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Calculus Instructors and Students’ Discourseson the
Derivative

Park, Jung Fun”

This study explores the characteristics of calculus students' and instructors' discourses on
the derivative using a communicational approach to cognition. The data were collected from
surveys, classroom observations, and interviews. The results show that the instructors did not
explicitly address some aspects of the derivative such as the relationship between the derivative
function (f'(x)) and the derivative at a point (f '(a)), and f'(x) as a function, and that students
incorrectly described or used these aspects for problem solving. It is also found that both
implicitness in the instructors' discourse, and students’incorrect descriptions were closely related
to their use of the word, “derivative” without specifying it as “the derivative function” or
“the derivative at a point.” Comparison between instructors' and students' discourses suggests
that explicit discussion about the derivative including exact use of terms will help students
see the relationship that f'(a)is a number, a point-specific value of f'(x) that is a function,
and overcome their mixed and incorrect notion “the derivative” such as the tangent line at

a point.

|. Introduction

Recently, there has been an increasing interest in
collegiate mathematics education, especially teaching
and learning calculus (e.g., Carlson, Oehrtman, &
Thompson, 2008; Speer, Smith, & Horvath, 2010).
Of calculus concepts, the derivative is known as a
difficult concept for students to understand because
it involves various concepts such as ratio, limit, and
function (e.g., Thompson, 1994) and it can be
represented in multiple ways (e.g., Zandieh, 2000).

This study explored and compared university
calculus instructors' and students' discourse on the
derivative with the lens of a communicational approach
to cognition (Sfard, 2008). Specifically, it examined

how they describe a) the concept of derivative, b) the
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relationships between a function (f{x)), the derivative
function (f'(x)), and the derivative at a point (f"'(a)),
and ¢) f'(x) as a function. Motivation of this study
came from my teaching experience in South Korea
and the United States (US). The most prominent
difference between the two countries was use of the
word, “derivative.” Observing US instructors' and
students' discussions using the word without specifying
it as “the derivative function,” or “the derivative at
a point” made me wonder if they meant the same
object. The corresponding terms in Korean are “¥] 7]
4, Mi-Bun-Gye-Su” for the derivative at a point
(translated as a differential coefficient), and “= =,
Do-Ham-Su” for the derivative function (translated as
a path function). These Korean terms cannot be
represented by one word, “derivative,” since they do

not share a common word. Research in Korea has
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pointed out inconsistency in these terms may hamper
student understanding of the relationship between the
two concepts (SFtH 3], 1998). However, little empirical
research has been done in use of mathematical terms
regarding students' learning of advanced concepts such
as the derivative. In this study, I explore main features
of instructors' and students' discourses on the derivative
including how they use terms, “derivative,” “the
derivative at a point,” and “the derivative function.”

This study contributes to the field of mathematics
education in the following ways. First, by exploring
the use of words, this study may reveal the role of
the mathematical terms in students' learning. Research
showed the importance of word use in students' thinking
about numbers and fractions (e.g., Fuson & Kwon,
1992; Sfard, 2008). This current study may expand
our understanding of the role of mathematical terms
in learning an advanced concept, the derivative. Second,
this study may provide a better understanding of how
the derivative is taught in classrooms. Though there
have been studies about calculus textbooks (Wu, 1997,
Hurley, Koehn, & Ganter, 1999), research have pointed
out a lack of studies addressing what is happening
in calculus classrooms (Speer et al., 2010). Exploring
classroom discourse may reveal various aspects of
derivative lessons such as how instructors address key
topics, and whether and how students participate in
classroom. Third, by exploring instructors' and students'
discourse on the derivative, this study may provide
explanations of discrepancies between the two types
of discourses. Such explanations may lead to
suggestions for instructors to help students overcome
their difficulties with, and incorrect notions of the
derivative. If instructors’ vague use of words affects
students’ thinking of the derivative, instructors should

consider specifying exact meaning of the terms while

communicating with students.

Il. Theoretical Background

1. Previous Research on Students' Thinking

about the Derivative

Existing studies about students' thinking about the
derivative can be divided into their thinking about a)
the related concepts such as ratio, limit, and function,
and b) various representations of the derivative:

symbolic, graphical, physical, and algebraic.

A. Students' Thinking on the Related Mathe-

matics Concepts

s

The definition of derivative function, mlw
consists of ratio, limit, and function. Studies have shown
that students' thinking of these concepts is related to
their thinking of the derivative. Studies have found
that a) students have a strong procedure-based concept
of the ratio, which hampers appreciating the limit
process of obtaining instantaneous rate of change (IRC)
from the sequence of average rate of changes (ARC)
(Hauger, 1998; Orton, 1983), and b) an operational
understanding of ARC in relation to the change in
the function helps students understand calculus concepts
and theorems (Thomson, 1994). Regarding the concept
of limit, studies have showed that students' thinking
of the derivative is related to their difficulty appreciating
a tangent line as a limit of secant lines; they stated
that the secant lines approaching to a tangent line could
never get to the tangent line, or the limit of the secant
lines was zero or a point or did not exist (Tall, 1986;
Orton, 1983). About the concept of function, students'

thinking of its co-varying nature and the derivative
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function as a function, and their tendency to find an
algebraic representation of a function are found to be
related to their thinking of the derivative. Thompson
(1994) reported students' image that a function has
two sides separated by an equal sign, a short expression
on the left and a long expression on the right (p. 268),
can lead students to consider a function as one thing
changing rather than as a relation of co-varying
quantities. Monk (1994) defined two types of under-
standings: “pointwise understanding” as the value of
the function at a point, and "across-time understanding”
as a dynamic quantity on an interval. Monk (1994)
found that “pointwise understanding” is prerequisite
to "across-time understanding,” and students have a
fragmented concept of the derivative function rather
than realizing it as a dynamic quantity. A study also
found students' difficulty recognizing the independent

variable of the derivative function (Carlson et al., 2008).

