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Abstract

In this paper, we study the existence and uniqueness of solutions for the impulsive semilinear fuzzy integrodifferential
equations with nonlocal conditions and forcing term with memory in n-dimensional fuzzy vector space (E%, d.) by using
Banach fixed point theorem. That is an extension of the result of Kwun et al. [9] to impulsive system.
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1. Introduction

Many authors have studied several concepts of fuzzy
systems. Diamond and Kloeden [4] proved the fuzzy op-
timal control for the following system:

z(t) = a(t)x(t) + u(t), =(0) = xo,

where z(-) and u(-) are nonempty compact interval-valued
functions on E'. Kwun and Park [6] proved the existence
of fuzzy optimal control for the nonlinear fuzzy differen-
tial system with nonlocal initial condition in E}; by using
Kuhn-Tucker theorems. The theory of differential equa-
tions with discontinuous trajectories during the last twenty
years has been to a great extent stimulated by their numer-
ous applications to problem arsing in mechanics, electri-
cal engineerin, the theory of automatic control, medicine
and biology. For the monographs of the theory of impul-
sive differential equations, see Bainov and Simenov [1],
Lakshimikantham et al. [10], Samoileuko and Perestyuk
[15], where numerous properties of their solutions are stud-
ied and detailed bibliographies are given. Rogovchenko
[14] follows the ideas of the theory of impulsive differen-
tial equations which treats the changes of the state of the
evolution process due to a short-term perturbations whose
duration can be negligible in comparison with the duration
of the process as an instant impulses. In 2007, Park et al.
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[12] studied the existence and uniqueness of fuzzy solu-
tions and controllability for the impulsive semilinear fuzzy
integrodifferential equations in one-dimensional fuzzy vec-
tor space EL. R. Rodriguez-Lépez [13] studied periodic
boundary value problems for impulsive fuzzy differential
equations. Fuzzy integrodifferential equations are a field
of interest, due to their applicability to the analysis of phe-
nomena with memory where imprecision is inherent. Bal-
asubramaniam and Muralisankar [2] proved the existence
and uniqueness of fuzzy solutions for the semilinear fuzzy
integrodifferential equation with nonlocal initial condition.
They considered the semilinear one-dimensional heat equa-
tion on a connected domain (0, 1) for material with mem-
ory. In one-dimensional fuzzy vector space E};, Park et
al. [11] proved the existence and uniqueness of fuzzy
solutions and presented the sufficient condition of nonlo-
cal controllability for the following semilinear fuzzy inte-
grodifferential equation with nonlocal initial condition. In
[7], Kwun et al. proved the existence and uniqueness of
fuzzy solutions for the semilinear fuzzy integrodifferential
equations by using successive iteration. In [8], Kwun et
al. investigated the continuously initial observability for
the semilinear fuzzy integrodifferential equations. Bed and
Gal [3] studied almost periodic fuzzy-number-valued func-
tions. Gal and N’ Guerekata [5] studied almost automorphic
fuzzy-number-valued functions. Recently, Kwun et al.[9]
study the the existence and uniqueness of solutions and
nonlocal controllability for the semilinear fuzzy integrodif-
ferential equations in n-dimensional fuzzy vector space.
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In this paper, we study the existence and uniqueness
of solutions for the following impulsive semilinear fuzzy
integrodifferential equations with nonlocal conditions and
forcing term with memory in n-dimensional fuzzy vector
space:

dxczt(t) = A; {xi(t)—i— /0 Gt — s)ai(s)ds| (1)

t .
+fi(t,$i(t),/0 qi(t,s,z;(s))ds) on EYy,

2i(0) + gi(w:) = 0, € B, 2
Azy(ty) = Ii(xi(te)), t# te, 3)
kzlaza"'amv i:1a2a"'an7

where 4; : [0,T] — EY is fuzzy coefficient, EY is the set
of all upper semi-continuously convex fuzzy numbers on 12
with BY # E% (i # §). f; : [0,T) x Ei x By — EY
and ¢; : [0,T] x [0,T] x E% — EY% are nonlinear regular
fuzzy function, g; : E5 — EY is a nonlinear continuous
function, G(¢) is n X n continuous matrix such that %
is continuous for z; € E% and t € [0, T] with ||G(t)| < k,
k>0, o, € EY is initial value and I}, € C(EY%;, EY;) are
bounded functions, Az;(t;) = x;(t]) — z;(t;, ), where
z;(t;) and z;(t}) represent the left and right limits of
x;(t) at t = tg, respectively. Given nonlinear regular
fuzzy function f; and g; satisfy global Lipschitz condi-
tions, i.e. there exist finite constants ki;, ko;j, m; > 0 (i =
1,2,---,n) such that

