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A BSTRACT. A new method for option pricing based on the trinomial tree method is introduced.
The new method calculates the local average of option prices around a node at each time, instead
of computing prices at each node of the trinomial tree. Local averaging has a smoothing effect to
reduce oscillations of the tree method and to speed up the convergence. The option price and the
hedging parameters are then obtained by the compact scheme and the Richardson extrapolation.
Computational results for the valuation of European and American vanilla and barrier options
show superiority of the proposed scheme to several existing tree methods.

1. I NTRODUCTION
In this paper, we derive a numerical scheme to estimate the price of the option and its hedging
parameters based on a tree method. Most of the option models including American types
have no closed price formulas. Therefore one should rely on numerical approximations for
the valuation of option prices. The usual numerical schemes for option pricing problems are
the Monte Carlo simulation, the tree methods and the finite difference and element methods
[1, 12, 13, 15, 16, 20].
Among these schemes, the tree method is the most popular scheme for the valuation of various derivatives in the finance community due to its ease of implementation and wide application
to exotic options. After Cox et al. [7] introduced the original two-jump binomial method, many
researchers improved the method in various ways. Boyle [2] studied five-jump process for two
asset model and later Boyle, Evnine and Gibbs [3] and Kamrad and Ritchken [14] proposed 2d jump and 2d + 1-jump models respectively for multi-state options with d > 1. For American
options, Broadie and Detemple [5] introduced the Binomial Black and Scholes method with
Richardson extrapolation (BBSR) scheme, which includes the Black-Scholes formula in the
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binomial tree method one step before expiry and applies the Richardson extrapolation. Later
Gaudenzi and Pressacco [11] extended the BBSR based on the interpolation. For barrier options, Boyle and Lau [4] modified the binomial method by choosing the correct number of time
steps of tree to have a layer of nodes as close as possible to the barrier. Derman et al. [8]
applied linear interpolation near the barrier. Ritchken [19] proposed trinomial method which
chooses the parameters so that the layers of tree pass exactly through the barrier nodes. Later
Cheuk and Vorst [6] developed a trinomial tree method which uses a time-dependent shift of
the tree to match the barrier. Gaudenzi and Lepellere [10] modified the binomial tree method
based on the interpolation techniques.
All of these methods successfully improved the original binomial method. It has also been
well known that the approximate error in various classes of tree methods tends to zero as the
number of time steps goes to infinity. However, a large number of steps may be required to
obtain great accuracy when the original binomial method is applied to several exotic options
due to the odd-even ripples in the error. In particular, some of the methods are focusing on
special types of options and do not perform well when it is applied to other types of options.
In order to compute efficiently the values of general types of options and hedging parameters,
we introduce a simple modification of the trinomial method by conducting two extra steps. The
first preliminary processing calculates local averages of the payoff at expiry around each node
of the tree. Then the ordinary backward process is performed with these averaged payoff.
Finally we apply the compact scheme and the Richardson extrapolation as a post-processing.
Note that the computational effort due to these pre- and post-processing is negligible compared
to the original backward process. We carry out a computational study to compare many recent
tree methods for the valuation of various types of options and hedging parameters including
European and American vanilla and barrier options. These numerical experiments show that
the proposed method is more accurate and efficient than other tree methods, see the detailed
comparison in Section 4.
The outline of the paper is as follows. In Section 2 we first set up the problem to price
European and American options and explain the original trinomial method. In Section 3 we
explain new trinomial tree method based on the local averages (termed TTLA). In Section 4 we
show the numerical experiments and the conclusions are drawn in Section 5. Brief description
of the compact schemes is given in Appendix.
2. T RINOMIAL TREE METHOD
Let us consider the price of the underlying asset as a stochastic process {St }t∈[0,T ] on a
suitable probability space (Ω, F, P). Let us assume that the evolution of the underlying asset
satisfies the following stochastic differential equation:
dS(t) = µSdt + σSdW (t),

