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GLOBAL EXPONENTIAL STABILITY OF BAM FUZZY
CELLULAR NEURAL NETWORKS WITH DISTRIBUTED
DELAYS AND IMPULSES'

KELIN LI* AND LIPING ZHANG

ABSTRACT. In this paper, a class of bi-directional associative memory
(BAM) fuzzy cellular neural networks with distributed delays and impulses
is formulated and investigated. By employing an integro-differential in-
equality with impulsive initial conditions and the topological degree the-
ory, some sufficient conditions ensuring the existence and global exponen-
tial stability of equilibrium point for impulsive BAM fuzzy cellular neural
networks with distributed delays are obtained. In particular, the estimate
of the exponential convergence rate is also provided, which depends on the
delay kernel functions and system parameters. It is believed that these re-
sults are significant and useful for the design and applications of BAM fuzzy
cellular neural networks. An example is given to show the effectiveness of
the results obtained here.
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1. Introduction

The bi-directional associative memory (BAM) neural network was first intro-
duced by Kosto [17]. Tt is an important model with the ability of information
memory and information association, which is crucial for application in pattern
recognition, solving optimization problems and automatic control engineering
[17, 18]. In such applications, the stability of networks plays an important role,
it is of significance and necessary to investigate the stability. In both biological
and artificial neural networks, the delays arise because of the processing of in-
formation. Time delays may lead to oscillation, divergence, or instability which
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may be harmful to a system. Therefore, study of neural dynamics with consider-
ation of the delayed problem becomes extremely important to manufacture high
quality neural networks. Recently, BAM neural networks with various delays
have been extensively studied both in theory and applications, for example, see
[19-26] and references therein.

Since Yang et al. proposed the fuzzy cellular neural networks (FCNNs) [1],
the dynamic analysis on FCNNs with various delays and BAM fuzzy neural
networks with transmission delays has been the highlight in the neural network
field, for example, see [2-16] and references therein. On the other hand, besides
delay effect, impulsive effect likewise exists in a wide variety of evolutionary
processes in which states are changed abruptly at certain moments of time, in-
volving such fields as medicine and biology, economics, mechanics, electronics
and telecommunications, etc. As artificial electronic systems, neural networks
such as cellular neural networks, bidirectional neural networks and recurrent
neural networks often are subject to impulsive perturbations which can affect
dynamical behaviors of the systems just as time delays. Therefore, it is neces-
sary to consider both impulsive effect and delay effect on the stability of neural
networks, for example, see [6, 8, 9, 21-26]. To the best of our knowledge, few
authors have considered BAM fuzzy cellular neural networks with distributed
delays and impulses.

Motivated by the above discussions, the objective of this paper is to formu-
late and study BAM fuzzy cellular neural networks with distributed delays and
impulses. Under quite general conditions, some sufficient conditions ensuring
the existence and global exponential stability of equilibrium point are obtained
by the topological degree theory and the integro-differential inequality with im-
pulsive initial conditions and analysis technique.

The paper is organized as follows. In Section 2, the new neural network
model is formulated, and the necessary knowledge is provided. Main results are
presented in Section 3. In Section 4, an example is given to show the effectiveness
of the results obtained here. Finally, we give the conclusion in Section 5.

2. Model description and Preliminaries

In this section, we will consider the model of BAM fuzzy neural networks
with distributed delays and impulses, it is described by the following functional
integro-differential equations:

@i(t) = —aixi(t) + ) aijg;(y; (1) + D aijv; + I
j=1 j=1
m +oo
+ N\ i [ Kij(s)gs(y;(t —s))ds
j=1 0 (1-1)
m “+oo m m
+ V@i [ Kij(s)gi(y;(t —s))ds + N\ Tijuj + \/ Hijuj, t # tx
j=1 0 j=1 =1
xi(t+) = xi(tf) + ]‘DUC(CEi(lfi))7 t=tr, ke N =: {1,2, cee }7
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95 (t) = —bjy; (t) + f: bji fi(wi(t)) + f: bjiui + J;
1=1

n +oo =
+1/\ Bii Of Kji(s) fi(zi(t — s))ds (1-2)