B. Students' Thinking on the Representations of the
Derivative

The derivative can be represented algebraically,
symbolically, graphically, and physically. Studies have
found that students prefer algebraic representations yet
show many errors when applying the formulas (Asiala,
Cottrill, Dubinsky, Schwingendorf, 1997; Hirst, 2002).
Studies also found that students recognized the symbol,
dy/dx, as a signal of differentiating without disting-
uishing variables

independent and dependent

properly (Santos & Thomas, 2003), and did not see

dy

the equivalence between the two symbols e and
dy &

d(=>)
d[il (Thomas, 2002). Studies reported that students

assumed that the graphs of a function and its derivative
had resemblance (e.g., Nemirovsky & Rubin, 1992),
and could not provide correct units or interpret the

derivative as the rate of change (Bezuidenhout, 1998).

Studies also have shown that students have different
levels of thinking of different representations of the
derivative, and thus have difficulty explaining their
relationships (Hahkioniemi, 2005; Santos & Thomas,
2002; Zandieh, 2000). Bingolbali & Monaghan (2008)
found that students in different disciplines developed
different images of the derivative; mechanical engi-
neering students and mathematics students tended to
interpret the derivative as the rate of change, and the

slope of a tangent line, respectively.

2. Limitations of the Existing Studies

Existing studies, which have revealed various aspects
of students’ thinking of the derivative, have limitations
regarding topic, method, and data. First, studies did
not explore students' thinking about the derivative in
relation to the function. For example, students' difficulty
interpreting velocity or acceleration, which was classi-
fied as their misconception of the derivative in a study
(Bezuidenhout, 1998), can be addressed in terms of
how they explain the first and second derivatives in
relation to the original function, which is a position.
Given that the definition of the derivative function
and the derivative at a point are derived from a function
(Weir, Hass, & Giordano, 2006), how students
described the derivative in terms of the function and
how they used the descriptions in problem solving
would be important to explore.

Second, calculus instructors and students tend to
use the word, “derivative,” without specifying it as
“the derivative function,” or “the derivative at a point.”
However, how instructors use these terms may be
different from how their students use these terms, and
this ambiguous word use may be related to students'
thinking on the derivative. For example, a student'

difficulty finding differentiability of a piecewise
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function (Ferrini-Mundy & Graham, 1994) may come
from her confusion between the derivative function
that has two equations on both sides and the derivative
at a point that may be the same on both sides. However,
how calculus students or instructors use these terms
has not been investigated in a systemic way.
Third, in terms of data, existing research did not
explore how the derivative is taught in calculus
classrooms. Importance of investigating how teachers
teach mathematical concepts in their classes has been
emphasized by many researchers (e.g., Newton, 2008;
Speer, Smith, & Horvath, 2010). Calculus students'
opportunity to learn the derivative in their classrooms
can be explored by analyzing instructors' use of
curriculum materials or their classroom discourses.
Regarding the limitations mentioned above, this
study expands the previous work by including
information about how the derivative is taught and
learned in classrooms with a new perspective, a
communicational approach to cognition. In this study,
instructors' and students' discourse on the derivative
in classrooms and interview settings are explored,
focusing on their explanations of the derivative function
and the derivative at a point, the relationships between
a function, the derivative function, and the derivative

at a point, and the derivative as a function.

3. Theoretical Frameworks for this Research

As discussed in the previous section, this study
explores the calculus instructors' and students' dis-
course on the derivative using a communicational
approach to cognition (Sfard, 2008). This approach
assumes that thinking is an “individualized version
of interpersonal communication” (Sfard, 2008, p. xvii),

and mathematics is a form of discourse with four

features: Word use, Visual mediator, Routine, and
Endorsed narrative. Words in mathematics signify
mathematical objects, and what a word refers to may
differ across speakers. For example, an instructor's
utterance, “the derivative is increasing here,” can be
understood as “the derivative at a point is increasing
here” by students who consider the tangent line as
"the derivative at a point” (Park, 2008). Visual mediators
refer to visual objects used as a means of communication
such as notations, drawings, gestures, or concrete
objects. The discourse on the derivative can be mediated
by the definition, f ()= mw the
graph of a tangent line, or the rate of change of a
moving object. Narrative is utterances which can be
endorsed as true or rejected as false, and endorsed
narratives are ones accepted as true by speakers (Sfard,
2008). Students’ endorsed narratives do not always
coincide with those of mathematicians. For example,
teachers can endorse a narrative, “the derivative
function is also a function,” whereas students may
endorse an incorrect statement, “the tangent line is
the derivative function” based on a narrative, “the
derivative is a linear function represented by a tangent
line” (Park, 2008). Routines are repetitive patterns in
discourse defined as metarule that determines situations
where a performance is appropriate to start (“appli-
cability condition”) and finish (“closure”), and a course
of action in the performance (Sfard, 2008, p. 208).
If an instructor solves problems that involve finding
f'(a) using the definition f'(a)= %w
by graphing f{x), computing f'(a) algébraically, drawing
a tangent line to the graph of f(x), and confirming
the answer by comparing its slope to f'(a), this pattern
can be considered as a course of action. The problems
can be considered as an applicability condition and

the last step as a closure. These four main characteristics
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of mathematical discourses provided me a lens to look
through how instructors and students addressed or used
the concepts of the derivative at a point and the
derivative of a function, and their relationships during

the class and interviews.

[Il. Design of Study

The purpose of this study is to explore three calculus
instructors and their students' discourse on the derivative
in class and interview settings with the following

research questions:

1. How do instructors introduce or define the derivative
at a point and the derivative function?

2. To what extent do instructors address the relationships
between a function, the derivative at a point, and
the derivative function?

3. To what extent do instructors address the derivative
of a function as another function?

4. How do students describe the derivative at a point
and the derivative of a function?

5. How do students describe or use the relationships
between a function, the derivative at a point, and
the derivative function?

6. How do students use the derivative function as another

function?

To this end, I used a mixed design of classroom
observations, student surveys, and interviews with
instructors and students. I videotaped derivative lessons
from three calculus classes in a large public university
in the Midwest of the US. I chose three instructors
who had different backgrounds and teaching styles.
One instructor, Ian, was an adjunct faculty with Ph.

D in mathematics and taught one section of Calculus

1) The names of the instructors are pseudonyms.

