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Abstract

Atanassov [1,2] and Szmidt and Kacprzyk[7,8] studied various methods for measuring distances between intuitionistic
fuzzy sets. In this paper, we consider interval-valued intuitionistic fuzzy sets and discuss these methods for measuring

distances between interval-valued intuitionistic fuzzy sets.
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1. Introduction

The theory of fuzzy sets introduced by Zadeh(1965) has
been researched in many new approaches and theories, for
examples, intuitionistic fuzzy sets, vague groups, interval-
valued fuzzy sets, Type-2 fuzzy sets, and interval-valued
intuitionistic fuzzy sets(see [1-9]).

Atanassov[1,2] and Szmidt and Kacprzyk[7,8] sug-
gested some methods for measuring distances between in-
tuitionistic fuzzy sets that are generalizations of the well
known Hamming distance, the Euclidean distance and their
normalized counterparts.

Grzegorzewski[3] investigated new methods for measur-
ing distances between intuitionistic fuzzy sets and the pro-
posed new distances are straight forward generations of
the well known Hamming distance, Euclidean distance and
their normalized counterparts.

In this paper, we define interval-valued intuitionistic
fuzzy sets and discuss these methods(cf. [3,7,8]) for
measuring distances between interval-valued intuitionistic
fuzzy sets which are different new methods defined by
Grzegorzewski[3].

2. Interval-Valued Intuitionistic Fuzzy Sets

Let X denote a universe of discourse. Then a fuzzy set
Ain X is defined as a set of ordered pairs

A={(z,ma(x)) |z e X}
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where m4 : X — [0, 1] is the membership function of A
and m 4 () is the grade of belong of x into A.

Let I = [0,1] and [I] = {@a = [a",at] | a= <
at and a~,at € I} be the set of all closed subinter-
vals of I. Then according to Zadeh’s extension principle
[19], we can popularize these operations such as the maxi-
mum V and the minimum A. @V b= [a~ Vb~ ,a" Vv b']
and aAb=[a" Ab~,a" Ab*] and also [I] has a min-
imal element 0 = [0, 0] and a maximal element 1 = [1,1].
Furthermore, let @ = [a~,a*] and b = [b~,b7], then we
have

An intuitionistic fuzzy set A in X is given by a set of
ordered triples

A= {(z,pa(z),va(z)) | v € X}

where p4,v4 : X — I are functions such that

0<pa+rva<l VeeX

For each © € X, the numbers p4(x) and v4(x) repre-
sent the degree of membership and degree of nonmember-
ship of the element x € X to A C X, respectively. For
each element © € X, the intuitionistic fuzzy index of x in
A defined as follows

ma(®) =1 - pa(z) —va(z)

Now, we define an interval-valued intuitionistic fuzzy set
A =[A",A%]in X is given by a set of ordered triples

pa=1{(z,pa,v3) |z € X}
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where 1z = 14—, pat) v = [va-,vas]:X = [I) are
interval-valued functions such that

For each z the interval-valued numbers pu;(z) and
v 5(x) represent the interval-valued degree of membership
and the interval-valued degree of nonmembership of the el-
ementx € X to A C X, respectively.

We will denote a family of intuitionistic fuzzy sets in X
by IFS(X), while IIFS(X) stands for the family of all
interval-valued intuitionistic fuzzy sets in X.

For each element x € X, we can define the interval-
valued intuitionistic fuzzy index of z in A defined as fol-
lows

ma(@) =1—pa(z) —vale).
Then we obtain some basic properties of the interval-valued

intuitionistic fuzzy sets and the interval-valued intuitionis-
tic fuzzy index.

Theorem 2.1. (1) If A = [A~, A*] is an interval-valued
intuitionistic fuzzy set, then A~ and AT are intuition-
istic fuzzy sets.

(2) If 75 = [m1, o] is the interval-valued intuitionistic
fuzzy index of z in A = [A~, A*], then 7, and 75 are
intuitionistic fuzzy index of x in A* and A™, respec-
tively.

