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Abstract

Atanassov [1,2] and Szmidt and Kacprzyk[7,8] studied various methods for measuring distances between intuitionistic

fuzzy sets. In this paper, we consider interval-valued intuitionistic fuzzy sets and discuss these methods for measuring

distances between interval-valued intuitionistic fuzzy sets.
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1. Introduction

The theory of fuzzy sets introduced by Zadeh(1965) has

been researched in many new approaches and theories, for

examples, intuitionistic fuzzy sets, vague groups, interval-

valued fuzzy sets, Type-2 fuzzy sets, and interval-valued

intuitionistic fuzzy sets(see [1-9]).

Atanassov[1,2] and Szmidt and Kacprzyk[7,8] sug-

gested some methods for measuring distances between in-

tuitionistic fuzzy sets that are generalizations of the well

known Hamming distance, the Euclidean distance and their

normalized counterparts.

Grzegorzewski[3] investigated new methods for measur-

ing distances between intuitionistic fuzzy sets and the pro-

posed new distances are straight forward generations of

the well known Hamming distance, Euclidean distance and

their normalized counterparts.

In this paper, we define interval-valued intuitionistic

fuzzy sets and discuss these methods(cf. [3,7,8]) for

measuring distances between interval-valued intuitionistic

fuzzy sets which are different new methods defined by

Grzegorzewski[3].

2. Interval-Valued Intuitionistic Fuzzy Sets

Let X denote a universe of discourse. Then a fuzzy set

A in X is defined as a set of ordered pairs

A = {(x,mA(x)) | x ∈ X}

where mA : X [0, 1] is the membership function of A→
and mA(x) is the grade of belong of x into A.

+
Let I = [0,

+
1] and [I] = {ā = [a−, a+] | a− ≤

a and a−, a ∈ I} be the set of all closed subinter-

vals of I . Then according to Zadeh’s extension principle

[19], we can popularize these operations such as the maxi-
+mum ∨ and the minimum ∧. ā ∨ b̄ = [a− ∨ b−, a ∨ b+]

+and ā ∧ b̄ = [a− ∧ b−, a ∧ b+] and also [I] has a min-

imal element 0̄ [0, 0] and a maximal element ¯= 1 = [1, 1].
Furthermore, let ā = [a−, a+] and b̄ = [b−, b+], then we

have

ā = b̄ a− = b−and a+ = b+,⇔
ā ≤ b̄ ⇔ a− ≤ b−and a+ ≤ b+, and

a <¯ b̄ ⇔ ā ≤ b̄ and ā �= b̄.

An intuitionistic fuzzy set A in X is given by a set of

ordered triples

A = {(x, μA(x), νA(x)) | x ∈ X}
where μA, νA : X I are functions such that→

0 ≤ μA + νA ≤ 1, ∀x ∈ X

.

For each x ∈ X , the numbers μA(x) and νA(x) repre-

sent the degree of membership and degree of nonmember-

ship of the element x ∈ X to A ⊂ X , respectively. For

each element x ∈ X , the intuitionistic fuzzy index of x in

A defined as follows

πA(x) = 1− μA(x)− νA(x)

Now, we define an interval-valued intuitionistic fuzzy set

Ā = [A−, A+] in X is given by a set of ordered triples

μĀ = {(x, μĀ, νĀ) | x ∈ X}Manuscript received Jan. 21, 2011; revised Feb. 23, 2011;
Accepted Feb. 24, 2011.



where μĀ = [μA− , μA+ ], νĀ = [νA− , νA+ ]:X [I] are→
interval-valued functions such that

0̄ ≤ μĀ + νĀ ≤ 1̄, ∀x ∈ X.

For each x the interval-valued numbers μĀ(x) and

νĀ(x) represent the interval-valued degree of membership

and the interval-valued degree of nonmembership of the el-

ement x ∈ X to Ā ⊂ X , respectively.

We will denote a family of intuitionistic fuzzy sets in X
by IFS(X), while IIFS(X) stands for the family of all

interval-valued intuitionistic fuzzy sets in X .

For each element x ∈ X , we can define the interval-

valued intuitionistic fuzzy index of x in Ā defined as fol-

lows

πĀ(x) = 1̄− μĀ(x)− νĀ(x).

Then we obtain some basic properties of the interval-valued

intuitionistic fuzzy sets and the interval-valued intuitionis-

tic fuzzy index.

Theorem 2.1. (1) If Ā = [A−, A+] is an interval-valued

intuitionistic fuzzy set, then A− and A+ are intuition-

istic fuzzy sets.

(2) If πĀ = [π1, π2] is the interval-valued intuitionistic

fuzzy index of x in Ā = [A−, A+], then π1 and π2 are

intuitionistic fuzzy index of x in A+ and A−, respec-

tively.

Proof. (1) If Ā = [A−, A+] is an interval-valued intu-

itionistic fuzzy set, μA− , μA+ : X I are the degree→
of membership of A− and A+, and νA− , νA+ : X I→
are the degree of nonmembership of A− and A+. Since

0̄ ≤ μĀ + νĀ ≤ 1̄ and

μĀ + νĀ = [μA− + νA− , μA+ + νA+ ],

we have

0 ≤ μA− + νA− ≤ 1

and

0 ≤ μA+ + νA+ ≤ 1.