I in a residential college at the university with the
textbook, University Calculus (Hass, Weir, & Thomas,
2008). Two instructors, Tyler and Alan, were doctoral
students with masters' degrees in mathematics and
taught Calculus I in the mathematics department, with
the textbook, Thomas' Calculus (Weir, et al., 2006)D.
These two books are written by the same author team
and include two chapters of the derivative with the
same titles but slightly different sections.

After the derivative unit was over, the survey
including problems involving the derivative, most of
which are from Epstein's (2006) Calculus Concept
Inventory, was taken by the students in the classroom.
To further investigate their solution processes, I
purposefully recruited 12 students, whose answers were
close to the answers chosen by most students in their
class and heterogeneous in terms of their achievement
on the survey, and interviewed them individually for
about an hour. I also interviewed the instructors about
how they would explain survey problems to their
students. Interviews were videotaped and transcribed
focusing on what is said (e.g., verbal expressions
including pauses) and what is done (e.g., drawings
and gestures).

Transcripts were coded based on four topics: the
derivative function, the derivative at a point, the
relationships between them, and the original function
(Table III-1). Analysis of instructors' discourse explored
how and to what extent they addressed each topic,
focusing on the key features of the discourse: word
use, visual mediator, routine, and endorsed narratives.
Cases in which they stated and used a relationship
were classified as explicit whereas cases in which they
used the relationship without stating it was classified

as implicit. Analysis of students' discourse focuses on
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how they described and used each topic in problem
solving situations. My coding scheme (Table III-1)
was used as an analytical framework for the cases
in which the instructors and students addressed the
relationships between a function, the derivative
function, and the derivative at a point, and the derivative
as a function. The four features of the mathematical
discourse, which described in the previous section,
provided me a lens to look through how they addressed

these topics in each of these instances.

IV. Findings

This section addresses research questions about each
of instructors’ and students' explanations of a) the
definitions of the derivative function, f'(x), and the

is a function or f'(xy) is a specific value of f'(x) at

a point; thus, it is a number. Alan first defined the

flzo+h)— flxg)
m h

rate of change at xy, li and then the
h—0

fla+n)—f(a)
) .

Although he did not give a definition or notation of

derivative of a function, f'(z)=lim
70

f'(xo), or mention that the instantaneous rate of change

is the same as the derivative, he explicitly addressed

the difference between limw as a
h—0

number and f(x) as a function. Ian first defined the

f(a+h})1*f(a) and

derivative at a point,f’(a) = lim
then the derivative function u;iflg the same represen-
tation by stating that it “is a function of a.” Although
he defined these two concepts using the same notation,
he did not mention that the derivative at a point is
a specific value of the derivative of a function. Later,
he changed a to x without addressing that x is the
independent variable of f'(x). In summary, although

there are some differences across the instructors, they

in general did not explicitly addressed the relationships

<Table II-1> Cases Belonging to Each Coding Category

Categories

Cases

Graphing or describing f{x) using the sign of f'(x) on an interval

Relationship  between

Proving the differentiation rules

Interpreting the chain rule as a product of rates of change

fx) and f'(x)

Finding anti-derivative algebraically or from graphs

Finding the concavity of f{x) using whether f'(x) increases or decreases

Graphing f'(x) using values of the derivative at points on the domain

Relationship  between

Determining the differentiability of f{x) using f'(a)

Jtx) and f'(a)

Specifying f'(a) = 0 when f{x) has an extreme value at x = a

Mentioning that f'(a) is a value of f'(x) at x = a

'(a) as a
f'@ , Difference between non-differentiability of function and at a point
Relation value of f') Interpreting a point on the graph of f'(x) as the slope of a tangent line
-ship Transition L L . L
, Mentioning that several values of the derivative at points form the derivative
between  from f'(a) to .
, of a function
f'0) and _S ')
1@ Transition
from f'(x) to Finding the equation of f'(x) and then substituting a number to evaluate f'(a)
f'(@)

Mentioning that f'(x) is a function as a part of its definition.

f(x) as a function

Mentioning that f'(x) is a function that one could graph.

Mentioning that f'(x) is as a function that has its own derivative, f "(x)
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between f(a) and f(x), which is that /(@) is a number,
a value of f'(x) that are a function, and the values
of the derivative at points on the domain forms the

function, f'(x).

B. Relationships between f(x), f'(x), and f'(a)

The relationship between f(a) and f'(x) was also
implicitly addressed in later lessons. This relationship
was mostly identified when the instructors a) found
f'(a) by substituting x = a in f'(x), b) determined
the differentiability of a function, and c) described
the behavior of f(x) based on the sign of the derivative.
Although all instructors mentioned and used that f'(a)
can be calculated by substituting a value in f(x), they
did not state that f'(a) is a value of f'(x) at x = a.
Similarly, they determined the differentiability of a
function, f{x), based on the existence of f'(a) without
stating the relationship between f'(a) and f'(x) or
distinguishing the differentiability of a function on an
interval or at a point. The implicit approach was
prominently found when the instructors described the
behavior of f{x) on an interval based on the sign of
the derivative. Instructors used the sign of the
point-specific value, f"(a) instead of f(x) on an interval
and used the word, “derivative” ambiguously without
specifying it as “the derivative function” or “the
derivative at a point.” In most cases, they used one
arm gesture indicating the tangent line at a single point
instead of several gestures for multiple tangent lines
on the interval, and stated that the slope was positive
or negative on the interval. These word use and gestures
tended to make unclear whether “derivative” referred
to “derivative function” or “the derivative at a point”
because instructors used the word as a point-specific
object, f'(a), which is the representative of the

derivative function, f'(x) on an interval.

In contrast, the instructors explicitly addressed the
relationships between f'(a) and f{x), which f'(a) is the
slope of f{x) at a point, and used it in various situations
such as graphing f'(x) and computing the extreme values
of f(x). They explicitly related the characteristics of
f{x) such as “beats, valleys, humps” or “turn-around”
to the derivative being zero at the point. However,
when most of them used this relationship, the derivative
being zero at a point where f{x) has a horizontal tangent
line to graph f'(x), they again made the relationship
between f'(x) and f'(a) implicit. All of them plotted
x intercepts of f"(x) where f{x) has a horizontal tangent
line without addressing that why they “match[ed] up”
these points. None of them explicitly mentioned that
f'(a) is a specific value of f'(x), for example, the
derivative at several points form a function, f'(x).
The instructors also explicitly addressed the relationship
between f'"(x) and f(x) when deriving and using
differentiation rules and describing the behavior of f{x)
based on the sign of f(x). However, in the latter case,
their use of f'(a) instead of f'(x) to determine the
sign of the derivative on an interval again made the

relationship between f'(x) and f'(a) implicit.