0 < t < T,

where the expected rate of return µ and the volatility σ are constant. T is the expiration date
is
(and W (t)
) a Wiener process. From the Ito formula [9, 17], the process X(t) ≡ ln(S(t)) −
2
µ − σ /2 t satisfies
X(t) = X(0) + σW (t),
t > 0.
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In the risk-neutral world, the value of the European option V exact can be obtained by
V exact (x, t) = e−r(T −t) E [Λ(X(T ))|X(t) = x] ,

(2.1)

where r is the risk-free interest rate and Λ(X(t)) represents the payoff of the option at t.
Without loss of generality, we denote again X(t) by the risk neutral process with drift rate r.
If we consider a continuous dividend yield, q, the drift rate becomes r − q.
Let us partition the interval [0, T ] into N bins of uniform length ∆t = T /N , with endpoints
0 = t0 < t1 < ... < tN = T . The trinomial tree method [2] assumes that the asset price
S(tn ) at t = tn moves either up to uS(tn ) for u > 1 or to S(tn ) or down to dS(tn ) for
d < 1 with probabilities pu , pm , pd , respectively, for n = 0, 1, . . . , N − 1. Various types of
trinomial methods have different definitions for the probabilities or parameters such as u and
d [2, 19, 6, 11, 10]. Let Xjn = X0 + jh denote the value of the underlying asset after the
change of variables at t = tn for j = −n, . . . , n and Vjn = V (Xjn , tn ) denote the numerical
approximation of V exact (x, t) in (2.1) at (x, t) = (Xjn , tn ). Then the algorithm of the trinomial
method for the valuation of the European options is summarized in Algorithm 1.
Algorithm 1 Trinomial Method
for j = −N to N do
Compute the option prices at expiry, VjN = Λ(XjN ) ,
end for
for n = N − 1 to 0 do
for j = −n to n do
Compute the backward iteration for Vjn ,
n+1
n+1
Vjn = e−r∆t (pu Vj+1
+ pm Vjn+1 + pd Vj−1
),

(2.2)

end for
end for
Estimate the option price and the hedging parameters
The value of the American option, V Amer , can be computed by
V Amer (x, t) = max e−r(τ −t) E [Λ(X(τ ))|X(t) = x] ,
τ ∈[t,T ]

where τ is an optimal exercise time. The value of the American option can be easily approximated using trinomial tree method. We can simply change the backward procedure (2.2) in
Algorithm 1 by
{
}
n+1
n+1
Vjn = max e−r∆t (pu Vj+1
+ pm Vjn+1 + pd Vj−1
), Λ(Xjn ) .
(2.3)
3. M ODIFIED TRINOMIAL TREE METHOD
When a tree method is applied for option pricing, since the values of parameters such as
strike or barrier prices are estimated by the nearby nodes in the tree, there are representation
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errors due to overestimation or underestimation, see [16]. For example, there is a discrepancy
between the exact value and its approximation when a strike price K is represented by a point A
in Figure 1. In addition, when a barrier is changed from H1 to H2 as in Figure 1, the theoretical
option price changes but the value from the tree method may not be changed. These errors
decrease as the number of nodes of the tree increases. But this number cannot be arbitrarily
large in practice.
X0+Nh