+ \/ sz f Klj fz(wz(t_ S d5+ /\ nguz + \/ H]z“h t7é tg

yj(t+)—yg( )+ng(y3( il t—tkykEN—ﬂ? b

fori=1,2,---,n,j=1,2,--- ,m, t >0, where z;(t) and y;(t) are the states
of the ith neuron and the jth neuron at time ¢, respectively; f; and g; denote
the signal functions of the ¢th neuron and the jth neuron at time ¢, respectively;
u;,v; and I;, J; denote inputs and bias of the ith neuron and the jth neuron, re-
spectively; a; > 0,b; > 0, a5, 45, 045, Ci5, bjs, bﬂ,ﬁﬂ,ﬁﬂ are constants, a; and b;

represent the rate With which the ith neuron and the jth neuron will reset thelr
potential to the resting state in isolation when disconnected from the networks
and external inputs, respectively; a;;,b;; and a;;, l;ji denote connection weights
of feedback template and feedforward template, respectively; «j, 8;; and dj, BJ—Z—
denote connection weights of the distributed fuzzy feedback MIN template and
the distributed fuzzy feedback MAX template, respectively; T;;, T and H;;, H

are elements of fuzzy feedforward MIN template and fuzzy feedforward MAX
template, respectively; A and \/ denote the fuzzy AND and fuzzy OR opera-
tions, respectively; K;;(s) and K ji(s) correspond to the delay kernel functions,
respectively. tj is called impulsive moment, and satisfies 0 < 1 < to < -+,

khr_{l ty = 400; x;(t;) and z;(¢) denote the left-hand and right-hand limits
5

at ty, respectively; Pj; and @5 show impulsive perturbations of the ith neuron
and jth neuron at time tj, respectively. We always assume z;(t) = z;(t) and
Yj (tz) = y;(tx), k € N. The initial conditions are given by

{xi(t)dn(t), —00 <t <0,
yi(t) = pj(t), —oo<t<0,

where ¢;(t),p;(t) (1 =1,2,--- ,n;j =1,2,--- ,m) are bounded and continuous
on (—o0, 0], respectively.

If the impulsive operators Py (z;) = 0, Qu(y;) = 0,74 = 1,2,--- \n, j =
1,2,--- ,m,k € N, then system (1) may reduce to the following model:

(1) = —agmi (1) + 3 a0y 0y (8) + 2 g
+1; + v;j\l Q5 +g‘ooKZj(8)gj(yj(t — s))ds (2 — 1)
\;7 +f°° ()95t — 8)ds + A Tyyo; + \/ Higj,

j=1 j=1
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y;(t) = —bjy;(t) + _:Zlbjifi(xi(t» + i:li)jiui

n +o0
+J; + '/—\1 Bji g‘ Kj;(s)fi(xi(t —s))ds (2-92)
n _ +oo _ 0o -
T .Yl Bji 6[ Kij(s)fi(xi(t —s))ds + _4\1 Tjiu; + _\7/1 Hju,.

System (2) is called the continuous system of model (1).
Throughout this paper, we make the following assumptions:
(H1) For neuron activation functions f; and g; (¢ =1,2,--- ,n;j =1,2,--- ,m),
there exist two positive diagonal matrices F' = diag(Fy, Fa,-- -, F},) and
G = diag(G1,Ga, - - - ,Gy,) such that

F, — sup filz) — fiy)
TH£yY r—y
for all z,y € R (x # y).

(H2) The delay kernels K;; : [0,400) — R and Kj; : [0,400) — R are real-
valued piecewise continuous, and there exists § > 0 such that

+00 +oo
ki (V) = / MKy (s)ds,  Fu()) = / | K jo(5)\ds

are continuous for A € [0,4), i =1,2,--- ;n,j=1,2,--- ,m.