Thus, A− and A+ are intuitionistic fuzzy sets.

(2) Let π = [π1, π2] be the interval-valued intuitionistic

fuzzy index of x in Ā = [A−, A+]. Then for each x ∈ X ,

π1(x) = 1− μA+ − νA+

and

π2(x) = 1− μA− − νA− .

Thus, π1 and π2 are intuitionistic fuzzy indexes of x in A+

and A−, respectively.

3. Measuring Distance between
Interval-Valued Intuitionistic Fuzzy Sets

In this section, we want to express numerically the dif-

ference between two objects by means of a distance be-

tween corresponding interval-valued intuitionistic fuzzy

sets which are generalized intuitionistic fuzzy sets.

At first, we define the interval-valued Hamming dis-

tance, the interval-valued normalized Hamming distance,

the interval-valued Euclidean distance and the interval-

valued normalized Euclidean distance between interval-

valued intuitionistic fuzzy sets as followings:

Definition 3.1. Let X = {x1, x2, . . . , xn} be the universe

of discourse under study.

(1) An interval-valued mapping D1 : IIFS(X) ×
IIFS(X) [I] is called an interval-valued Ham-→

¯ ¯ming distance if for A = [A−, A+], B = [B−, B+] ∈
IIFS(X)

D1(Ā, B̄) = [d1(A
−, B−) ∧ d1(A

+, B+),

d1(A
−, B−) ∨ d1(A

+, B+)]

where

∑
d1(C,D) = 1

2
n
i=1{|μC(xi)− μD(xi)|

+|νC(xi)− νD(xi)|}

is the Hamming distance of intuitionistic fuzzy sets C
and D defined by Atanassov[2].

(2) An interval-valued mapping D2 : IIFS(X) ×
IIFS(X) [I] is called an the interval-valued nor-→

¯ ¯malized Hamming distance if for A = [A−, A+], B =
[B−, B+] ∈ IIFS(X),

D2(A,¯ B̄) = [d2(A
−, B−) ∧ d2(A

+, B+),

d2(A
−, B−) ∨ d2(A

+, B+)]

where

∑
d2(C,D) = 2

1
n

n
i=1{|μC(xi)− μD(xi)|

+|νC(xi)− νD(xi)|}

is the normalized Hamming distance of intuitionistic

fuzzy sets C and D defined by Atanassov[2].

(3) An interval-valued mapping D3 : IIFS(X) ×
IIFS(X) [I] is called an interval-valued Eu-→

¯ ¯clidean distance if for A = [A−, A+], B =
[B−, B+] ∈ IIFS(X),

D3(A,¯ B̄) = [d3(A
−, B−) ∧ d3(A

+, B+),

d3(A
−, B−) ∨ d3(A

+, B+)]



where

n
d3(C,D) =

(
1
∑

(
i=1{

(
μC(xi)− μD

)
(
2

xi)
)2

2

+ |νC(xi)− νD(xi)| }
is the Euclidean distance of intuitionistic fuzzy sets C
and D defined by Atanassov[2].

(4) An interval-valued mapping D4 : IIFS(X) ×
IIFS(X) [I] is called an interval-valued normal-→
ized Euclidean distance if for Ā = [A−, A+], B̄ =
[B−, B+] ∈ IIFS(X),

D4(A,¯ B̄) = [d4(A
−, B−) ∧ d4(A

+, B+),

d4(A
−, B−) ∨ d4(A

+, B+)]

where

d4(C,D) =
(
2
1
n

∑
i
n
=1{

(
μC(xi)− μD(xi)

)2

( )2 )
+ |νC(xi)− νD(xi)| }

is the normalized Euclidean distance of intuitionistic

where

∑
d′2(C,D) = 2

1
n

n
i=1{|μC(xi)− μD(xi)|

+|νC(xi)− νD(xi)|
+|πC(xi)− πD(xi)|}

is the normalized Hamming distance of intuition-

istic fuzzy sets C and D defined by Szmidit and

Kacprzyk[7,8].

(3) An interval-valued mapping D3
′ : IIFS(X) ×

IIFS(X) [I] is called the Euclidean distance if

for Ā = [A−
→
, A+], B̄ = [B−, B+] ∈ IIFS(X),

D3
′ ( ¯ B) = 3(A

−, B−) ∧ d′3(A
+, B+),A, ¯ [d′

d′3(A
−, B−) ∨ d′3(A

+, B+)]

where

d′3(C,D) =
(
1
∑

(
i
n
=1{

(
μC(xi)− μD(

)
x
2

i)
)2

2

+ |νC(xi)− νD(xi)|
)2 )}

1
2|πC(xi)− πD(xi)|fuzzy sets C and D defined by Atanassov[2]. (

+
Now, we will define some other interval-valued distance

is the Euclidean distance of intuitionistic fuzzy sets C

|

which proposed to take into account the three parameter

characterization of intuitionistic fuzzy sets: the interval-

valued degree of membership, the interval-valued degree

of the interval-valued degree of nonmembership and the

interval-valued intuitionistic fuzzy index.