A

K

X0

H1
H2

X0-Nh

F IGURE 1. Trinomial tree method.
This study suggests an alternative efficient trinomial tree method to reduce the representation
errors. We introduce local averages of option values and these averages smooth out the representation errors. Figure 2 shows an example plot of the approximation error |V exact (X0 , 0) −
V (X0 , 0)| in the option prices from the standard trinomial method and the proposed method
using local average as the number of steps of the tree increases. The error from the proposed
scheme decreases much faster than the original method. The European vanilla call option with
parameters in Section 4.2 is considered and the trinomial method by Ritchken [19] is used for
the standard method. More in-depth experimental results are shown in Section 4.
Now let us explain in detail the algorithm of trinomial tree method using local averages
(termed TTLA) for European vanilla option in Section 3.1. The modification for American
option is presented in Section 3.2.
3.1. Trinomial tree method using local averages (TTLA). The standard trinomial method
in Section 2 considers the option prices at points X0 + jh, j = −N, −(N − 1), . . . , N of the
tree at expiry, and estimates the option price V (x, tn ) from the prices at tn + ∆t by
V (x, tn ) = e−r∆t (pu V (x + h, tn + ∆t) + pm V (x, tn + ∆t) + pd V (x − h, tn + ∆t)) ,
as in Figure 3 (Left).
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F IGURE 2. Errors of the option price from the standard trinomial method
(dashed line) and the proposed TTLA scheme (solid line).
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F IGURE 3. (Left) Standard trinomial method and (Right) the proposed trinomial method using local averages.
Let us first consider the interval [X0 − (N + 1/2)h, X0 + (N + 1/2)h] and partition it into
2N + 1 intervals of uniform length h,
[X0 − (N + 1/2)h, X0 − (N − 1/2)h], · · · , [X0 + (N − 1/2)h, X0 + (N + 1/2)h].
N

Then let us estimate the averages, V j , of option prices on each interval [X0 +(j −1/2)h, X0 +
(j + 1/2)h] defined by
∫ N
1 Xj+1/2
N
Vj =
Λ(ξ)dξ,
j = −N, . . . , N,
(3.1)
h XN
j−1/2

XjN

where
= X0 + jh at expiry. From the definition of the local averages in (3.1) at expiry,
we can derive the following property (See Figure 3 (Right)):
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Property 1. Assume that for a fixed time tn the following relation holds at each point ξ ∈
[Xjn − h/2, Xjn + h/2]
V (ξ, tn ) = e−r∆t (pu V (ξ + h, tn + ∆t) + pm V (ξ, tn + ∆t) + pd V (ξ − h, tn + ∆t)).
n

Then the average price V j for the European vanilla option satisfies
(
)
n
n+1
n+1
n+1
V j = e−r∆t pu V j+1 + pm V j + pd V j−1 ,

(3.2)

for j = −n, −n + 1, ..., n.
Therefore from the backward procedure (3.2) we finally get the average of the option price
0
V at t = 0. The value V 0 itself is an approximation of the option price V exact (X0 , 0), how0
ever we can further reduce the approximation error |V exact (X0 , 0) − V 0 | using the following
compact scheme for the option price, V (X0 , 0), and the delta, ∆(X0 , 0) = V ′ (X0 , 0). The
detailed derivation of the formula is proved in Appendix.
0
0

1 0
13 0
1 0
V −1 + V 0 − V 1 ,
24
12
24
0
0
V − V −1
,
∆(X0 , 0) = 1
4h
V (X0 , 0) = −

0

(3.3)

0

where the values V −1 = V (X0 − h, 0) and V 1 = V (X0 + h, 0) are computed during the
backward iteration. Since only two more points are needed to compute the formula (3.3) at
each time step, the amount of extra work is negligible.
Finally in order to accelerate the rate of convergence we apply the Richardson extrapolation
as a post-processing based on N and N/2 number of nodes after the option price and delta are
obtained from the compact scheme (3.3). Note that N is chosen to be an even number for the
extrapolation. Taking local average has a smoothing effect and this seems to be a partial reason
for a positive result on the extrapolation. In addition, since the integral operator is continuous,
the TTLA will converge at the same rate as the trinomial method [19]. More theoretical study
will be performed. Consequently, the algorithm of the TTLA for the European vanilla option
can be summarized as follows.
3.2. American option. The American option allows early exercise of the option and we need
appropriate modification of the algorithm. If V (x, tn ) denotes the result from the backward
process of the tree method at time tn , the American option price V Amer (x, tn ) needs the following comparison step as in (2.3),
V Amer (x, tn ) = max{V (x, tn ), Λ(x, tn )} .
Note that for American put options there exists an optimal exercise boundary S ∗ = S ∗ (tn )
such that
{
V (x, tn ) if S ∗ ≤ x
.
max{V (x, tn ), Λ(x, tn )} =
Λ(x, tn ) if x ≤ S ∗
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Algorithm 2 Trinomial Method using Local Averages (TTLA)
for j = −N − 1 to N + 1 do
N
Compute the local averages (3.1) of the option prices at expiry, V j ,
end for
for n = N − 1 to 0 do
for j = −n − 1 to n + 1 do
n
Compute the backward iteration (3.2) for V j ,
end for
end for
Estimate the option price and the hedging parameter delta (3.3)
Perform Richardson extrapolation