(H3) Let Py(z) =z + Pr(z) and Qx(y) = v + Qx(y) be Lipschitz continuous
in R™ and R™, respectively, that is, there exist nonnegative diagnose
matrices Fk = diag(lek:a LT TR 7’7nk) and Fk? = diag(ﬁ/lka ﬁ/Q}m e 7:)/777,16)
such that

|Py(z) — Pp(y)| <Tglz —y|, forall z,y € R", k&N,

u(u) — Qr(v)| < Thlu—v|, forall u,v € R™, k€ N,
|Qr(u) — Qr(v)]

, Gj=sup

T#Y

r—y

where
Py(x) = (Pi(21), Par(22), -, Pak(20))7,
Qk(ﬂﬁ) = (Qlk(yl)vac(yZ)a T 7ka(ym))T,
Py(z) = (Pir(21), Pok(z2), -+, Par(zn))7,
Qr(v) = (Que(y1), Q2 (y2), -+ Quare(ym)) ™.

To begin with, we introduce some notation and recall some basic definitions.

PC[J,RY =: {2(t) : J — R'|2(t) is continuous at t # tx, 2(t]) = z(t) and
z(t, ) exists for t, t, € J, k € N}, where J C R is an interval, [ € N.

PC; =: {¢ : (—00,0] — R!| 9(s) is bounded, and 9 (st) = (s) for s €
(—00,0), ¥(s7) exists for s € (—00,0], ¢(s™) = ¢(s) for all but at most a finite
number of points s € (—oo, 0]}.

Definition 1. A function (z,y)T : (—oo, +00) — R™ ™ is said to be the special
solution of system (1) with initial condition

z(s) = ¢(s), y(s) = p(s) s € (—00,0],
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if the following two conditions are satisfied

(i) (x,9)T is piecewise continuous with first kind discontinuity at the points
tr, k=1,2,---. Moreover, (x,y)T is right continuous at each disconti-
nuity point.

(ii) (z,y)T satisfies model (1) for t > 0, and z(s) = ¢(s), y(s) = @(s) for
s € (—00,0].

Especially, a point (z*,y*)T € R"™ is called an equilibrium point of model (1),
if (x(t),y()T = (x*,y")T is a solution of (1).

Throughout this paper, we always assume that the impulsive jumps Py and
Qy, satisfy (referring to [22-26])

Pp(z*) =0 and Qr(y*)=0, k€N,
i.e.,

Py(z*)=2* and Q(y*)=vy*, k€N, (3)
where (z*,y*)T is the equilibrium point of continuous systems (2). That is, if
(x*,y*)T is an equilibrium point of continuous system (2), then (z*,4*)7 is also
the equilibrium of impulsive system (1).

Definition 2. The equilibrium point (z*,y*)T of model (1) is said to be globally
exponentially stable, if there exist constants A > 0 and M > 1 such that
l(t) = [l + ly(t) =yl < M| ¢ — 2™ || + | ¢ —y* [)e™

for all t > 0, where (x(t),y(t))T is any solution of system (1) with initial value
(6(s), ()" and

() — 2| = laat) =il ly@®) =yl = () = v]l,
i=1 Jj=1

¢ — 2" = sup OZIQ%(S)—SE’{I, o —y*ll = Sup<OZ|<Pj(8)—y;'-‘|~
i=1 j=1

—oo<s< —o00o<s<

Lemma 1. ([2|) For any positive integer n, let h; : R — R be a function
(j=1,2,---,n), then we have

)

‘ Z\ ajh;(u;) — Z\ Oéjhj(vj)‘ < i ‘Oéj‘ : ‘hj(uj) — h;(v;)

‘ \”/ a;h;(u;) — \“/ ijhj(vj)‘ < i ‘%“ ' ‘hj(uj) - hj(vj)‘
j=1 j=1 j=1

for all & = (g, 9, ,an)T v = (vy,v9, - ,0,)T €

R™.