Proof. (1) If A = [A~, A*] is an interval-valued intu-
itionistic fuzzy set, pa-,ua+ : X — I are the degree
of membership of A~ and A", and vy, v+ : X — 1
are the degree of nonmembership of A~ and A*. Since
0<pz+vz<Tland

A+ VA= [Ha- + VA, prat +Vat],
we have
0<pa-+va- <1

and
0<pg++rvar <L

Thus, A~ and AT are intuitionistic fuzzy sets.
(2) Let m = [m1, o] be the interval-valued intuitionistic
fuzzy index of z in A = [A~, AT]. Then for each z € X,

mi(z) =1 —pa+ —va+

and
7T2(.’L') =1- Ha- —Vpa—.

Thus, 7; and 7 are intuitionistic fuzzy indexes of z in A
and A~, respectively. O

3. Measuring Distance between
Interval-Valued Intuitionistic Fuzzy Sets

In this section, we want to express numerically the dif-
ference between two objects by means of a distance be-
tween corresponding interval-valued intuitionistic fuzzy
sets which are generalized intuitionistic fuzzy sets.

At first, we define the interval-valued Hamming dis-
tance, the interval-valued normalized Hamming distance,
the interval-valued Euclidean distance and the interval-
valued normalized Euclidean distance between interval-
valued intuitionistic fuzzy sets as followings:

Definition 3.1. Let X = {x1,zo,..
of discourse under study.

., X} be the universe

(1) An interval-valued mapping D, ITFS(X) x
ITFS(X) — [I] is called an interval-valued Ham-
ming distance if for A = [A~, AT], B=[B~,B"] €
ITFS(X)

Dl(/_l,B) = [dl(A_,B_)/\dl(A+,B+),
dl(A_7B_) le(A+,B+)]

where
di(C,D) = 53 {lpc(i) — pp (i)l

+lve(xi) —vp (@)}

is the Hamming distance of intuitionistic fuzzy sets C'
and D defined by Atanassov[2].

(2) An interval-valued mapping Do ITFS(X) x
ITFS(X) — [I] is called an the interval-valued nor-
malized Hamming distance if for A = [A~, A*], B =
[B~,BT| € IIFS(X),

DQ(/_LB) = [dQ(A_,B_)/\dQ(A+,B+)7

do(A~,B7) Vda(A*T, BT)]
where

dy(C, D) = 52 30 {lpo (i) — pp ()|
+lve(xi) —vp (@)}

is the normalized Hamming distance of intuitionistic
fuzzy sets C and D defined by Atanassov([2].

(3) An interval-valued mapping Dsj ITFS(X) x
IIFS(X) — [I] is called an interval-valued Eu-
clidean distance if for A = [A7,AT],B =
[B~,BT| € ITFS(X),

D3(A,B) = [d3(A~,B~) Ads(A*, BY),
d3(AivBi) v d3(A+aB+)]
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where

d3(C,D) = (330 {(uc(a:) — pp(x))’
+(lve (z:) — vp(:)])*}

is the Euclidean distance of intuitionistic fuzzy sets C'
and D defined by Atanassov[2].

(4) An interval-valued mapping Dy ITFS(X) x
ITFS(X) — [I] is called an interval-valued normal-
ized Euclidean distance if for A = [A~, AT],B =
[B~,B*] € ITFS(X),

D4(A,B) = [d4(A77B7) /\d4(14+,B+)7
dy(A=,B7) Vdy(AT, BT)]
where
di(C,D) = (5 Limi{(ne (@) — pp (1)

+(lve (i) — vo(e)])?})

is the normalized Euclidean distance of intuitionistic
fuzzy sets C and D defined by Atanassov[2].

Now, we will define some other interval-valued distance
which proposed to take into account the three parameter
characterization of intuitionistic fuzzy sets: the interval-
valued degree of membership, the interval-valued degree
of the interval-valued degree of nonmembership and the
interval-valued intuitionistic fuzzy index.

Definition 3.2. Let X = {1, 22, -
of discourse under study.

-, Ty} be the universe

(1) An interval-valued mapping D ITFS(X) x
IIFS(X) — [I] is called the Himming distance if
forA=[A",A"],B=[B~,B"| € IIFS(X),

Dll(Av‘B) = [dll(A_’B_) /\d/l(A+7B+)7
dy (A=, B7) Vdi(A*,BT)]
where
di(C, D) = 5331 {lpe(x:) — pp ()]
+ve(z:) — vp (i)
+re(z:) — mp(z:)|}

is the Hamming distance of intuitionistic fuzzy sets C'
and D defined by Szmidit and Kacprzyk[7,8].