Thus, we have
∫ X n +h/2
j
max{V (ξ, tn ), Λ(ξ, tn )}dξ
Xjn −h/2

∫ X n +h/2
j

V (ξ, tn )dξ
if S ∗ ≤ Xjn − h/2
n


∫XXjn−h/2
j +h/2
,
=
if Xjn + h/2 ≤ S ∗
n −h/2 Λ(ξ, tn )dξ
X
j


n
∫
∫

Xj +h/2
 S∗
V (ξ, tn )dξ if Xjn − h/2 < S ∗ < Xjn + h/2
Xjn −h/2 Λ(ξ, tn )dξ + S ∗

∫ n
∫ n
max{ Xnj +h/2 V (ξ, tn )dξ, Xnj +h/2 Λ(ξ, tn )dξ} if S ∗ ≤ Xjn − h/2 or Xjn + h/2 ≤ S ∗
Xj −h/2
Xj −h/2
= ∫ S∗
∫ Xjn +h/2
 n
V (ξ, tn )dξ if Xjn − h/2 < S ∗ < Xjn + h/2
X −h/2 Λ(ξ, tn )dξ + S ∗
j

That is, out of 2N + 1 intervals only one interval containing S ∗ gives a different value. If S ∗ is
∫ S∗
contained in some interval [Xjn − h/2, Xjn + h/2], the error between X n −h/2 Λ(ξ, tn )dξ +
j
∫ Xjn +h/2
∫ Xjn +h/2
∫ Xjn +h/2
V (ξ, tn )dξ and max{ X n −h/2 Λ(ξ, tn )dξ, X n −h/2 V (ξ, tn )dξ} on this single inS∗
j
j
∫ X n +h/2
n
terval is small when h is small, and converges to 0 as h decreases to 0. Let Λj = h1 X nj −h/2
j

Λ(ξ, tn ) dξ. Then we have the following TTLA algorithm for American options. Algorithm 3
performs an additional update procedure after each backward iteration in Algorithm 2.
4. N UMERICAL COMPUTATIONS
We compare the proposed TTLA method with three trinomial methods by Boyle [2],
Ritchken [19], and Cheuk and Vosrt [6] when these schemes are applied to European and
American vanilla and barrier options. The comparisons with BIR [10] and BBSR [11] are
added for the American options.

.
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Algorithm 3 TTLA for American options
for j = −N − 1 to N + 1 do
N
Compute the local averages (3.1) of the option prices at expiry, V j ,
end for
for n = N − 1 to 0 do
for j = −n − 1 to n + 1 do
n
Compute the backward iteration (3.2) for V j ,
n
n
n
Update V j = max{V j , Λj } ,
end for
end for
Compute the option price and the hedging parameter delta (3.3)
Perform Richardson extrapolation

4.1. Sample selection. A sample of 5000 option parameters was generated for valuation according to the following distributions introduced by Broadie and Detemple [5]: risk free interest rate r is uniformly distributed between 0 and 0.1; volatility σ is uniformly distributed
between 0.1 and 0.6; strike price K is uniformly distributed between 70 and 130; time to maturity (years) T is uniformly distributed between 0.1 and 1 with probability 0.75 and uniformly
distributed between 1 and 5 with probability 0.25; The initial price of the underlying S0 is
100. In case of the barrier options, we consider the down-and-out European barrier call option
whose barrier H is uniformly distributed between 55 and 85, and the up-and-out American
barrier put option whose barrier H is uniformly distributed between 115 and 145. The rebate
R for both barrier options is R = 0 and the dividend yield q = 0 for all cases. The exact
formula in [12, 18] is used for the European options. For the American options, the benchmark
price and hedging parameter delta are computed by the binomial model with 20, 000 steps.
The error measure is the root mean squared relative error (RMSRE),
v
u n (
)
u 1 ∑ Vi − Viexact 2
t
RMSRE =
,
n
Viexact
i=1