, W = (ulau27"' y Un
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Lemma 2. Leta < b < +oo, and (u(t),v(t))T (u(t) = (ur(t),ua(t), - ,u(t)T €
PC[la,b), R"], v(t) = (v1(t),va(t), - ,vm(t)T € PC[la,b), R™]) satisfies the
following integro-differential inequalities with the initial condition u(a+s) € PCy,
and v(a+s) € PCyy:

DFu;(t) < —rpui(t) + Z pijv;(t) + Z Qij f+°° |Kj(s)|v;(t — s)ds,

],

Dw;(t) < —rju;(t) + ijiuz + Z dji fo $)|ui(t — s)ds,

i=1
fori=1,2,--- ,n,j=1,2,---,m, where r; >0, p;; >0, ¢;; >0, 7; >0, pj; >
0,q;>0,9=1,2,---,n,j=1,2,---,m. If the initial conditions satisfies

{ u(s) < kEe M7, ,al,

v(s) < ke 7Y, »al,

€ (-
€ (-

where A > 0; € = (517527' o 7571) >0 and n= (771’7727' o 777m)T >0 Satlsfy
0

A =r)& + > (pij + aijhkij(A\))n; <0, i=1,2,---,n,
Jj= 1

()‘_71177]"‘2]711"‘%1 ]’b( )6 <0, j=1,2,---,m
=1

Then
u(t) < kEe =t € [a,b),
v(t) < ke XDt € [a,b).

The proof of Lemma 2 is perfectly similar to the proof of Lemma 2 in [26].
Here, we omit it.

3. Main results

Theorem 1. Under assumptions (H1)-(H3), if the following conditions hold:
(C1) There exist vectors & = (£1,&,-++ , &)1 > 0,m = (M2, ,Mm) T >0
and positive number X > 0 such that
(A= aéi+ 3 [Jasl + (] + 185Dk ()] Gimy <0, =12, n,
j=1
A =bj)m; + [|bji| + (18| + |Bji|)lz7ji()‘)} Fi& <0. j=1,2,--,m
=1
In py _ .
(C2) p= :g}g{ﬁ} < A, where py, = 1Si§r3§>§<j§m{l,7ik,vjk}, k€ N;

then system (1) has exactly one globally exponentially stable equilibrium point,
and its exponential convergence rate equals A — p.

Proof. Let h(z1,+ ,Tn, Y1, s Ym) = (h1, -+, By hi, o hm )T, where

hi = aiz; — Z ai;gi(y;) — /\ aijkij(0)g;(y;) V ii(0)g;(y;) — IM

j=1 J 1 j=1
n

hj = bjy; — Z: bjifi(z:) — /\ Bjiksi(0) fi(:) \7 Biiki(0) fi(w:) —
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fore=1,2,---,n;j=1,2,---

,m, and

~ m m m )

I =% ayv; + I+ A\ Tiyjv;+ V Hijvj, i=1,2,--,n,
j=1 j=1 j=1

~ n _ n _ n _ .

J]:Zbﬂui—f—Jj—F /\Tﬂul—&- \/Hjiui, 7=12,---,m.
i=1 i=1 i=1

Obviously, from assumption (H2), the equilibrium points of model (2) are the
solutions of system of equations:

j=1,2,---,m. (4)
Define the following homotopic mapping;:

H($17"' sy Tny Y1y 00t aym)ZQh(Ilv y Tnsy Y1, 00 7y77l)+(1_9)($17"'

where 6 € [0,1]. Let Hip(k = 1,2,---
H(:Ela"' yTny Y1,

T
y T, Y1yt 7ym) )

,n + m) denote the kth component of
,Ym), then from assumption (H1) and Lemma 2, we have

L] > [+ 0(as = Dllai] = 03 [laus] + (| + s ks (0)] G |
j=1

2 [lassl + (o + [y iy (0)] Lo (0) = 61,

. )
[ o] 2 (14605 = Dllysl =0 [1bsil + (18] + 1351 )Ess(0) | Fil

i=1

=03 [Jbsil + (1Bl + 1B Dsa(0)] £ (0)] = 01

forie1,2,---,n,j€1,2,--- ,m. Denote

‘ 7|In7‘7|j1‘7"'7|jm|)T7 Q:(lfl(o)‘v
Jasg |+ (s + s ks (0))