(2) An interval-valued mapping D) ITFS(X) x
ITFS(X) — [I] is called the normalized Hamming
distance if for A = [A=,A*],B = [B~,B*] €
ITFS(X),

Dy(A,B) = [dy(A™, B7) Ndy(AT, BY),
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where

dy(C,D) = 5.3 {luc(@:) — ()]
+lvo(zi) —vp(ai)|
+lmo(z:) — mp(xi)|}
is the normalized Hamming distance of intuition-

istic fuzzy sets C' and D defined by Szmidit and
Kacprzyk[7,8].

(3) An interval-valued mapping D} IIFS(X) x
ITFS(X) — [I] is called the Euclidean distance if
for A=[A~,A*],B = [B~,B*] € ITFS(X),

D4y(A,B) = [dy(A~, B™) Ady(AT, BT),
ds(A~—,B7) vdg(A+,B+)]
where
dy(C.D) = (450 {(uc(x:) — ppla:)
+(lve (@) — vp(z:)])”
+(re(s) — mp(x:)])*})?

is the Euclidean distance of intuitionistic fuzzy sets C'
and D defined by Szmidit and Kacprzyk[7,8].

(4) An interval-valued mapping D) ITFS(X) x
ITFS(X) — [I] is called the normalized Euclidean

distance if for A = [A=,A*],B = [B~,B"] €
[IFS(X),
DY(AB) = [dy(A=, B-) Ady(A*, B*)
dy(A™,B7) v dj(AT,BT)]
where
n 2
d)(C,D) = (g; X {(ne (@) — pp(a:))

+(lve(z:) —vp(ai)])’
+(Ime (@) —mp(@)]) )

is the normalized Euclidean distance of intuition-
istic fuzzy sets C' and D defined by Szmidit and
Kacprzyk[7,8].

Theorem 3.3. Let X be a finite universe of discourse
and [RT] the class of all closed intervals of [0,00].
Then the above interval-valued distances D, Dy, D3, Dy :
IIFS(X) x IIFS(X) — [R*] are all metrics.

Proof. We will give the proof only for D;. Let A, B €
ITFS(X)and X = {x1,x2,...,z,}. Clearly, we have

Di(4,B) < 0.
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If A, B,then A~ = B~ and AT = BT. Thus
di(A=,B7)=0
and
di (AT, BT) =0.
Then we have D; (A, B) = 0. Conversely, If D (A, B) =
0, then we get
dl(A_, B_) AN Cil(z4-"_7 B+) = 0
and
di(A=,B7)Vvd (AT, BT) =0.

Thus di(A~,B~) = 0 and di(A", B") = 0. Then we
have A~ = B~ and At = B, thatis, A = B. Since d;
has the symmetry properties

di(A7,B7)=di(B7,A7)
and
dl(A+,B+) = dl(B+,A+),
we get
Di(A, B) = Di(B, A).

Finally, we have to prove the triangle inequality. Let
A,B,C € IIFS(X). Since d; satisfies the triangle in-
equality, we obtain the following inequalities:

di(A=,C) < dy(A™,B7) +di(B~,C")
and
dl(A+,C+) < dl(A+,B+) + dl(B+,O+).
Thus, if dy (A=, C7) < di (AT, C™T), then,
Dl(A,é) = [dl(Ai,Ci),dl(A+,C+)]
< [dl(AiaBi)+d1(Bivci)a
di(AT,BT) +dy(B*,CT)]
= Dy(A, B) + Dy(B,C).
and if dy(A~,C7) > di(AT,C™T), then,
Dl(lea C) = [dl(AJr?OJr)adl(AiaCi)]
S [dl(A+7B+) +d1(B+,C+),
dl(A_,B_>+d1(B_7O_)}
= Dl(A73)+D1(B7C’)

O

Similarly, we have the following theorem without the
proof of theorem.

Theorem 3.4. Let X be a finite universe of discourse.
Then the above interval-valued distances D, D5, Dj, D} :
ITFS(X) x ITFS(X) — [RT] are all metrics.
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