where Viexact is the true value, and Vi is the computed value. The summation is taken over
options satisfying Vi ≥ 0.5 as in [5], and H ≤ K for European down-and-out barrier options
(K ≤ H for American up-and-out barrier options) as in [10]. Out of 5, 000 options, 4, 494
European vanilla options, 4, 474 European barrier options, 4, 557 American vanilla options
and 4, 225 American barrier options satisfied the criterion. The computations were performed
on Imac computer with 2.4 GHz Intel Core 2 Duo processor.
4.2. European Vanilla option. Figure 4 shows the RMSREs of the price vs. the CPU time
(Top) and the number of time steps (Bottom) for the European vanilla call option. For a fixed
computational cost (i.e. for a fixed CPU time or number of steps), the TTLA gives smaller
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RMSRE than the others. In other words, for a fixed RMSRE, the TTLA takes the smallest
computational time. Figure 4 (Below) also shows that the convergence of the TTLA is faster.

Trinomial
Ritchken
Cheuk-Vorst
TTLA

Error

0.001

1e-4

5e-05
0.002

0.01

0.02

CPU
Trinomial
Ritchken
Cheuk-Vorst
TTLA

Error

0.001

0.0001

100

500
Number of steps

F IGURE 4. The RMSRE of the price vs. the CPU time (Top) and the number
of time steps (Bottom) for the European vanilla call option.
Table 1 and Table 2 show the RMSREs of the option price and delta, respectively, from
four different methods for the European vanilla call option with respect to the number of time
steps of the tree. The numbers in the parenthesis are the computational CPU time measured in
seconds. When the same number of steps are used, TTLA results in smallest errors for both
option price and delta.
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TABLE 1. The RMSRE of the option price for the European vanilla option as
the number of steps increases. The numbers in the parenthesis are the CPU
time in seconds.
Number of steps
100
200
300
400
500
600
700

Boyle
0.00123(0.00152)
0.00060(0.00345)
0.00041(0.00588)
0.00030(0.00880)
0.00025(0.01223)
0.00020(0.01618)
0.00017(0.02073)

Ritchken
0.00158(0.00150)
0.00075(0.00343)
0.00052(0.00585)
0.00038(0.00878)
0.00030(0.01219)
0.00024(0.01617)
0.00020(0.02066)

Cheuk-Vorst
0.00124(0.00187)
0.00062(0.00415)
0.00041(0.00703)
0.00031(0.01045)
0.00025(0.01448)
0.00020(0.01909)
0.00018(0.02434)

TTLA
0.00110(0.00235)
0.00040(0.00498)
0.00022(0.00823)
0.00013(0.01214)
0.00010(0.01663)
0.00007(0.02180)
0.00005(0.02769)

TABLE 2. The RMSRE of the delta for the European vanilla option as the
number of steps increases. The numbers in the parenthesis are the CPU time
in seconds.
Number of steps
100
200
300
400
500
600
700

Boyle
0.00147(0.00152)
0.00073(0.00345)
0.00049(0.00588)
0.00037(0.00880)
0.00030(0.01223)
0.00024(0.01618)
0.00021(0.02073)

Ritchken
0.00204(0.00150)
0.00101(0.00343)
0.00069(0.00585)
0.00051(0.00878)
0.00041(0.01219)
0.00034(0.01617)
0.00029(0.02066)

Cheuk-Vorst
0.02542(0.00187)
0.01822(0.00415)
0.01477(0.00703)
0.01283(0.01045)
0.01162(0.01448)
0.01061(0.01909)
0.00971(0.02434)

TTLA
0.00046(0.00235)
0.00017(0.00498)
0.00010(0.00823)
0.00005(0.01214)
0.00004(0.01663)
0.00003(0.02180)
0.00002(0.02769)