H = (|Hil,|Hal|,- -, |Husm])" 2= (w1l @l lyils - lym)”
C =diag(ai, - ,an,b1, -+ ,bm), L =diag(F1, - ,Fn,G1, - ,Gm),
P=(h

A

A2 (0)] g1 (0], -+, lgm (0)DT
. B= (|bj,~\ + (185l + |5j¢|)’5j¢(0)) ;

mxn
0 A
T:<B 0)7 W:(flv"'afmnh”‘777m)T>0~

Then the matrix form of (5) is

H>[E+0(C—E)z—0TLz:—0(P+TQ) = (1—0)2+0[(C—TL)z— (P+TQ)].
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Since condition (C1) holds, and k;;()\), kj;(\) are continuous on [0,6), when
A =0in (C1), we obtain

m

—aigi+ Y [Jas] + (o] + |3kig (0)| Gymy < 0, i = 1,2, ,m

Jj=1
n

b+ 30 [l + (185l + B0k 0) it <0, j = 12,0

or in matrix form,
(-C+TL)w < 0. (6)

It is easy to know from (6) that C—T'L is a non-singular M-matrix, so (C—TL)~*
is a non-negative matrix. Let

r= {zz (1, Tty )T z§w+(C—TL)‘1(P+TQ)},

then T is non-empty, and from (5), we know for any z = (21, , Tn, Y1, Ym) "
e or,

H>(1-0)z+0(C—-TL)[z— (C-TL) " (P+TQ)]
(1=0)w+(C—-TL) " (P+TQ)]+6(C—-TL)w >0, 6¢l0,1].

Therefore, for any (x1,- - ,Tp, Y1, ,Ym)’ € O and @ € [0, 1], we have H # 0.
From homotopy invariance theorem [27], we get

deg(h,T,0) = deg(H,T,0) =1,

by topological degree theory, we know that (4) has at least one solution in T.
That is, system (2) has at least an equilibrium point. This implies that system
(1) has also at least an equilibrium point.

Let (x%,--- 2%, y5, -+ ,y5)T be an equilibrium point of system (1), (z1(¢), - ,
(1), y1(t), -+, ym(t))T is any solution of system (1) with the initial conditions
(¢(S)7¢(S))T Now let jl(t) = zl(t) - xza 1= 1a25 N, g](t) = y](t) - y;’ .] =

1,2,--- ,m. It is easy to see that system (1) can be transformed into the follow-
ing system
m m +oo
Zi(t) = —a:Zq( Z @ij (99 () +y5) — 95 (W) ) /\ f K;i(s)g;(y;)ds
m +°o a m ={F 0
’ J'/:\l o }Jf et =9 yj o j\:/l ‘Of )i (yJ s (7-1)

+oo

+ \/ i f Kij(5)9;(9;(t — s) +yj)ds, t # ti,
=1
zi(t)) = Pip(%s (t ), keEN
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@j<t>:wmﬂtﬂibﬁ(ﬁ(@(t)m) (@) = /\ﬁﬂ f Rji(s)fi(z

i=1

+ /\ /Bjﬂ f Kjl( )fz(-’cz(t_ 9)-‘1—36 )dq— \/ /811 f K,](s)fl(ac )dq

1=1 0 i=1 0
\/ f Kij(s)fi(®:(t — s) +al)ds, t # tg
B (tE) = @onlus (), K €N,

where Py (%i(1)) = P(%i(t) + 27) — Pu(7),  Qun(5;(t) = Qi (55(t) + ) —
Qjk(y;), and the initial conditions of (7) are

{ P(s) = 2(s) — x* = P(s) —a*, s € (—o0,0],

()5(8) = y(S) - y* = (p(S) - y*7 s € (_0070]'

From (H1) and Lemma 2, we calculate the upper right derivative along the
solutions of first equation and third equation of (7), we can obtain