i[5 €1i05). mua ()], o

[Fils, €ai(s),m2i(5))]")
< krida ([€1i ()], [§2i(5)]”)
+h2idp ([mi(s)]”, [m2i(s)]%),

du([ai(t, s, 01i(s)]%, [ai(t: s, 02i(5)]* (5)
<midp ([p1i(8)]% [p2i(5)]”)
for all £;i(s),m5i(s), ji(s) € (Ey)"(j = 1,2). The non-

linear function g; is a continuous function and satisfies the
Lipschitz condition

du ([9i (i ()], [9:(yi(-)]?) (6)
< hidp ([ ()], [ (4)]?)

forall z;(-),y;(-) € (E%)", h; is a finite positive constant.

2. Preliminaries

A fuzzy set of R™ is a function v : R™ — [0, 1]. For each
fuzzy set u, we denote by [u]* = {z € R" : u(z) > a}
for any « € [0, 1], its a-level set.
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We call w € E™ a n-dimension fuzzy number.

Wang, Li and Wen [16] defined n-dimensional fuzzy
vector space and investigated its properties.

For any u; € FE, i = 1,2,---,n, we call the or-
dered one-dimension fuzzy number class uy,usg,- - -, Uy,
(i.e., the Cartesian product of one-dimension fuzzy num-
ber wuq,ug,---,uy) a n-dimension fuzzy vector, denote
it as (uy,us, - -,u,), and call the collection of all
n-dimension fuzzy vectors (i.e., the Cartesian product

—~~
E x E x --- x F) n-dimensional fuzzy vector space, and
denote it as (E)™.

Definition 2.1. [16] If u € E™, and [u]® is a hyperrect-
angle, i.e., [u]® can be represented by [, [u%, ul], ie.,
gy, g, ] x [, ug,] x - - x [u, us, ] for every o € [0, 1,
where u$,ul. € R with uf < u® when a € (0,1],
i=1,2,---,n, then we call v a fuzzy n-cell number. We
denote the collection of all fuzzy n-cell numbers by L(E™).

Theorem 2.1. [16] For any v € L(E™) with

u]® = T, [u®, ud] (o € ]0,1]), there exists a unique
[ ] Hz-l[ il 7,7‘} ( [ ) q

(ur,ug, -, u,) € (E)" such that [u;|* = [uf},ud]
(t=1,2,---,nand a € [0, 1]).

Conversely, for any (up,us,---,u,) € (E)" with
[u]* = [uf,uf] ¢ = 1,2,---, nand a € [0,1]), there

n

exists a unique u € L(E™) such that [u]* = [[;_; [uf}, u$]
(o € ]0,1]).

Note 2.1. [16] Theorem 2.1 indicates that fuzzy n-cell
numbers and n-dimension fuzzy vectors can represent each
other, so L(E™) and (E)™ may be regarded as identity. If
(u1,ug, -, u,) € (E)™is the unique n-dimension fuzzy
vector determined by v € L(E™), then we denote u =
(’LL17U2, tee 7un)-

Let (Ey)" = Ex X E} x---xER, EY (1 =1,2,X,n)
is fuzzy subset of R. Then (EY%,)" C (E)™.

Definition 2.2. Let u,v € (E%)"(i =1,2,---,n)

de([u)*,[v]*) = i ([Tl TTiwd”)
i=1 i=1
= a a))2 1/2
= (D (@ (il *)?)
i=1
where d g is the Hausdorff distance.

Definition 2.3. The complete metric d, on (E%)" is
defined by

doo (u(t),v(t)) = sup de([u(?)]” [v(t)]*)

0<a<l
for any u,v € (E4)".
Definition 2.4. Let u,v € C([0,T] : (E%)")

Hi(u,v) = sup doo(u(t), v(t))
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Definition 2.5. [16] The derivative 2’ (t) of a fuzzy pro-
cess x € (EY%)™ is defined by

n
)

= [T 1) @), @5) @)
i=1
provided that equation defines a fuzzy z/(t) € (E}V)”
Definition 2.6. [16] The fuzzy integral [, z(t)dt, a,b €

[0, T is defined by

[ /b am(t)dt]a _ j

K2

[ /b " e, /b ’ 5 (1)

provided that the Lebesgue integrals on the right hand side
exist.