4.3. European Barrier option. Figure 5 shows the RMSREs of the price vs. the CPU time
(Top) and the number of time steps (Bottom) for the European down-and-out barrier call option.
The figure shows that when the number of nodes is small the method by Cheuk and Vorst gives
better option price estimation than the other schemes. But as the number of nodes increases,
the graph of TTLA is lower than the others, and TTLA results in higher degree of precision in
option pricing than Cheuk and Vorst’s method or others. In other words, when a sufficiently
small error tolerance is considered, the TTLA takes the smallest computational time and hence
TABLE 3. The RMSRE of the option price for the European down-and-out
barrier call option as the number of steps increases. The numbers in the parenthesis are the CPU time in seconds.
Number of steps
100
200
300
400
500
600
700

Boyle
0.04778(0.00204)
0.03349(0.00478)
0.03057(0.00834)
0.02505(0.01258)
0.02189(0.01766)
0.02142(0.02350)
0.02015(0.03020)

Ritchken
0.04111(0.00206)
0.03472(0.00479)
0.02881(0.00834)
0.02445(0.01259)
0.02221(0.01766)
0.02007(0.02346)
0.01786(0.03015)

Cheuk-Vorst
0.02643(0.00240)
0.01830(0.00551)
0.01783(0.00948)
0.01719(0.01427)
0.01496(0.01999)
0.01386(0.02647)
0.01246(0.03388)

TTLA
0.05262(0.00479)
0.02105(0.01006)
0.01555(0.01641)
0.01131(0.02370)
0.00991(0.03215)
0.00895(0.04138)
0.00820(0.05170)
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is the most cost-effective. This numerical result shows that the convergence rate of TTLA is
faster than the other schemes as in Figure 4.

Trinomial
Ritchken
Cheuk-Vorst
TTLA

Error

0.05

0.01

0.001

0.01
CPU

0.05

Error

Trinomial
Ritchken
Cheuk-Vorst
TTLA

0.01

100

500
Number of steps

F IGURE 5. The RMSRE of the price and vs. the CPU time (Top) and the
number of time steps (Bottom) for the European down-and-out barrier call
option.
Table 3 and Table 4 show the RMSREs of the option price and delta, respectively, from four
different methods for the European down-and-out barrier option. TTLA results in the smallest
errors for both option price and delta as in Table 1 and Table 2.
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TABLE 4. The RMSRE of the delta for the European down-and-out barrier
call option as the number of steps increases. The numbers in the parenthesis
are the CPU time in seconds.
Number of steps
100
200
300
400
500
600
700

Boyle
0.02148(0.00204)
0.01545(0.00478)
0.01290(0.00834)
0.01118(0.01258)
0.00989(0.01766)
0.00913(0.02350)
0.00865(0.03020)

Ritchken
0.01971(0.00206)
0.01533(0.00479)
0.01256(0.00834)
0.01079(0.01259)
0.00987(0.01766)
0.00902(0.02346)
0.00835(0.03015)

Cheuk-Vorst
0.02775(0.00240)
0.01992(0.00551)
0.01707(0.00948)
0.01446(0.01427)
0.01356(0.01999)
0.01247(0.02647)
0.01184(0.03388)

TTLA
0.01216(0.00479)
0.00731(0.01006)
0.00564(0.01641)
0.00486(0.02370)
0.00431(0.03215)
0.00394(0.04138)
0.00362(0.05170)

4.4. American Vanilla option. Figure 6 shows the RMSREs of the option price and delta for
the American vanilla put option with respect to the CPU time. It can be seen that in case of
the American vanilla option, the Ritchken and BBSR methods give very good results in terms
of the CPU time for option price and delta. Figure 7 shows the RMSRE of the price in terms
of the number of time steps, which shows that given a number of time steps, BBSR and TTLA
methods result in better performance than the others and they show almost identical errors.
Note that slopes of the graph from the TTLA method are slightly steeper than the others. Thus
when the number of nodes is sufficiently large, the TTLA method is expected to give at least
comparable results to those from the Ritchken or BBSR methods.