D*[z,()| < —ail:(0) +§ las |Gl ()]
+ 3l Jasg 3 i 1 01 = )l
DHay (O] < ~by |55 ()] + 3 byl (1)
+ S 0851+ BB Jy (st — )l
fori=1,2,---,n,7=1,2--- m.
Let w;i(t) = [z:(t)], vi(t) = [g;(O)], i = ai, pij = laij|Gj, ¢ = (Jaig| +

6 )Gjy 75 = by, Bii = [biil By, G = (1Bjil + 1Bi)Fi(i = 1,2, ,m;j =
1,2,--- ,m), then we have

Dtu(t) < —riuq(t) + i Ppijv;(t) + Z Gij fo |Kij(8)|v(t — s)ds, .
Jil 8
Du;(t) < —rju;(t) + ;ﬁjiuz( )+ Z Gi [y 7 1K i (s)|ui(t — s)ds,

for i = 1,2,---,n,j = 1,2,--- ,m, and from (C1), there exist vectors { =
(é1,&, -+, &) > 0,m = (m1,m2, -+ ,nm)T > 0 and positive number A > 0 such
that

A=ri)éi+

|:plj+qz.7kl](A):|GJ’r]] <0’ 221,2, y Ty
J

M3 IINgE

(/\ - ’I“J)nj + {}‘i + (jjikji(k)} Fi& < 0. 7=12,--- ,m.

=1
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131+12]

min__ {&.7
L

Taking e it is easy to prove that
J

sSisn,lsgs

u(t) < ke M, —oo <t <0 =1, (10)
v(t) < kne M, —00 <t <0 =t.
From Lemma 2, we obtain that
u(t) < ke, to <t <ty, (11)
v(t) < kpe M, to <t <tg.
Suppose that for [ < k, the inequalities
u(t) < Kpop -+ - —1€e=, -1 <t <ty (12)
v(t) < Kpop - p—ame ™M, oy <t <y
hold, where po = 1. When [ = k + 1, we note that
u(tr) = |Pe(u(ty))] < Trulty) < mpopn -+ pr—aTké lim e
t—t,
k (13)
< Kptopy -+ pr—1pbe M,
and
v(te) = |Qr(v(t;)| < Two(ty) < ko -+ pe—1Dgn lim e
t—t,
k (14)
< Kptop -+ pr—1pkne .
From (13), (14) and py > 1, we have
u(t) < Kpop - - prr—1prbe M, —00 <t < tg, (15)
v(t) < Kpop - - p—1pene M, —oo <t <ty
Combining (8),(9),(15) and Lemma 2, we obtain that
u(t) < Kpopa - - - prge M, t <t <tpgr, (16)
v(t) < Kpop - - - upne N, te <t <tpyr.

Applying the mathematical induction, we can obtain the following inequalities

U(t) S RUopy -+ '/,I/k;fe_)\t, te [tkvtk-‘rl)v k S N7
o(t) < Kpopy - - ppne ™, t € [th,ter1), k€N.

(17)
According to (C2), we have py < et(tr—th-1) < Alte=te-1) 50 we have

u(t) < rettierta=t) L phlth1=th—2) g o= AL — peehti-1o= A < o= (A=p)t
and

o(t) < kel gh(ta—t) | eﬂ(tk—lftk—ﬁne*)\t _ nne”t’“‘lef)‘t < nnef()‘fﬂ)t,

for t € [ti—1,tx), k € N. That is

{ u(t) < wEe=A=mt, t € (—oo,ty), ke€EN,

o(t) < kpe= 0t te (—ocoty), ke N. (18)
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It follows that

Z |z () — | + Z lyi(t) — yj| = Z“z Z
i=1 j=1 i=1 =1

<Z“fe (- u>t+2m]e (A=)t
Zz 152 ZJ 1M

— "t 3N~ A=t
= YNGR J}(Hcﬁ\l + lI¢lDe

Zi—l &+ Z;n—l i ( A
= = — o—z"||+ e —y" )e_( it
o G Al

ssn,lsgsm

Do &t
min {& .}

sisn,lsgs

wmfﬁwwm>yn<meﬂw+w yl)eOmr,

Let M = then we have

O

Remark 1. In Theorem 1, the parameters pg and p depend on the impulsive
disturbance of system (1), and A is actually an estimate of exponential conver-
gence rate of continuous system (2), which depends on the delay kernel functions
and system parameters. In order to obtain more precise estimate of the expo-
nential convergence rate of system (1) (or system (2)), we suggest the following
optimization problem.