1

3. Existence and Uniqueness

In this section we consider the existence and uniqueness
of the fuzzy solution for the equations (1)-(3).
We define

A= (A17A27"'7An)
T = ($17x2a"'7xn)7
f: f17f27"'7f’n y

( )
=(q1,92," ", Gn);
( )

9 =191,92,""",9n
and
T = (Toy, Togs " * 5 T0,,)-
Then
Az, f, q, z0 € (EN)".

Instead of the equations(1)-(3), we consider the follow-
ing fuzzy integrodifferential equations in (E%;)".

ddﬂ:h4F@)+sz@—®x®M8

dt
it a(t), / a(t, 5, 2(s))ds) on ()"

} )

0
2(0) + g(z) = w0 € (Ey)" 8)
Ax(tr) = Ie(z(tr)), t # tr, ©)
k=1,2--,m,i=12--,n,
with fuzzy coefficient A : [0,7] — (E%)", initial value
xo € (EY)™.
Definition 3.1. The fuzzy process  : I =

[0,T] — (E%)"™ with a-level set [x(t)]* = T [z;]®

K2

7 [z$, 2] is a fuzzy solution of the equations (7)-(9)

without nonhomogeneous term if and only if

+ [ G(t— s)xf‘k(s)ds} cg k= l,r},

For the sequel, we need the following assumption:

(H1) S;(t) is a fuzzy number satisfying, fory; € (E%)",
48(tyy; € CHI = (EY)™NCU = (EY)™), the equa-
tion

d
ZSiltyi = [ By + /Gt—s

where

8)y; ds} ,

- 1_1 5] = 1_1 (5:c

S:(0) =1

P (Si0)2).

and (S,;(t)
(k=1lr)forallt € I =10,T].

[e3
) is continuous with ’(S7 @)y
k

i» c; > 0,

In order to define the solution of (7)-(9), we shall con-
sider the space

Q, = {z, :J — BEY (v € C(Jk, EY), Jk =

(tkstes1],k = 0,1,---,m, and there exist (z;)(t,
and (mz)(tx)(k = 1,2,---,m), with (z;)(t;) =
(xz)(tk)}7 1= 172a" ,

Let ' = 11", Q% Q. = Q;NC([0,T] : EY), i =
1a27' ,

Lemma 3.1. If x is an integral solution of (7)-(9) , then
T is given by

= S(t)(wo — g(x))
/ St —s)f(s,x(s), /0 q(s, 7, x(7))dr)ds
+ Y St = t)Ik(z(ty)),

0<tp<t

(10)

for te J.

Proof. Let z be a solution of (4)-(6). Define w(s) =
S(t — s)xz(s). Then we have that

dw(s)  dS(t—s)
T T T s xz(s)+ St —s)

dx(s)
ds
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:—A[ (t—s)x

/Gt—s

ds
=arwv@m@péq@ﬂmﬂMﬂ

+S(t— )2

Consider ¢, < t,k = 1,2,---,
previous equation, we have

m. Then integrating the

b dw(s)
o ds
/OS(t—s)f(s,x(s),/O q(s,T,2(7))dr)ds

Fork =1,

ds

or
z(t) = S(t)(zo — g(z))
Jr/o S(tfs)f(s,z(s),/o q(s, 7, z(7))dr)ds.
Now for k = 2, ---, m, we have that
" dw(s) b2 duw(s) ! dw(s)
:/0 S(t—s)f(s,x(s),/o q(s, 7, x(7))dr)ds.
Then
w(0) +w(ty) —w(tf) + -+ —w(ty) + w(t)
/ S(t—s)f(s,z(s), /0 q(s,7,z(7))dr)ds
if and only if
+/0 S(t—s)
xf(s,x(s),/o q(s,7,2(7))dr)ds
+ Z —w(t, )]
0<tp<t
Hence

g(@))

+ Y S =tk Iu(x(ty),

0<trp<t

28

)a(s)ds]

)(@o —
/ S(t—s)f(s,z(s), /0 q(s,7,2(7))dr)ds

no. 1, March 2011

which proves the lemma.

Assume the following:
(H2) There exists d;, k = 1,2, -+,
such that

m,t=12,---,n,

dur([B i) [Batwa5)] )
< dudy ([ (01" (D)7

where Y di, = d;

(H3) K1 = max{ku}, K2 = max{kgi}, H =
max{h;}, M = max{m;}, C = mar{c;}, D =
max{d;}.

