £ = R™ and zy # 0 be a any element of E. We define a
mapping T : E — FE as follows
T(x)= (3 + )70 if 2= (3+ 5)70,
— if w#(5+ 50)0,
forn =1,2,3,---. Next we show T is a hemi-relatively nonexpansive mapping but

no weak relatively nonexpansive mapping. First, it is obvious that F(T") = {0}.
In addition, it is easy to see, that

[Tz|| <|lz||, Vzek.
This implies that
| T||? = ||=||* < 2(0, JTx — Jz) = 2(p, JTx — Jz)
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for all p € F(T). It follows from above inequality that
lpll? = 2(p, JTz) + | T||* < [|p]|* - 2(p, Jz) + ||,
for all p € F(T) and « € E. That is
o(p, Tx) < ¢(p,z),

for all p € F(T) and x € F, hence T is a hemi-relatively nonexpansive mapping.
Finally, we show T is not weak relatively nonexpansive mapping. In fact that,
letting

1 1
Ty = (54‘27”)1'0, n = 1,273,"'
from the definition of T', we have
1 1
TJC,L = (§+W)1’0, n = 1,273,"'

which implies ||z, — Tz,| — 0 and =, — ¢ (z, — o) as n — oco. That is
xo € F(T) but zg€F(T).

Next, we give an example which is weak relatively nonexpansive mapping but
not relatively nonexpansive mapping.

Example 5.2. Let E = [2, where

P={6= (6.8 &) 0 D |2n]? < 00},
n=1
lell = O leal?)?, v g e 2,
n=1
<§777> = vaﬂ?m v E = (517527537"'7£na )a n= (77177]2a7737"'777n----) S l2~
n=1

It is well known that, [? is a Hilbert space, so that (I2)* = [2. Let {z,} C E be
a sequence defined by

20 =(1,0,0,0,...)

z1 =(1,1,0,0,...)

x5 =(1,0,1,0,0,...)
25 =(1,0,0,1,0,0,...)

Ln :(€n71? gn727 ETL,?H (X3} gn,kv )

where

e, {1 if k=1, n+1,
A ) if k£1,k#n+1,
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for all n > 1. Define a mapping T': E — E as follows

T Tn if r=z,(In>1),
-z if x#z,(Vn>1).

~—

T(z) =
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