max \

(OP) { s.t. (C’l) holds,

Remark 2. Note that Lemma 2 transforms the fuzzy AND (/) and the fuzzy
OR (V) operation into the SUM operation (>_). So above results can be ap-
plied to the following classical BAM neural networks with distributed delays and
impulses:

m@:fwmw+iawmmm

"‘Zlaw f Kij(s)gj(y;(t —s))ds + 1, t#tg

i(tF) = zi(t )+sz(xz( 7)), t=ty, kEN,
Y5 (t) = —bjy;(t) + Z bji fi(wi(t))
+oo
+Z/3ﬂ J Kji(9) it = s))ds + Jj, 1 #
y; (1) = yg( Q). t=te keN
fori=1,2,---,n;j=1,2,---,m
For system (19), it is easy to obtain the following result:
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Theorem 2. Under assumptions (H1)-(H3), if the following conditions hold:

(C1") There exist vectors & = (&1,&2, -+ ,&)T > 0,0 = (n1,m2, -+ ,9m)T >0
and positive number X\ > 0 such that

A—a)&i+ X (|%‘| + |Ofij|kij(A))Gﬂlj <0, =12 ,m,
j=1
(A =bj)n; + 2 <|bji| + |5ji|’5ji()\)>Fi§¢ <0.  j=12--,m
i=1
— In — A .
(C2) p= :g}g{tk_tkil} < A, where py, = 132-52??5“1{1’%’“%}’ ke N;
then system (19) has exactly one globally exponentially stable equilibrium point,
and its exponential convergence rate equals A — p.
Remark 3. If we assume that
(C2') the impulsive operators Iy (z;(t;; ) and L (y;(t;)) satisfy [21-24]
{ Lk(I?(t;)):751k(11(t;)71‘:), O<(571¢ <2, Z:1,2, , N, kEN,

Li(y; (t) = =0k (y; () — ), 0<&u <2, j=1,2,---,m, keN.

Then from (H3), we easily obtain v;r = |1 — &i| < 1 and 4, = |1 — 6| < 1.

It follows that ux = 1§i§%1,%>g(jgm{1’%k’%k} =1, k € N, which implies p =
Anpe — g < X\ From Remark 1, we know that the stability of the continuous

te—trk—1
system can guarantee the stability of the corresponding impulsive system when

the impulsive operators satisfy (C2’). Hence, the assumptions about the impul-
sive operator in [21-24] are conservative and restrictive. In addition, all results
in [22, 23] are involved in Theorem 2.

4. An illustrative example

In order to illustrate the feasibility of our above-established criteria in the
preceding sections, we provide a concrete example. Although the selection of
the coefficients and functions in the example is somewhat artificial, the possible
application of our theoretical theory is clearly expressed.

Example 1. Consider the following BAM fuzzy neural networks with distributed
delays and impulses:

2 2
@i(t) = —aizi(t) + Y aijg;(y; (1) + Y aijv; + I
=1 =1

2 +oo
+ A aiy [ Kij(s)g;(y;(t —s))ds
A

j=

N

FV ay [ K ()a (- 9)ds (20 - 1)
Vs |

j=

)