(H4) C(H D+ <K1 n KzMg)T) <1

Theorem 3.1. Let 7' > 0. If hypotheses (H2)-(H4) are
hold. Then, for every zg € (E%)", equation (10) have a
unique fuzzy solution € .

Proof. For each z(t) € @ and ¢t € [0,
(Gz)(t) € by

(Gz)(t) = S(t)(x0 — g(x))
+ [ st=9fs.0), [ atsimatm)anas
+ ) St =t I(x(ty)), -

0<trp<t

T], define

Thus, Gz : [0,7] — 'is continuous, so G is a mapping
from € into itself. There exist G;(i = 1,2,---,n) which
is a continuous function from Q; By Definition 2.2, Def-
inition 2.3, some properties of dy and inequalities (4),(5)
and (6), we have following inequalities. For z;,y; € Q,

i ([Gulee)] " [Gitwe] )
< dir(|S:(8) o, - g:(:)
+/Ot Si(tS)fi(s,zi(s),/thi(s,T,xi(T)dT)ds}a,
[Si®) w0, — 9:(w))
/ Si(t—s fl s 4i(s), / qi(s, 7, yi(T )dT)dSr)
an([ 3 st -t hei))]

0<tp<t
[ st tnwe))])

O<tp<t

< dH([S ( )91(*%1)} a[ ( gi yz ]a

+Ath<{S(t—8flsx /O%ST‘T )r’
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n

[Si(t —8)fi (s7yi(3)’ /Ot ai(s, T, yi(T)dT):| a) < (Z (CH sup dg([:()]%, [y:()]*)

. ] 0<a<l
+dH(|:O<ztk:<tSi(t—tk)Ik(CUi(tk ))} ) +Coili£1/o (KldH([xi(s)]“7[yi(8)]“)
[qusi(t_tk)lk(yi(tl:))} ) +K2M/OsdH([$i(T)]o‘,[yi(T)]o‘)dT)ds
Czhzd Tl a, i «
SO w0 0D sup dig([a 0], 0] )
v [ (buda (1 n(9)7)

+koim; /OS dp ([zi(T)], [yi(T)]a)dT) ds Hence

+edidp ([2i(1)]), [yi (£)]%)

Hl(Ga:,Gy)
. :OiltlgTdoo(Gf(t),Gy(t))

= sup sup dg([G(x(t))}aa[G(y(t))]a)
d (G (), Gy(1)) e

< su CH sup dg([zi()]% [y ()]
= swp d([GEO)". CEO)") ‘Oéth(;< pZa O
(St o))" +C sup /0 (K (o) a()]%)

= a M [ i) (7)) ) ds
< sw (3 (cshudn (20 i O)") 2y1/2
<\ +OD sup dy ([ (1)), (1)) )

< (Z(CH sup  sup dg([x:(-)]% [vi(-)]")

oy [ di () () ) ds - osist oo d
_ 2\ 1/2 su su K, x; ()], [y (8)]¢
seididn () i (0)) ) ! o<£m<521/0( a(lsle)l®, s (o)l")
- a a KoM | dg([z;(7)]%, [y:(7)]*)dT )ds
= (,Z:;(oilrizlcihidH([mi(')] [y ()]%) N /0 Al ) 2\ 1/2
t CD su sup dg([z;(®)]%, [y:(t)]“
# s [ (Budu( (61 (o)) e alles)" 1))
- s C u up dg([z:()]%, [y ()]*
+kzimi/0 dH([:Ei(T)}O‘,[yi(T)]“)dT)ds = <§( HoithoiaI; (2O OF)
_ 2\ 1/2 C su su z;(8)]%, lyi (8)]¢
+ s cdidn (0] (0)) ) +C, 2, 2, (KT a1 b))
a< T2
n + KoM —dg ([z;(T)]%, [y: (7)]*
5(Z(oiililOHdH([wi(-ﬂ“,[yi(-)]a) g O ) 21/
- +OD g, 20 sl 1) )
+ sup C Kidu([zi(s)]?, [yi(s)]*) - B
0oary 0 ( . Y < (C(H+D+ (K1 +K2M§)T)
+KoM [ dy([zi(7)]%, [yi(7)]*)dT ) ds n 2 1/2
J, ’ ) < swp swp (3 () o))"
2\ 1/2 0<t<T 0<a<l \i—{
+ sup CDA (O] i 0])))

< (cH+D+ (K + K2M§>T)
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x swp sup de([GH)] [Gu(1)")

0<t<T 0<a<l

<(ctH+D+ (K + KzM%)T)

(Gat), cye)

X sup deo
0<t<T

< (C(H +D+ (K1 + KQM%>T) Hi(z,y).