Definition 3.2. Let X = {x1, x2, , xn} be the universe· · ·
of discourse under study.

(1) An interval-valued mapping D′ : IIFS(X) ×1

IIFS(X) [I] is called the Hamming distance if

for Ā = [A−
→
, A+], B̄ = [B−, B+] ∈ IIFS(X),

D1
′ ( ¯ B) = 1(A

−, B−) ∧ d′1(A
+, B+),A, ¯ [d′

d′1(A
−, B−) ∨ d′1(A

+, B+)]

where

∑
d′1(C,D) = 1

2 i
n
=1{|μC(xi)− μD(xi)

and D defined by Szmidit and Kacprzyk[7,8].

(4) An interval-valued mapping D′ : IIFS(X) ×4

IIFS(X) [I] is called the normalized Euclidean→
¯ ¯distance if for A = [A−, A+], B = [B−, B+] ∈

IIFS(X),

D4
′ ( ¯ B) = 4(A

−, B−) ∧ d′4(A
+, B+),A, ¯ [d′

d′4(A
−, B−) ∨ d′4(A

+, B+)]

where

1 n
d′4(C,D) =

(
2n

∑
i=1{

(
μC(xi)− μD

)
(
2

xi)
)2

νC(xi)− νD(xi)|
(

(
+ |

is the normalized Euclidean

)2 )}

of intuition-

1
2πC(xi)− πD(xi)+ | |

distance

istic fuzzy sets C and D defined by Szmidit and+|νC(xi)− νD(xi)|
Kacprzyk[7,8].+|πC(xi)− πD(xi)|}

is the Hamming distance of intuitionistic fuzzy sets C
and D defined by Szmidit and Kacprzyk[7,8].

(2) An interval-valued mapping D′ : IIFS(X) ×2

IIFS(X) [I] is called the normalized Hamming→
¯ ¯distance if for A = [A−, A+], B = [B−, B+] ∈

IIFS(X),

D2
′ ( ¯ B) = [d′ 2(A

+, B+),A, ¯ 2(A
−, B−) ∧ d′

d′2(A
−, B−) ∨ d′2(A

+, B+)]

Theorem 3.3. Let X be a finite universe of discourse

and [R+] the class of all closed intervals of [0,∞].
Then the above interval-valued distances D1, D2, D3, D4 :
IIFS(X)× IIFS(X) → [R+] are all metrics.

¯Proof. We will give the proof only for D1. Let A, B̄ ∈
IIFS(X) and X = {x1, x2, . . . , xn}. Clearly, we have

D1( ¯ B) ≤ 0̄.A, ¯



If ¯ B, then A− = B+. ThusA, ¯ = B− and A+

d1(A
−, B−) = 0

and

d1(A
+, B+) = 0.

Then we have D1( ¯ B) = 0. Conversely, If D1( ¯ B) =A, ¯ A, ¯

0, then we get

d1(A
−, B−) ∧ d1(A

+, B+) = 0

and

d1(A
−, B−) ∨ d1(A

+, B+) = 0.

Thus d1(A
−, B−) = 0 and d1(A

+, B+) = 0. Then we

have A− = B− and A+ = B+, that is, Ā = B̄. Since d1
has the symmetry properties

d1(A
−, B−) = d1(B

−, A−)

and

d1(A
+, B+) = d1(B

+, A+),

we get

D1( ¯ B) = D1( ¯ Ā).A, ¯ B,

Finally, we have to prove the triangle inequality. Let

A,¯ B,¯ C̄ ∈ IIFS(X). Since d1 satisfies the triangle in-

equality, we obtain the following inequalities:

d1(A
−, C−) ≤ d1(A

−, B−) + d1(B
−, C−)

and

d1(A
+, C+) ≤ d1(A

+, B+) + d1(B
+, C+).

Thus, if d1(A
−, C−) ≤ d1(A

+, C+), then,

D1(A,¯ C̄) = [d1(A
−, C−), d1(A+, C+)]

≤ [d1(A
−, B−) + d1(B

−, C−),
d1(A

+, B+) + d1(B
+, C+)]

= D1( ¯ B) +D1( ¯ C).A, ¯ B, ¯

and if d1(A
−, C−) > d1(A

+, C+), then,

D1(A,¯ C̄) = [d1(A
+, C+), d1(A

−, C−)]
≤ [d1(A

+, B+) + d1(B
+, C+),

d1(A
−, B−) + d1(B

−, C−)]
= D1( ¯ B) +D1( ¯ C).A, ¯ B, ¯

Similarly, we have the following theorem without the

proof of theorem.

Theorem 3.4. Let X be a finite universe of discourse.

Then the above interval-valued distances D1
′ , D2

′ , D3
′ , D4

′ :
IIFS(X)× IIFS(X) → [R+] are all metrics.
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