C. The Derivative Function as a Function

The instructors’ implicit discussion on f'(x) and
f'(a) seems to connected to their discussion on f"'(x)
as a function. Each instructor stated that f'(x) is a
function during the derivative unit with different topics;
Tyler mentioned it once when he graphed f'(x) by
saying it is a function that one can “graph”, Alan
mentioned it once when he read aloud the definition
of f(x) from the textbook, and Ian mentioned it twice
while defining f'(x) and f"(x) as the derivative of f'(x)
by saying that “it is a function” which “deserves its

own derivative”. Aside from those cases, they used
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f'(x) as a function without stating it. For example,
all instructors applied theorems about a function (e.g.,
Intermediate Value Theorem) to the derivative function
without explicitly stating that the derivative function
is a function that satisfies the conditions of the theorems.

The instructors’ ambiguous use of the word
“derivative” without specifying it as the derivative of
a function, f'(x), or the derivative at a point, f'(a),
also seems to related to their implicit discussion of
f'(x) as a function. Especially, the instructors'
explanations about the behavior of f{x) based on the
sign of f(a) were mainly based on the slope of the
tangent line at a single point rather than the change
in slopes over an interval. Combined with the
instructors' ambiguous use of the word, “derivative,”
their explanation emphasized the concept of “the
derivative” as “the derivative at a point” instead of
“the derivative function,” in relation to the behavior
of the original function over an interval. This emphasis
on “the derivative at a point” and ambiguous word
use may restrict the concept of “the derivative” only
as a point-specific value rather than as a dynamic
quantity that changes it value on an interval (Monk,
1994). On the other hand, since the relationship between
f{x) and f'(x) was mostly addressed when the instructors
explained and used differentiation rules, their explan-
ation may develop two disconnected realization of the
derivative; the derivative at a point as the slope of
tangent line on the graph of f{x) and the derivative
of a function as the result of applying differentiation
rules.

In addition, given that a function is a dynamic object
that changes as its independent variable (IV) changes,
identifying the IV of the derivative of a function can
be considered as one aspect of conceiving of the

derivative as a function. The importance of recognizing

the IV is also argued in existing research (Carlson
et al., 2008). However, none of the instructors explicitly
stated that f(x) and f'(x) have the same IV. The dis-
cussion of the IV was limited to the procedure of

differentiating implicit functions with multiple IVs.

2. Students' Discourse

A. Definitions of f'(x) and f'(a)

Students' concepts of the derivative were inves-
tigated while they were answering the question, “What
is the derivative?” during interviews. Of the 12
interviewees, seven chose the derivative function, f'(x),
as their concept of the derivative, three chose the
derivative at a point, f'(a), and two said that the same
explanation can be applied to both f'(x) on an interval
and f'(a) at a point. The slope is the most common
interpretation of the derivative, and differentiation rules
and the rate of change follows. Ten students used the
same explanation for f'(x) and f'(a), two could not
explain f'(a), and one interpreted f'(x) and f'(a)
differently. Two students did not provide any explan-
ation about the derivative at a point because “the
derivative” was only defined on an interval not at a
point in their descriptions. Their descriptions imply
that they consider “the derivative” only as a function
on an interval, not a number, a point-specific value.

Most students, nine out of 12, correctly explained
the relationship between f'(x) and f(a) by interpreting
f'(a) as a point-specific value of f'(x), for example,
“slope at a point” versus “slopes at all the points,”
or "velocity at a point” versus “velocity over time.”
Two of the students who gave an algebraic explanation
that f'(a) can be found by “plug[ging]” x = a in
f'(x). One student showed a confusion between f '(a)

and f(a) and incorrectly explained that f'(a) could be
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also obtained from f{x) as well as correct explanation
about substituting x = a in f'(x).

Based on their descriptions of the derivative, students
explained what f'(x) and f'(a) inform about f(x) by
repeating their descriptions of f'(x) and f'(a), and
only four students explained that f'(x) and f"'(a) describe
the behavior of f(x) based on the signs of the f'(x)
and f'(a): for example, "If f'(x) on an interval is
negative/positive, f(x) decreasesfincreases on the inter-
val,” or "If f'(a) is negative/positive, f(x) decreases
Jincreases at the point.” Regarding the incorrect descri-
ptions, one student consistently explained f'(x) as an
“extension or contraction of” (stretching or shrinking

of the graph of) f(x).

B. Relationships between f(x), f'(x), and f'(a)

During the second part of the interview, the students
explained how they used the relationship between f(x),
f'(a), and f'(x) while taking the survey. Regarding
the relationship between f(x) and f'(x) most students
correctly used the rules to differentiate f{x), and
described the behavior of f(x) in terms of sign of f(x).
However, one student, Neal who used and explained
the relationship correctly in a graphical situation, could
not apply it to f'(x) and f"(x). Only a few students
mentioned and used the concavity of a function in
relation to the behavior of its derivative (e.g., increasing
or decreasing). Some students also described the rela-
tionship incorrectly, and tended to use these descriptions
inconsistently. For example, two students, who menti-
oned that graphs of f{x) and f'(x) go in the same
direction, but they applied this relationship differently
when f{x) was given and when f(x) was given. One
student, who stated that graphs of all derivative
functions are linear or a piecewise linear in one problem,
drew a concave up curve for the derivative function

in another problem. The most common incorrect

description of the relationship between f{x) and f'(x)
was that f(x) increases/ decreases when f{x) increases
/decreases. Although most of students did not use this
relationship to justify their answers, only two of them
accepted that the statement was wrong and corrected
it. Even after corrections, the statement was also
identified several times later in the interview.