By hypotheses (H4), ® is a contraction mapping. By the
Banach fixed point theorem, (10) has an unique fixed point
xeQ.

4. Example

Consider the two semilinear one-dimensional heat
equations on a connected domain (0,1) for a material
with memory on E% (i = 1,2), boundary condition
x;(t,0) = wx;(t,1) = 0 = 1,2) and with initial
conditions z;(0,z;) + > v_;(ck)izi(tr, z:) = o, (2i),
where xo,(z;) € E4(i = 1,2), S8 _ (cr)izi(tg, 2i) =
gi(xzi),t = 1,2. Let x;(t, z;) (i = 1,2) be the internal en-
ergy and

t
ittt [ as,as,2)ds
0
_ t
:2tmi(t,zi)2+/ (t — $)ai(s, 2)ds, i = 1,2
0
be the external heat with memory.  Aux;(tx,z;) =
z;(t, 2;) — x;(t;, , 2;) is impulsive effect at t = t,(k =

1,2, ,m,i=1,2).

Let A = (41, A2) = (25;’2;;)’

f(tate). [ tq(t,f,us))ds))

= (At [ atnfo)i
falt, (1), / w5, 23(5))ds))

:(%muﬂg%ﬁéu—smﬂ&ama

2tay(t, 20)% + /Ot(t — s)xa(s, zg)ds),

9(z) = (g1(21), g2(x2))
(Z ck)121(tk, 21),

k=1 k=1

2(0) + g(x) = (1(0) + g1 (2), 2

M's

(cr)aa(ti, 22)),
(0) + ga(@)),

30
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Zo = (ff()17$()2) = (676)»

Ax(ty) = (Awi(ty), Axa(tr)),

t%tlm ]{3:1,2,"',777,

Ti(x(tr)) (L (21 (t), I (22 (1))
= (@1(t]) —@u(ty) w2 (ty) — 22(ty))
= (n1(tf, z) —a1(ty, 21),
wa(ty; 22) — w2(ty, 22)),
and G(t — s) = (e~ (#7%) e~ (#=5)) then the balance equa-

tion becomes

da(t) _ {x @

dt

_|_/Ot G(t—s)m(s)ds} )

(L (t), / a(t, 5, 2(s))ds) on (E4)",

0
2(0) + g(x) = z0 € (E)", (12)
Ax(ty) = Ix(x(ty)), t# tr, (13)
k=1,2,---,m, i=1,2,---,n

The a-level set of fuzzy nlimbers are the following:
0]*=]a—-1,1-a] 2] [Oz-i-l 3—a]foralla€

[0, 1]. Then a-level sets of f(t,x(t fo (t,s,2(s))ds) is

[0

[70.500) [ a5, 2()a)
= [itxl(t)Q —|—/0 (t —t s)xl(s)ds]

X Pvtxg(t)Q + /0 (t— s)xg(s)ds]
= (@ @+ [ = (as)

t

(@ taalePr + [ 0= 9laa(o)"as)
= [l Drai@2 + [ = spati(s)as
—a)t(z§ 2 t —s)z% (s)ds
3= )t (02 + [ (1= s)at(s)ds]
<[o+ Detas)? + [ = s)agids

3= ), (0 + [ (6= s)a5(s)ds]

Further, we have

H([fl (t,xi(t), /Ot qi(t, s,xi(s))ds)}a,
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[f;(tvyi<t>vjﬁtQi<t’S’yi<s)>dS)}(1)

=tla+1,3—q] (dH([$i<t)]av [y (H)])
+AG—Q@WMM%M@WMQ
<tla+1,3—a] (dH([xi(t)]aa lyi(H)]*)

2
(0], ()"
< ki (O, [ (0)°)

thaida ([2:(6)]%, [y (H)]),

where k1, ko; and h; satisfy the inequality (4), (5) and (6)
respectively. Then all the conditions stated in Theorem 3.1
are satisfied, so the problem (11)-(13) has a unique fuzzy
solution.
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