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Abstract

We furnished some properties of fuzzy testing of independence for correlation in a bivariate normal distribution by
agreement index. First we present some restriction of the fuzzy data, define fuzzy sample correlation coefficient and
agreement index for testing hypothesis with acceptance or rejection degree. Also, we show that UMP unbiased fuzzy

test and drawing conclusions the fuzzy test.

Key Words

1. Introduction

We propose some properties of fuzzy testing of in—
dependence in a bivariate normal distribution by agree—
ment index obtained from the fuzzy random samples.
The negation of the assertion is taken to be fuzzy null
hypothesis Hy, and the assertion itself is taken to be
the fuzzy alternative hypothesis H, ([11,[6]).

Kang, Lee and Han[2] defined membership function
of fuzzy hypotheses, also they found the agreement in—
dex by area ratio for fuzzy hypotheses membership
function with regard to membership function of fuzzy
critical region, thus they obtained the results by the
grade for judgement to acceptance or rejection for the
fuzzy hypotheses with vague data.

Kang and Seol4] suggested various type of agree—
ment index of fuzzy hypotheses regard to fuzzy critical
region.

First we define the restriction of fuzzy data and fuz-
7y statistics for repeatedly observed data with alteration
error terms. In chapter 3, we introduce some properties
of fuzzy sample correlation coefficient with fuzzy data
from the bivariate normal distribution.

The various type of fuzzy hypotheses regard to fuz-

H=X 20104 102 14
ZAX - 2011 11E 20

vague data, degree of acceptance and rejection, fuzzy hypotheses testing, agreement index.

zy critical region for agreement index was shown in
chapter 4.

Finally, we have joint fuzzy bivariate normal proba-—
bility density function and illustrate independence of the
bivariate normal distribution by uniformly most power—
ful unbiased fuzzy test from fuzzy correlation
coefficient.

2. Preliminaries

A fuzzy number data A4 in the real line R is a fuzzy
set of characterized by a membership function m, as

m,: R—10,1]. A fuzzy number data A is expressed

as A= / m,(2)/z, with understanding that
TER

m A(x)E [0, 1] represents the grade of membership of
x in A.

A fuzzy number A in R is said to be convex if for
any real numbers x,y,2ER  with
m,(y) =2 m,(z)Am  (z) with A standing for min.

TE=Y=S 2,

A fuzzy number A is called normal if

max, m,(z) =1.

A d-level set of a fuzzy number data A is  denote
by [4° and define the fuzzy number by
[4) = {zlmy(z) =6,0<86<1} where 0 is precision

of data 4. Also, d-level set of a fuzzy number A is a
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convex fuzzy set which is a closed , bounded interval
and denote by [4]° =[A4], A7

Let A and B be fuzzy number data in R and let ®
be a binary operation defined in £Z. Then the operation
® can be extended to the fuzzy numbers 4 and B by
defining the relation(the extension principle) as

A@B=f ma(e) Amp))/ (@ = ). @D

Let random sample X,X,,---,.X be convex fuzzy

number with membership function m X Moy My,

respectively. Then the fuzzy sample mean X is defined
by (2.1) and denoted by

B

ni=

XOX® - BX,). (2.2)

Also, X is a convex fuzzy number. By the Zadeh's
extension principle, we obtain the membership function
of fuzzy sample mean as follows :

m}: mZ:%ElL‘Xl(z)

1 z
= ;(XWBXQ%B - BX,)

_ sup .
z=x,txy+ -tz mm{le(x]),
’ITLXQ(:EQ),"', mX“(a:n)}. (2.3)

Let [4,]' =[A], A}]. then, for §&(0,1], the &-level

7 r

sets of fuzzy sample mean is

3. Fuzzy sample correlation coefficient

We study some properties of fuzzy sample correlation
coefficient with fuzzy data.

Let X and Y be two fuzzy random variables,
(X,%), (X, Y,), -, (X,Y,) be their random sample,
X, and Y, for i=1,--

Let X and Y be fuzzy sample means of X and Y;

7 3

,n, be convex fuzzy numbers.

for ¢=1,---,n, and X and Y be convex fuzzy
numbers. Then we define fuzzy sample correlation co-
efficient by the same methods of the fuzzy sample
mean as follows;

Y{lxex)e(rer)}
L — (3.1

Also, Ryy is a convex fuzzy number.

Let X; and Y}, for i=1,---,n, be convex fuzzy num-

bers, then we define sufficient statistics as

= (/Yv@})@( }/z',@?)}: Sy

2”] (Xi@j()Q =Syx

n—1:=
n

V(ve7) =5,,.32)

n—1/=5
Let (X)) =[x), x0], (v =[v), 7],
X =[x, X, [V =[y}, v
then, for i=1,---,n, we obtain the J-level sets of

fuzzy sample correlation coefficient as follows ;

SXY

4. Acceptance or rejection degree

Let X be a random variable by fuzzy random sample
from sample space {2, and {PQ, e Q} be a family of
fuzzy probability distribution, where 6 is a parameter
vector of f2.

Choose a membership function m y(z) whose value
is likely to best reflect the plausibility of the fuzzy hy-
pothesis being tested.

Let us consider membership function m(z) of crit-

ical region C, which we will call the agreement index
of m(x) which regard to m .(z)([3],[5]).

Definition 4.1. Let a fuzzy membership function
my(z), zER, we consider another membership func-

tion m(z), vER, which call the agreement index by
the area ratio being defined in the following way;

area(m y(z) Nm(x))

area(mc(x))

AGI(X,C) = e[,1]. “1

Definition 4.2. We define the grade membership func-
tion of rejection or acceptance degree by agreement in-—
dex for real-valued function R; by d—level on 2 as

(my (6) Nme (8))
}, (4.2)

area
SR(;(O) = SUDH{ area (mco(9))



R, (1) =1—R,(0) (4.3)

for the fuzzy hypothesis testing.
In agreement index, we have the area by d—level as:

area(m (z) Nm () =/:1(C';1(6) —Xfl((S))dé

area mq(9)=\/‘1(07.71(5),

0y

coo))ds  (4.4)

where C,, C, are right and left side line of m(z), X,
is left side line of m(x) and &, is reliable degree
and ¢, is meeting point of m(z) and my(z).