Regarding the relationship between f{x) and f'(a),
most students interpreted f'(a) as the slope of f(x)
at x = a, and used this interpretation to explain that
the derivative is zero at a point where f(x) changes
its direction and to find the extreme values of f{x).
However, when asked to interpret f'(a) in the given
problem context, only a few students could distinguish
f'(a) from f{a) and recognize the units correctly. About
half of the students, who explained the relationship
between f{x) and f'(a) correctly, confused f'(a) as the
rate of change of f(x) with the change in f{x) between
two consecutive x values. This answer is mathematically
acceptable to some extent because f (@) can be used
as the estimate for the change. However, the quantities
and units of f'(a) are different from this change, which
were not appreciated by most students. In graphical
situations, students' incorrect interpretations of the
relationship between f{x) and f'(a) seem closely related
to the tangent line. Three students interpreted the tangent
line at a point as the derivative at a point. Two of
them integrated the equation of the tangent line to
find f{x). These incorrect interpretations shows their
inability to conceive of f'(a) as a value.

All 12 students used the relationship between f'(x)
and f'(a) correctly identifying f'(a) as a value of f(x)
at x = a when the equation or graph of f'(x) was
given. They also correctly recognized this relationship
when f(x) has a local extreme value. However, most
of them did not apply the substitution correctly beyond

the simple computation. For example, in survey problem
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9, which asks them to use the relationship that f '(a)
is a value of f'(x) to make the slope at x = a positive,
most students, who specified the derivative as slope,
answered incorrectly or changed their choices several
times. This result shows that their ability to perform
a simple calculation did not always show their thinking

about f'(a) as a specific value of f'(x).

C. The Derivative Function as a Function

Many students did not correctly explain f'(x) as
a function and what f'(x) represents in relation to the
function, f(x). Five students incorrectly stated that f(x)
increases/decreases if and only if f'(x) increases/
decreases, and thus their graphs go in the same direction.
Three of them described “derivative as a tangent line,”
which can link to their concept of f'(x) involving the
tangent line because the graph f{x) and its tangent line
at a point go in the same direction locally. This
description shows their mixed notion of the derivative
as a point-specific value and as a function on an interval.
Students' difficulty in appreciating f'(x) as a function
was also found when they described the IV of f'(x).
Most did not correctly identify the IV; for example,
a student stated that the IV of f'(x) is time regardless
of what the original function f{x) represents, and another
student mentioned that the IV of f'(x) was the rate
of change of the IV of f(x).

Student discourse analysis suggests that many
students do not conceive of a) f'(a) as a number, a
value of f'(x) and b) f'(x) as a function consisting
of the derivative as several points. Their difficulty
realizing these aspects of the derivative seems to be
related to their instructors' discourse since classroom
discourse analysis showed that the instructors did not
explicitly address the relationship between f'(x) and

f'(a), and the derivative function as a function. The

next section compares what extent instructors addressed
various aspects of the derivative and how students
described or used those aspects in problem solving

situations.

V. Discussion

The analyses of instructors' and students' discourse
suggest some relationships between students' descri-
ptions and uses of various aspects of the derivative
in problem solving and how their instructors addressed
those aspects in the classroom. This section compares
instructors' and students' discourse in a table format
to find out the relationship between the nature of
classroom discourse (implicit or explicit) and students'
performance on survey. Since not all aspects of the
derivative in Table III-1 were identified in students'
discourses, the tables in this section only include the
aspects that were identified in at least three students'
discourse. All instructors addressed each of these
aspects entirely explicitly or implicitly. The first table
shows the aspects that instructors addressed explicitly
and students' descriptions or uses on the aspects. The
second table includes the same information but about
the aspects that instructors addressed implicitly. The
first column in Table V-1 shows the aspect that
instructors explicitly addressed. The second and third
columns show how many students described or used
each aspect, and their descriptions or uses, respectively.
The suggestions for instructions based on this com-

parison follow (Table V-3).

1. Comparison between Explicit Instructors'

Discourse and Students' Performance

This section addresses the mathematical aspects of
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the derivative addressed explicitly by instructors, and
students' descriptions or uses of the aspects (see Table
V-1). The number of students for each aspect does
not always add up to 12 because not all the students
described or used the aspect, and some of their
descriptions or uses of the aspect overlapped.

Note. Students' mathematically incorrect descri-
ptions and uses are italicized.

Instructors explicitly addressed what f'(a) and f"(x)
represent in relation to f{x) by stating them as the
slope of f{x) or describing the behavior of f{x) based
on their signs. They addressed the relationship between
f(x) and f'(x) with differentiation rules, and the
relationship between f(x) and f'(a) by addressing the
property of the derivative function at a point where
f{x) has extreme values. How f"(x) and f"(a) are related
was explicitly addressed with the substitution method.

Most students correctly described and used these
explicit aspects in problem solving, which suggests
the students perform better on problems involving the
aspects that the instructors addressed explicitly.

However, three students incorrectly stated and used,

“the derivative as a tangent line,” and five students
stated or used "f'(x) increases/decreases where f(x)
increases/decreases” or “f(x) and f'(x) go in the
samedirection.” Three of the five students used the
first statement to support the second because f(x) and
its tangent line go in the same direction. These incorrect
notions seem related to students' concepts of the
derivative as a point-specific value but as a function
on an interval simultaneously, and the instructors'
implicit discussion on these two aspects and their
ambiguous use of the word, “derivative” without
specifying its referent. These will be addressed in the

following section.

2. Comparison between Implicit Instructors'

Discourse and Students' Performance

This section addresses the aspects of the derivative,
which were addressed implicitly by three instructors
in the classroom, and students' descriptions and uses
of the aspects (Table V-2).

