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Abstract - In this paper, an analytical model of a cantilever beam having a midpoint load is considered for 

structural optimization and design. This involves creation of the geometry through a parametric study of all 

design variables. For this purpose, the optimization of the cantilever beam was elaborated in order to find the 

optimum geometry which minimizes its volume eventually for minimum weight by FEM (finite element 

method) analysis. Such geometry can be obtained by different combinations of width and height, so that the 

beam may have the same cross-sectional area, yet different dynamic behavior. So for optimum safe design, 

besides minimum volume it should have minimum vibration as well. In order to predict vibration, different 

dynamic analyses were performed simultaneously to identify the resonant frequencies and mode shapes 

belonging to the lowest three modes of vibration. Next, by introducing damping effects, the tip displacement 

and bending stress at the fixed end was evaluated under dynamic loads of varying frequency. Investigation of 

the results clearly shows that only structural analysis is not enough to predict the optimum values of dimension 

for safe design it must be aided by dynamic analysis as well.
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Fig. 1. Optimization procedure.

†I. INTRODUCTION

As the structures become more advanced, our 

requirements more ambitious, and operating environments 

more uncertain, it is increasingly important to rigorously 

account for variability in the design process by 

considering each and every aspect of design, either 

static or dynamic[1,2]. This paper has developed such 

a methodology for three-dimensional reliability-based 

optimization of cantilever beam by defining design, 

state and objective variables[3,4]. Once the optimization 

is done, one may start structural frequency response 

testing or modal analysis for prediction of resonance and 

tip vibration[5]. The whole scheme follows the procedure 

described in Fig. 1.

The optimization program, based on the method 

presented in this paper, runs iteratively in the steps 

described in Fig. 1[6,7]. First of all, a finite element 

model was formed for the initial rough dimensions. 

†Corresponding author:pmk@mju.ac.kr

Then a finite element solver solves for state variables, 

such as working stress, whereas the local von Mises 

stress distribution was used as information to adjust the 
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Fig. 2. Cantilever beam used for analysis. Fig. 3. Height and width by optimization.

dimensions until working stress is less than allowable 

stress. After the adjustment, a new finite element model 

was created and the process repeated[8]; in this phase, 

the attempt was made to reduce volume without 

exceeding the stress, which is called optimization for 

volume. 

After getting the minimum volume, which is one of 

the main objectives, we took different combinations of 

width and height which produced the same volume and 

performed the vibration analysis for each set to find the 

best dimensional set of minimum volume as well as 

minimum vibration.

Ⅱ. OPTIMIZATION APPROACH 

The purpose of this optimization is to minimize the 

weight of the beam without exceeding the allowable 

stress[3,4]. An aluminum cantilever beam was taken 

having module of elasticity, E = 71 GPa, density, ρ = 

2770 kg/m
3 and Poisson’s ratio, v = 0.33. The beam was 

subjected to a force (F) of 1000 N which is applied at 

the middle of the beam in the direction as shown in 

Fig. 2. Where H, L and W are the height, length and 

width of the beam, respectively. It is necessary to find 

the cross-sectional dimensions of the beam in order to 

minimize the weight. However, it was assumed that the 

width and the height of the beam cannot be smaller 

than 10 mm and for the whole analysis, the length of 

the beam was fixed at 1000 mm. As well, the allowable 

stress caused by static load, F in the beam structure 

cannot exceed 100 MPa. We start optimization with 

some arbitrary values of height and width[2,5,6].

According to the beam theory[8], the major contribution 

to the element's von Mises stress comes from bending 

stress, although transverse shear stress exists. 

The bending stress at any element of beam is a 

function of bending moment (M), the transverse 

location from the neutral axis (y), and the beam's 

sectional moment of inertia (I) as shown in Eq. (1).

 





(1)

Where,    and   
.

FEM (finite element method) analysis needs to know 

which variables are critical for optimization by defining 

design[3,4], state and objective variables. So in this 

analysis, width and height were defined as design 

variables which are independent variables and directly 

affect the solution of the problem. State variable is the 

first dependent variable, and so in this analysis maximum 

stress was defined as a state variable which acts as a 

constraint for the problem. Since the primary objective 

is to reduce volume without exceeding the allowable 

stress in the beam, volume was defined as an objective 

variable. This is the one variable in the optimization 

which needs to be minimized. Starting with the rough 

values of height and width of 25 mm, we have higher 

than the allowable stress. Hence, this result is not feasible, 

and iteration is continued until optimized results are 

achieved as shown in Fig. 3, Fig. 4, and Fig. 5.

The 25
th iteration set is the optimum result having 

a volume of 600100 mm
3. Modal analysis was done by 

using this optimum as initial point. Method of “First 

order” was selected for optimization which quickly 
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Fig. 4. Volume by optimization.

Fig. 5. Working stress during optimization.

Set No. Height (mm) Width (mm) Volume (mm
3
) Max. stress (MPa) Status

1 10 60 600000 83 F
a)

2 11 55 605000 91 F

3 12.002 50 600100 100 F

4 13 46 598000 109 N
b)

5 14 43 602000 108 N

a) F: Feasible 

b) N: Infeasible

Table 1. Dimensions selected for further dynamic analysis

converged the solution to optimum results[3,4]. Starting 

from the rough values, initially both the width and the 

height increase to bring down the stress level that is 

allowable, and therefore decrease the volume to reduce 

the weight without exceeding the stress in the beam as 

shown in Fig. 4 and Fig. 5. As mentioned earlier, at 

first optimization stresses were brought down, and then 

volume was reduced without exceeding the stress as 

shown in Fig. 5. During optimization, the stress was 

within the range of 95 MPa to 100 MPa.