Trinomial
Ritchken
Cheuk-Vorst
BBSR
TTLA

0.01

Error

Error

0.001

Trinomial
Ritchken
Cheuk-Vorst
BBSR
TTLA

0.001
0.0001

0.001

0.01

0.1
CPU

0.001

0.01

0.1
CPU

F IGURE 6. The RMSREs of (Left) the price and (Right) the delta vs. the CPU
time for the American vanilla put option.
4.5. American Barrier option. Figure 8 shows the RMSREs of the option price and delta vs
the CPU time for the American up-and-out barrier put option and Figure 9 shows the RMSRE
of the price vs the number of time steps. When the American up-and-out barrier put option is
considered, the Ritchken and Boyle methods result in good accuracy when the number of nodes
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F IGURE 7. The RMSREs of the price vs. the number of time steps for the
American vanilla put option.
is small. As the number increases, the result from the TTLA method shows better precision
than the others for both option price and delta. The convergence rate for TTLA is faster than
the others.

0.1

0.1
Trinomial
Ritchken
Cheuk-Vorst
BBSR
TTLA

Error

Error

Trinomial
Ritchken
Cheuk-Vorst
BBSR
TTLA

0.01

0.01
0.01

0.1
CPU

0.01

0.1
CPU

F IGURE 8. The RMSREs of (Left) the price and (Right) the delta vs. the CPU
time for the American up-and-out barrier put option.
5. C ONCLUSIONS
We modified the standard trinomial tree method based on local averages of the option price
and compared its performance with other tree schemes in terms of their accuracy and efficiency.
Given an error tolerance, the computational time for the proposed TTLA scheme is smaller than
the others. That is, the TTLA method is more cost-effective than the other schemes. In particular, TTLA works very well for general types of options including European and American
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F IGURE 9. The RMSREs of the price vs. the number of time steps for the
American up-and-out barrier put option.
vanilla and barrier options. Taking local averages has a smoothing effect to reduce oscillations of the tree method and it seems to accelerate the convergence rate. We could not prove
this claim theoretically but computational experiments for several types of options numerically
support this.
6. A PPENDIX
6.1. Compact schemes. Suppose that a function f (x) is continuously differentiable on an
interval I = [m, M ] and m < x0 − 3h < x0 − 2h < · · · < x0 + 3h < M for some x0 ∈ I
and h > 0. Let fi = f (x0 + ih), i = −3, . . . , 3 and let us consider a following equation for
f (x) and f ′ (x), where α, β, a, b, c are constants.
)
)
(
(
f1 − f−1
f2 − f−2
f3 − f−3
′
′
=a
+ β f2′ + f−2
f0′ + α f1′ + f−1
+b
+c
.
2h
4h
6h
If f (x) is sufficiently smooth, from the Taylor series expansion,
(LHS) = (1 + 2(α + β)) f0′ +2(α+4β)

h4 (5)
h6 (7)
h2 ′′′
f0 +2(α+16β) f0 +2(α+64β) f0 +· · · ,
2
4!
6!

and
h2 ′′′
h4 (5)
h6 (7)
f0 +(a+16b+81c) f0 +(a+64b+729c) f0 +· · · .
3!
5!
7!
In particular, in order to have the 4th order accuracy, following two equations should be
satisfied
(RHS) = (a+b+c)f0′ +(a+4b+9c)

a + b + c = 1 + 2α + 2β ,
a + 4b + 9c = 6α + 24β .
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That is, we have
1
a = (5c + 2α − 16β + 4) ,
3
1
b = (−8c + 4α + 22β − 1) .
3
For example, if α, β and b are set to 0, a = 9/8 and c = −1/8 and the equation
9 f1 − f−1 1 f3 − f−3
f0′ =
−
,
8
2h
8
6h
becomes 4th order accurate.