Note. Students' mathematically incorrect descrip-

<Table V-1> Instructors' Explicit Discussions and Students' Descriptions or Uses of Mathematical Aspects

of the Derivative with Frequencies

. Number of ..
Mathematical Aspects Students' Descriptions or Uses
Students
Defining f'(a) as Slope of 7 f (c.z) is the same as §10pe of f{x) at x = a
. 8 Using the slopes of f{x) to graph f'(x)
Tangent line . ——r -
3 Tangent line is the derivative at a point
Describing f{x) using f'(a) 5 The sign of f'(a) indicates the behavior of f(x) at x = a
Usi '(a) = 0 at Local
Eil?egmi:s(a(ff ) at Loca 9 f'(a) = 0 when f{x) has an extreme at x = a
Discussing Differentiation 12 f'(x) can be obtained from f{x) by applying the differen-
Rules tiation rule
. ) 11 f'(x) is negative/positive where f(x) decreases/increases
Describing f{x) Based on ;
the sign of f'(x) 11 f'(x) is the same as the slope of f{x)
e sign of f'(x
& 5 f'(x) increases/decreases where f(x) increases/decreases
Substituting x = a in f 12 f'(a) can be found by substituting a in f'(x)
'(x) to Find f'(a) 12 f'(a) is a y value on graph of f'(x) at x = a

Note. Students' mathematically incorrect descriptions and uses are italicized
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tions and uses are italicized.

As shown in Table V-2, many students incorrectly
described or used the mathematical aspects of the
derivative, which are implicitly addressed by their
instructors. Comparison between instructors' and
students' discourses in those aspects not only shows
that students' descriptions and uses are not always
mathematically correct while instructors' were correct,
but also implies that there are systemic differences
between their discourses. I organized these differences
around three themes: a) word use; b) explanations of

the derivative; and c¢) the derivative as a function.

A. Word Use

The most prominent difference between instructors'
and students' discourse was found in their use of the
word, “derivative.” Although both used the word
without specifying it as “the derivative function” or
“the derivative at a point,” they used the word

differently. Throughout the derivative unit, instructors

used the word “derivative” to refer to “the derivative
function” in most cases; when they referred to “the
derivative at a point,” they specified the point. This
way of using the word, “derivative,” is consistent with
the way the terms, “function” and “function at a point,”
are used. In contrast, students sometimes inconsistently
used the word, “derivative.” They used it to refer to
“the derivative function,” or “the derivative at a point,”
but sometimes changed its meaning frequently within
a single interview question to support their incorrect
concept such as the derivative as a tangent line or
a constant function. This way of using the word,
"derivative,” appeared to be related to the way students
described the derivative as a point-specific value and
as a function on an interval, which is addressed in

the next section.

B. Point-wise and Across-time Explanations of the
Derivative

Monk (1994) defined two types of understandings:

< Table V-2 > Instructors' Implicit Discussions and Students' Descriptions or Uses of Mathematical Aspects

of the Derivative with Frequencies

Number of
Mathematical Aspects umber © Students' Descriptions or Uses
Students
Using one Word “derivative” for L L .
N . . “Derivative” at a point is a linear or constant
“derivative function” and “deriva- 4 .
. sy function
tive at a point
3 f'(a) is the rate of change of f(x) at x = a
Interpreting f'(a) as Rate of 5 The unit of f'(a) is (unit of f{x)) / (units of x)
Change 4 f'(a) is change in f(x) between x = a and a + [
6 f'(a) and f(a) has the same unit
7 f'(x) determines the behavior of f(x)
7 The slope of f'(x) is the derivative at a point
. . 3 The derivati is t t li t th int
Interpreting a Point on Graph of 'e crivative 1.s Angen 1ne. a. ¢ pomm :
. f'(a) can be gained by substituting a value in the
f'(x) as Slope of Tangent Line 3 . .
equation of the tangent line.
5 f'(x) is a linear or constant function
3 The graph of f'(x) is (piecewise) linear
Identifying Independent Variable 5 The independent variables of a function and its
of f'(x) derivative function are different.

Note. Students' mathematically incorrect descriptions and uses are italicized
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“pointwise understanding” as the value of a function
at a point, and “across-time understanding” of a function
as a dynamic quantity on an interval. The results of
this current study show that students’ explanations of
the derivative included both types of understanding
but not always in a mathematically accepted way. One
of the most prominent incorrect notions of “the
derivative” was the tangent line at a point. This notion
may come from students' descriptions of the derivative
at a point, most of which include the tangent line,
and the derivative function, which has variable x or
is defined on an interval. The use of the word,
“"derivative” without specifying it as the derivative
function or the derivative at a point also seems to
play a part in forming this incorrect notion by allowing
students to consider “derivative” as one object “point-
wise” and “across-time,” simultaneously. Similarly,
some students considered the derivative at a point as
a constant function instead of a number. As shown
in Table V-2, the instructors implicitly addressed what
f'(x) and f"(a) represents in relation to f{x) they graphed
f'(x) using the slopes of tangent lines of f{x) without
stating that the slopes are the derivative at several

points, and f'(a) is a specific case of f'(x).

C. Derivative Function as Function

Regarding the aspect of the derivative function as
a function, some students incorrectly described the
derivative as a linear function represented by a tangent
line or as a constant function of the derivative at a
point. Some of them also stated that the derivative
graphs are linear or piecewise linear. Such descriptions
show that students have a concept of the derivative
as a function but do not correctly conceive of what
the derivative represents in relation to the original

function. While introducing or using this aspect of

the derivative, instructors did not explicitly address
what the derivative at a point, f''(a), and the derivative
function, f'(x), represent in terms of the original
function. As shown in Table V-2, none of them
explicitly explained f'(a) as the rate of change of f{x)
while solving problems about the related rates, or f(x)
as the slope of f(x) while graphing f'(x).
Additionally, the property of the derivative function
as a function can be addressed discussing what the
independent variable (IV) that the derivative function
defends on. Most students did not correctly identify
the IV of f'(x) correctly or recognize that f{x) and
f'(x) have the same IV. None of the instructors explicitly
addressed these two aspects of the IV of f'(x) the
discussion was limited to the procedure of differen-
tiating implicit functions with multiple variables.
The comparison between the nature of the instru-
ctors' discourse (implicit and explicit), and students'
descriptions and uses of the derivative suggests the
positive relationship between explicitness of classroom
discussion and students' performance. This comparison
also points out the similarities and differences in main
feature of their discourses. For example, although both
instructors and students use the word, “derivative”
without specifying its referent, instructors use the word
in a way that it is coherent with the way that the
word, “function” is used. However, some students used
the word, “derivative” to signify the tangent line, which
shows their mixed and incorrect notion of the derivative
as a point-specific object and as a function simul-
taneously. The mathematical aspects that the students
have difficulty with suggest that instructors need to
address these aspects explicitly in the classroom.
Students may benefit from their instructors' explicit
discussion which makes how f'(x) and f"(x) are different

but related, and what property of the original function
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f(x) these concepts represent. Details suggestions for

instruction will be addressed in the following section.