Definition 4.3. We have acceptance region and re—
jection region for the fuzzy critical region m, as Fig

4.1.

acceptance

) rejection
region

Fig 4.1 Acceptance and rejection region

For various kinds of my, we can reject the hypoth-
eses by Definition 4.2 as [Fig 4.2].
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Fig 4.2 Various type of m, by my

For example, in [Fig 42]-(a) and [Fig 4.2]-(f), we
can clearly reject the hypothesis as degree R;(0) =0

and R;(0)=1.
For [Fig 4.2]-(b), (c), we have
_ area(Sl) 1

for left hand side area of center of fuzzy critical region
me by fuzzy the statistics my.

In case of Fig 4.2 (d), we nave

area(S,) 1
R,(0) = A T

arca(s)) 0.5 (4.6)

it’s maintain an uncertain attitude for decision the
hypotheses.
Also, we have
area(Sl) 1 area(53)

R;(0) = X —+ X

area(S1 )2 aTea(SZ) 47)

N | =

in [Fig 4.2] (e).

5. Fuzzy bivariate normal distribution

Let (X,,Y;), - ,(X,Y,) are fuzzy random sample

from a bivariate normal probability distribution then
we have joint fuzzy bivariate normal probability density
function as
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(5.1)

Here (p,0%) and (p,0)) are the fuzzy mean and
fuzzy variance of fuzzy random variable X and Y re-
spectively, and p is the fuzzy population correlation co—
efficient between X and Y of the bivariate normal
probability distribution.

We shall consider a fuzzy hypothesis p=0 that X
and Y are independent, and the corresponding one-sid-
ed fuzzy hypothesis p < 0.

The fuzzy exponential form and the sufficient sta-
tistics of the family of densities (5.1) are

T,= XY, T,=SX} T,=3V?,

T,=XX, T,=XY, (5.2)
and
p 1 1
by=—F— 0 = =
0 U;[Uy(l—pz) ! 203(1—/)2) ’ 205(1—/)2)
1 Hy  HyP 1 I HaP
Oy=——| 5| =——| % — (5.3)
1- 14 U,l‘ UTU?/ 1- 14 O‘y Jmo-y

The fuzzy hypothesis Hj:p <0 is equivalent to
6, < 0. Since the fuzzy sample correlation coefficient of
(3.1 is

L(X-X)(Y,~Y)

]

T /Ex-xn(y -y

K3

Thus R is unchanged when the X; and Y, are re-

placed by (X;—p,)/o, and (Y;—p,)/0, , the dis-
tribution of & does not depend on g, Hy, ©

. or o,

but only on p . For §, =0 it therefore does not depend
on 9,9, R is independent of (7}, ---, 7,) when
6, = 0. It follow from the UMP(uniformly most power-
ful) unbiased fuzzy test of Hy, rejects when

R> C, (5.4)

or equivalently when

R
(1-Rr%)/(n—2)

where () and K are any constants.

> K, (55)

The fuzzy statistic R is linear in 7, and its dis—
tribution for p=0 of symmetric about 0. The UMP
unbiased fuzzy test of the fuzzy hypothesis p=0
against the alternatives not p is 0, therefore rejects
when

|R |
(1-R?*/(n—2)

for any constant A.

> K (5.6

6. lllustration

Since vn—2 R/vV1—R? has the t—distribution
with n—2 degree of freedom when p =0, the constants
K, and K in the above fuzzy tests are given by

/Ootn,Q(x) dr = a, /Ootn,Q(x) d.%‘:%. 6.1)
] X

0 1

Since the distribution R depends only on the fuzzy
correlation coefficient p, the same is true of the power
of these fuzzy tests.

From a bivariate normal probability distribution, if
we have artificial random fuzzy number sample data as;

X Y
[1.95, 2, 2.05] [3.95, 4, 4.05]
[2.65, 3, 3.35] [7.65, 8, 8.35]
[3.85, 4, 4.15] [5.85, 6, 6.15]
[4.95, 5, 5.00] [6.95, 7, 7.05]
[5.75, 6, 6.25] [9.75, 10, 10.25]

then R=10.730, 0.778,0.830] by (3.1) and
R
(1-RrY/(n—2)
For Hy, :p >0, if we have fuzzy significance level o
=[0.075, 0.100, 0.125] then K,=[2.113, 2.353, 2.680] from
(5.7) by t—distribution. So, [1.848, 2.144, 2.537] > Kj is
the case of [Fig 4.2]-(c).
Finally, we have rejection degree R;(0)=0.138 by
(4.2).
For Hy,:p=0, if we have another artificial random

=[1.848, 2.144, 2.537].

fuzzy number sample data as;

X Y
[1.9, 2, 2.1] [5.9, 6, 6.1]
[3.8, 4, 4.2] (8.8, 9, 9.2]
[5.2, 6, 6.8] [7.2, 8, 88]
[7.2, 8, 88] [9.2, 10, 10.8]
[9.1, 10, 10.9] [10.1, 11, 11.9]

IR |
(1-Rr%)/(n—2)
K, =1[2.680, 3.182, 4.176] by (5.7).

Since [2.80, 3.667, 4.600] > K, is the case of [Fig
4.2]-(e), we have R;(0) =0.877 by (4.2).

then =[2.80, 3.667, 4.600] and
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