(6.1)

Lemma 2. The compact scheme (6.1) gives the following approximation for the option price
1 0
13 0
1 0
V (X0 , 0) = − V −1 + V 0 − V 1 .
24
12
24
∫x
Proof. Let f (x) ≡ X0 −3h/2 V (ξ, 0)dξ. Then,
∫ X0 +h/2
0
f (X0 + h/2) − f (X0 − h/2) =
V (ξ, 0)dξ = hV 0 ,
X0 −h/2

and
f (X0 + 3h/2) − f (X0 − 3h/2)
∫ X0 +3h/2
=
V (ξ, 0)dξ
X0 −3h/2

∫

∫

X0 −h/2

=
X0 −3h/2

)
(
0
0
0
= h V −1 + V 0 + V 1 .

∫

X0 +h/2

V (ξ, 0)dξ +

X0 +3h/2

V (ξ, 0)dξ +
X0 −h/2

V (ξ, 0)dξ
X0 +h/2

Since f ′ (X0 ) = V (X0 , 0), the equation (6.1) of the compact scheme for the first derivative
implies the following,
)
(
0
0
0
0
h
V
+
V
+
V
−1
0
1
9 hV 0 1
V (X0 , 0) =
−
8 h
8
3h
0
0
0
0
9V 0 V −1 + V 0 + V 1
=
−
8
24
13 0
1 0
1 0

= − V −1 + V 0 − V 1 .
24
12
24
In a similar method, if f (x) is continuously differentiable twice on I, we can derive an
equation for f (x) and f ′′ (x),
(
)
(
)
′′
′′
f0′′ + α f1′′ + f−1
+ β f2′′ + f−2
(6.2)
f2 − 2f0 + f−2
f3 − 2f0 + f−3
f1 − 2f0 + f−1
+b
+c
.
=a
2
2
2
h
4h
9h
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If f (x) is sufficiently smooth, the Taylor series expansion gives
(LHS) = (1 + 2(α + β)) f0′′ + 2(α + 4β)

h2 (4)
h4 (6)
f0 + 2(α + 16β) f0 + · · · ,
2
4!

and
1
h4 (6)
h2 (4)
(RHS) = 2(a + b + c) f0′′ + 2(a + 4b + 9c) f0 + 2(a + 16b + 81c) f0 + · · · .
2
4!
6!
The 2nd order accuracy requires the following equation,
a + b + c = 1 + 2α + 2β .

(6.3)

Lemma 3. The compact scheme (6.3) gives the following approximation for delta
0

Proof. Let f (x) ≡

∫x

X0 −3h/2 V

(ξ, 0)dξ. Then,

∫
f (X0 − 3h/2) =

V (ξ, 0)dξ = 0 ,

X0 +h/2

X0 −3h/2

∫
f (X0 + 3h/2) =

X0 −h/2

X0 −3h/2

∫
f (X0 + h/2) =

X0 −3h/2

X0 −3h/2

∫
f (X0 − h/2) =

0

V − V −1
∆(X0 , 0) = 1
.
2h

0

V (ξ, 0)dξ = hV −1 ,
)
(
0
0
V (ξ, 0)dξ = h V −1 + V 0 ,

X0 +3h/2

X0 −3h/2

(
)
0
0
0
V (ξ, 0)dξ = h V −1 + V 0 + V 1 .

Since f ′′ (X0 ) = ∆(X0 , 0), the equation (6.2) with α = β = b = 0 gives
∆(X0 , 0)
f (X0 + h/2) − 2f (X0 ) + f (X0 − h/2)
f (X0 + 3h/2) − 2f (X0 ) + f (X0 − 3h/2)
+c
2
h /4
9h2 /4
(
)
(
)
(
)
ch
4
c
0
0
0
0
0
+
)
+
+
+
= 2 ah(2V −1 V 0
V −1 V 0 V 1 − 2 a +
f (X0 ) .
h
9
9

=a

f (X0 ) is unknown and the f (X0 ) term disappears when a + c/9 = 0. Since the condition
(6.3) gives a + c = 1, we have
9
1
c= .
a=− ,
8
8
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That is, we have the following approximation for delta,
(
))
4
1
1( 0
0
0
0
0
∆(X0 , 0) =
− (2V −1 + V 0 ) +
V −1 + V 0 + V 1
h
8
8
0

0

V − V −1
= 1
.
2h
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