3. Suggestions for Instruction

The following table shows the mathematical aspects

that the instructors implicitly discussed in their
classrooms and suggestions for explicit discussions on
these aspects.

The first mathematical aspect of the derivative in
Table V-3, the relationship between f'(x) and f'(a),
can be explicitly addressed by explaining that f'(a)

<Table V-3> Suggestions on Cases for Mathematical Aspects of the Derivative

Aspects

Case

Suggestion

Relation-
ship
between
f'(x) and
/'@

Making transition of de-
finitions from f'(a) to f

)

Remind students that ¢ is used as a point and x is used as the variable,
and emphasize f'(a) is a number that is a value of f'(x), which is
a function.

Graphing f(x using sev-
eral values of f'(a)

Remind students that they can graph f ’(x) by plotting the derivative
at several points. Emphasize that each value /(@) is a specific value
of f'(x), and thus values of the derivative at several points form f

'(x).

Determining differenti-
ability of f(x) using the
tangent line at a point

Distinguish between the differentiability of a function at a point and
on an interval by clarifying where the function is defined, continuous,
and differentiable. Justify why f'(a) can be used to determine the
differentiability of a function by stating that f'(a) is a value of f

)

Deciding sign of f'(x) on
interval using sign of

['(@)

Explain why the sign of f'(x) stays the same on an interval between
two consecutive critical points. Emphasize that f'(a) is one value
of f'(x) on the interval.

Proving differentiation
rules using a tangent line

Draw several tangent lines, or use the arm gestures at several points
on interval and state that the explanation at one point works at any
point on the domain

f'(x) as a

function

Defining / "(x) and
/)

State that f”(x) has its own derivative by talking about differentiation
as an operation on functions. For example, compare the process of
deriving f"(x) from f'(x) with the process of deriving f'(x) from
J&)

Applying the theorems
for a function to f'(x)

Check explicitly that f'(x) is a function that satisfies the conditions
of the theorem. Remind the students how to apply the theorem to
a function.

Identifying the indepen-
dent variable of the deri-
vative function

Identify the variable that the derivative function depends on and stating
that the derivative function has the independent variable because it
is a function.

Defining f'(x) as the
slope of a tangent line

Distinguish between a tangent line and its slope by stating that
f'(x) is a function representing the slope not the tangent line itself.
Display the value of the slope as y value of f'(x) using dynamic
software.

Specifying the units of
J'x)

Emphasize that f'(x) represents a different quantity than f{x) with
different units by graphing f{x) and f(x) on separate transparent sheets.
To compare the relationship between their behaviors, overlay the
transparent sheets. Use the limit definition of f'(x) to addressed units

of f'(x)
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is a specific value of f'(x). Reminding students that
the function at a point, f{a), is a value of the function,
f(x) would help students see the equivalence between
the relationship between f{x) and f(a), and the
relationship between f (x) and f'(a). The equivalence
can be addressed by reviewing the notations of the
function at a point, f(a), and the function, f(x), and
use of the letters a as a constant and x as a variable.
Similarly, while graphing f'(x), reminding students
about the graphing process of f{x) based on several
values of the function would help them recognize the
equivalence in the processes of graphing f(x) and f(x).
This equivalency would help students realize that f'(x)
consists of the values of the derivative at several points.
When the instructors use f'(a) as the representative
of f'(x) on an interval in explanations of differentiability
and sign diagrams, it would be crucial to state that
f'(a) is a specific case of f'(x) in order to address
why the method at a specific point works at any point
on the interval. When they prove the differentiation
rules using the tangent line at a point on an interval,
it is important to show that the proof is not point-specific.
They can show that the same explanation works on
the whole interval by showing the behavior of the
tangent line at several points with multiple drawings
or gestures.

The second mathematical aspect of the derivative,
the derivative function as a function, can also be
explicitly addressed by reminding students about the
property of a function. Defining f "(x) or f"'(x), and
applying theorems for the function to f'(x) are also
good places to include instruction that f(x) is a function
on which they can define its own derivative or apply
the theorem for functions. Drawing parallels between
the treatments of f{x) and f'(x) would help students

see both of them as functions. The derivative as a

function also can be addressed by emphasizing its
dynamics as the independent variable changes and
identifying its independent variable not only in the
calculation process but also in context of the derivative
function as a function. Regarding students' incorrect
interpretations about what f'(x) represents in terms
of f{(x), the instructors may emphasize that each value
of f'(x) represents the slope of the tangent line, not
the tangent line itself. They can show the process of
plotting several points for f'(x) based on the slopes
of tangent lines of f{x) at several points with dynamic
geometry software. The different units of f{x) and f'(x)
can be addressed by graphing f(x) and f{x) on separate
planes and explaining the y axes represent different
quantities: a function value, and the rate of change
of the function. They also can address the units of
f'(x) algebraically with its limit definition. To compare
the sign of f'(x) and the behavior of f{x) on the same
interval, instructors can graph them on two transparent
sheets and overlay them.

The suggestions above, including the correct use
of the terms and explicit discussions on the relationships
between concepts may not be directly related to the
positive impact on students' achievement on the
derivative. However, these explicit discussions, which
remind students about the properties of a function that
they have learned previously, would help students see
the equivalence in the concepts of a function and the
derivative, and thus help them understand the rela-
tionship between f'(x) and f'(a), and f'(x) as a function.
These discussions would provide students a better
learning opportunity and help them overcome their
incorrect notions about the concepts and relationships,
and expedite development of their mathematical dis-
course on the derivative closer to that of mathe-

maticians.
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VI. Conclusion

This study contribute to the current field of mathe-
matics education by pointing out a) the importance
of word use in relation to students' thinking of the
derivative, b) the need for instructors' explicit discussion
of certain aspects of the derivative including the exact
use of the mathematical terms. The comparison between
instructors' and students' discourses on the derivative
also provided various suggestions that may contribute
to explicit classroom discourses (Table V-3), and thus
may lead to improvement in students' discourse on
the derivative. However, there are other important topics
to address in future studies to deepen our understanding
of learning and teaching of the derivative.