Ⅲ. DYNAMIC ANALYSIS 

3.1. Dimensions for dynamic analysis

By executing the 25th iteration, we have an 

optimum volume of 600100 mm
3 with height 50 mm, 

width 12.002 mm, but this volume can also be obtained 

within ±1% by using the dimensions listed in Table 1. 

The 3
rd set number is the optimum value obtained 

through FEM analysis; then by changing the dimension 

arbitrarily by keeping the same volume within ±1% as 

listed in Table 1, the dynamic analysis was done to 

obtain the optimum dimension with minimum vibration. 

Although the 4
th and 5th sets produce the optimum 

volume, they cannot be used for analysis because they 

are infeasible as far as allowable stress is concerned. 

The maximum stress was obtained from stress analysis 

using the geometry in Table 1.

3.2. Modal analysis

In general, modal analysis of structure should be 

initially performed to provide information about the 

structure’s dynamic behavior. Modal analysis can be 

performed by using a commercial FEM package like 
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Mode
Set number 1 (Hz) Set number 2 (Hz) Set number 3 (Hz)

Theory FEM Theory FEM Theory FEM

1 8 8.1 9 8.9 10 9.7

2 51 50.8 56 55.9 61 61

3 142 142.3 157 156.5 171 170.7

Table 2. Natural frequencies of each mode

Fig. 7. FEM model of cantilever beam.

Fig. 6. Mode shapes and natural frequencies for 

the first three modes of flexural vibration 

of the cantilever beam[9].

ANSYS. The FEM results are compared with theoretical 

results and are shown in Table 2.

3.2.1. Theory

Transverse or flexural motion of a homogeneous, 

isotropic, and linear elastic beam without shear or 

rotary inertia effect is described by the well known 

Bernoulli-Euler Equation.














  






(2)

Where, w is transverse displacement of the centroidal 

axis of beam and x is distance from the beam If we 

solve this partial differential equation with proper 

boundary conditions, the mode shapes and frequencies 

for the first three modes of the cantilever beam can be 

obtained; the results are shown in Fig. 6[9].

3.2.2. FEM model

Three-dimensional elements were used to generate 

the cantilever beam model and the FEM model for set 

number 3 is shown in Fig. 7. 100 brick elements with 

8 nodes were used for set number 3.

3.3. Transient analysis

It is difficult to decide on the basis of natural 

frequencies which set number is a final optimum for 

the design, because there is not a large difference in the 

natural frequencies. So the tip displacements for each 

set number were evaluated by performing the transient 

analysis, at which a time a varying load was to be 

imposed on the middle of the beam in the y direction 

of value of -1000 N as shown in Fig. 8.

For this type of analysis the inertia or damping 

effect of structure are included, and the damping factor 

is 1% of the critical, i.e. ζ=0.01. The Fig. 9 shows the 

vibration displacement at the cantilever beam tip for all 

three sets of dimensions. 

Both set number 1 and 2 have larger vibration 

displacements than set number 3; however, set number 1 

gives less bending stress than set number 3 as compared 
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Fig. 11. Working bending stress at fixed end.

Fig. 10. Tip displacement harmonic response.

Fig. 8. Mode shapes and natural frequencies for 

the first three modes.

Fig. 9. Tip displacement for three set number for 

damping 1% of critical.

in Table 1. So far, it cannot be decided which 

dimension is best suitable for design. Therefore, further 

results are evaluated based on harmonic analysis.

3.4. Harmonic analysis

In order to strengthen the claim made in the modal 

analysis, harmonic analysis was also performed. The 

“Full” method was used for this structure, because it 

is simpler and easier to use as compared to the 

“Reduced” and “Superposition” methods. However, this 

method makes use of full stiffness and mass matrices, 

and thus it is also a slower and costlier option[3,4]. For 

harmonic analysis we applied the dynamic load on the 

beam varying the frequency from 1 Hz to 200 Hz of 

amplitude 1000 N. In this analysis, we will compare 

the value of stresses for all three cases rather to limit 

them at 100 MPa which was defined as maximum for 

static load condition since we are dealing with dynamic 

load.

At their first resonance frequency, the tip 

displacements for set number 1, 2 and 3 were compared 

as shown in Fig. 10. An exaggerated view is also 

presented of first mode resonance. 

Then the bending stress due to dynamic load was 

evaluated as shown in Fig. 11. The dimension obtained 

from FEM analysis under goes the minimum bending 

stress at fixed end.
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IV. CONCLUSIONS

The objective of this paper was to obtain the 

optimum dimensions of a cantilever beam which has 

minimum weight as well as minimum vibration. The 

FEM program such as ANSYS gives us the optimum 

results for dimensions having minimum volume, but 

not the exact width and height which have minimum 

vibration. So the modal and harmonic analyses have 

been presented. We have found that depending on 

excitation frequency, the best design may differ due to 

resonance effects. In this case, the dimension obtained 

from FEM analysis qualifies the design for static as 

well as dynamic loading conditions. It is concluded that 

modal and harmonic analyses are indispensable for 

optimum safe design of a structure, in addition to static 

analysis. This concept, with aid from FEM commercial 

code, can be used for more efficient, safe, and light 

structure design which can save the energy.
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