2
=+ /\ T,‘jl}j + \/ HijUj7 t;ﬁ tk

-

Jj=1

CL’i(t+) = mi(t

) — (1 + eo-lm)(xi(f) —1), t=ty, k€N,
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2 ~
95 (t) = —bjy; (t) + Zb]zfz x;(t)) + Y bjiwi + Jj
z 1 i=1

f Kji(s) fi(zi(t — s))ds

Jr

+
>w£‘<w£>w

-
Il
| =

Q

~

1

i Jrf s)fi(xi(t — s))ds (20 -2)
0

N

+

T]zuz + \/ H]luly t 7é ti

i=1
w(th) =) = (1+ ) @) =1, b=t keN,
fori=1,2,j=1,2,t>0,tg=0, txy =tx_1 + 0.5k, k € N, where

a; = 3, az = 3, an =3, ai2=-—3, a21—§, a22 = 4,
an =1, ap=-2, an=-2, ax=1, L= le%, I = —]1%,
04112%7 01122—%, Oézl—i, 04222%, 11 = 3, Q12 = g,
Go1=—3, Gp=232 Tu=1 Tip=0 Tyn=0 Th=1,
Hy =1, Hiz =0, Hsy =0, Hyy =1, v =1, v =2
~bl :33 ~b2:3a 1311 = %a 912:*%7 b21 = %a b22*§7
bii=1, bia=3 bn=2 bp=-2 J=- J=0,
@11—%, ﬁpz—%, Bo1 = 3, @22:%, B = 3, @12—%
a1 = 3 Pz = 3 Thy=1, Twp=0, Tn=0 Tn=1I,
Hyy =1, Hi2=0, Hyn=0, Hp=1 w=1, ug = 1

Kl](s) = eisa Ki](s) = 67257 fl(S) = g(s) - ‘S+1|;|871|7 Za] = 172

From above parameters, we have F1 = Fo =1, G1 =Gy =1,

(kij(A))2x2 = ( i $ )» (kji(N))2x2 = ( % $ >7

(U

X 1
0.12
Solving the following optimization problem

[

2
5k f B e0-
60'125k ) k=

max A

(A —a1)é1 + (|a11| + (lea1] + |a11\)k11(>\))G1n1 + (|a12| + (laaz| + |5412\)k12(>\))G2772 <0,
(A —a2)é1 + (|a21| + (lea1| + |C¥21\)k21()\))G1771 + (|a22| + (Jaaz| + |5¥22\)k22()\))G2772 <0,
(A =b1)m + (\bll\ + (|B11] + |511|)k11(>\))F1§1 + (|bl2\ + (1812] + \B12\)E12(A))F2£2 <0,
(A= b2)"72 + (\bzl\ + (|/321| + |521|)k21()\))F1€1 + (|522\ + (I822] + \Bzz\)kzz(k))szz <0,

A >0, =(&1,&)" n=(m,n2)"

we get A ~ 0.303 > 0, € = (1082041, 1327618)” > 0 and 7 = (716212, 1050021)” > 0,
so (C1) holds. From Theorem 1, we know system (20) has a unique equilibrium
point, this equilibrium point is (1, 1,1,1)T. Also,

0125k
k= Lvik, Ve =€
H 1<i<2 1<g<2{ Vit Tjk )

su Inpp  0.125k
H= keg Ty — tp—1 0.5k

=0.25 < 0.303 = X\
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That is, (C2) holds. From Theorem 1, the unique equilibrium point (1,1,1,1)7
of system (20) is globally exponentially stable, and its exponential convergence
rate is about 0.053.

5. Conclusions

In this paper, a class of BAM fuzzy cellular neural networks with distributed
delays and impulses has been formulated and investigated. Some new criteria
on the existence and global exponential stability of equilibrium point for the for-
mulated networks have been derived by using the topological degree theory and
the impulsive delay integro-differential inequality. The obtained stability crite-
ria are delay-dependent and impulse-dependent. The neuronal output activation
functions and the impulsive operators only need to is Lipschitz continuous, but
need not to be bounded and monotonically increasing. Some restrictions of delay
kernel functions are also removed. It is worthwhile to mention that our technical
methods are practical, in the sense that all new stability conditions are stated
in simple algebraic forms and provided a more precise estimate of the exponen-
tial convergence rate, so their verification and applications are straightforward
and convenient. The effectiveness of our results has been demonstrated by the
convenient numerical example.
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