Students' thinking on the derivative may also stem
from other factors than their classroom exposure on
the derivative. It could originate in their previous
knowledge about functions. Existing studies shows that
the transition from point-wise understanding of the
function to the across-time understanding is difficult
for student to achieve, and students have difficulties
in understanding function notations (Carlson, 1998;
Monk, 1994). Regarding these results, it is possible
that the students in the calculus class might not yet
achieve the across-time understanding of the function,
or could not appreciate the relationship and difference
between two notations, f(a) and f{x), nor the use of
the letter a for a constant and x for a variable.

Since studies have addressed curriculum materials
as a key factor of students thinking of mathematical
concepts (e.g., Fuson, Stigler, & Bartsch, 1988; Senk
& Thompson, 2003, p. x), textbooks may also affect
students' thinking on the derivative. It could be explored
how textbooks introduce the derivative and use the

"on

terms, "“derivative,” “the derivative function,” and “the

derivative at a point” in their description, and what
extent they addressed the relationships between the
concepts. These analyses may provide a good com-
parison to classroom discourses and reveal possible
reasons for students' incorrect descriptions and uses
of the derivative.

The instructors' discourse, in which some mathe-
matical aspects of the derivative were implicitly
addressed, can also be further investigated in terms
of instructors' beliefs about their students' thinking of
a function and the derivative. The implicitness of
discussions does not seem to come from a lack of
the instructors' content knowledge on these aspects
because they correctly answered and explained the
survey problems involving these aspects during the
interview. However, they seemed to assume that some
of these aspects are obvious to their students. For
example, they said the problems about the relationship
between f'(x) and f'(a) were “too simple” to use or
only good for “review about a function.” Although
instructors' beliefs are beyond the scope of this study,
they are important to address to explain the nature
of their classroom discourse.

The results of this study show that both implicitness
in the instructors' discourse, and students' incorrect
descriptions and uses were closely related to their
ambiguous use of the word, “derivative.” As mentioned
earlier, in some languages such as Korean, using a
word “derivative” for both “the derivative function”
and “the derivative at a point” is not possible because
the terms for these two concepts are not consistent.
How instructors and students explain these concepts
in other languages, such as Korean, would provide
more thorough information about the role of word use
in learning the derivative. This exploration may reveal

the affordances and constraints in consistency versus
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the difference in terms for the related but different
mathematical concepts, “the derivative function” and
“the derivative at a point.”

One of the results of this study showing that students
have incorrect notions of the derivative is not new
to the field of mathematics education, and their
instructors' explanations may not be the only source
of their learning. However, looking at students' thinking
of the derivative through their discourse with the lens
of a communicational approach, revealed how their
ambiguous use of word can contribute to forming
incorrect notions of the derivative. Using the same
lens to analyze the instructors' discourse made it possible
to show how instructors and students talk about the
same mathematical objects differently. Although there
are many possible factors that affect students' learning
of the derivative and instructors' teaching practice as
listed above, it is important for instructors to acknow-
ledge what aspects of the derivative that students have
difficulties with, what kind of incorrect notions of the
derivative that they have, and how they form those
incorrect notions. With these acknowledgements,
instructors could explicitly address important mathe-
matical aspects of the derivative in a way that would
help students appreciate coherence between their pre-
vious knowledge about functions and their new know-
ledge about the derivative, and thus prepare them to
see the derivative as an operation on functions in more
advanced mathematics courses such as differential

equations and analysis.
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Appendix: Survey Questions

Please solve the following problems and show your work.

1. C(q) is the total cost (in dollars) required to set up a new rope factory and produce q miles of the rope.

If the cost satisfies the equation C(q)=3000+100q+3q2, and the graph is given as follows.

€ 10

o

(a) Find the value of C(2)
(b) What are the units of 2 in (a)?
(c) What are the units of C(2)?

gl

(d) What is the meaning of C(2) in the problem context?
(e) Find the value of C(2).
e : (f) What are the units for 2 in (e)?

(g) What are the units of C '(2)?

a (h) What is the meaning of C '(2) in the problem context?

2. The derivative of a function f, is given as f'(x) = x’ - 7x + 6. What is the value of f'2)?

3. The graph of the derivative, g '(x) of function g is given as follows. What is the value of g '(2)?

/ a) -4

g | / b) -2
£ \\ c) O
74 . d 2
8 e) 4

4. Below is the graph of a function f{x), which choice a) to e) could be a graph of the derivative, f"'(x)?

a) b) 9) d) €)

5. Below is the graph of the derivative f'(x) of a function f{x). Which choice a) to e) could be a graph
of the function f{x)?
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a) b)

P

LE)

il
LEF
L]
L=
'

c)
d) €)

]

f) None of these

6. If a function is always positive, then what must be true about its derivative function?
a) The derivative function is always positive.
b) The derivative function is never negative.
c) The derivative function is increasing.
d) The derivative function is decreasing.

e) You can’t conclude anything about the derivative function.

7. The derivative of a function f{x) is negative on the interval x=2 fo x =3. What is true for the function
J)?
a) The function f(x) is positive on this interval.
b) The function f{x) is negative on this interval.
¢) The maximum value of the function f(x) over the interval occurs at x=2.
d) The maximum value of the function f(x) over the interval occurs at x=3.

e) We cannot tell any of the above.

8. Consider the graph below. The tangent line to this graph of f{x) at x = [ is given by y= %x + % Which
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of the following statements is true and why?

fizi|
1

| ® Letiof@) b) terlisre) o tetisr@)

T d) %z: %f(z‘) e) None of these

9. The derivative of a function, f, is f(z)=az®+b. What is required of the values of a and b so that
the slope of the tangent line to the function f will be positive at x = 0.
a) a and b must both be positive numbers.
b) a must be positive, while b can be any real number.
c) a can be any real number, while b must be positive.
d) a and b can be any real numbers.
e) None of these

Why?

- 55 -





