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Abstract

In this paper, we investigate the properties of rough approximations defined by preordered sets. We study the relations
among the lower and upper rough approximations, closure and interior systems, and closure and interior operators.
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1. Introduction and preliminaries [ (X, Ix) — (Y, Iy) is called I-map iff ~* (Iy (B)) C
Ix(f~1(B)) foreachB € P(Y).
) ) . ) An operatorC : P(X) — P(X) is called aclosure
An information consists of X, Y, R) whereX isasetof gperatoron X if it satisfies the following conditions:
objects,Y" is a set of attributes ani is a relation between  (c1)c/(4) > 4,

X andY. Rough set theory was introduced by Pawlak [6] (C2) If A C B, thenC(A) C C(B)
to generalize the classical set theory. Rough approxima- (C3)C(C(A)) C C(A)
tions are defined by a partition of the universe which is cor- 1o pair(X, C) is called a closure space. Lgx, C'x)
responding to the equivalence relation about informationy,q (Y, Cy) be closure spaces. A map: (X,Cx) —

J. JArvinen et.al.[3] define rough approximations on Prery, ¢y is called C-map iff (Cx(A)) C Cy(f(A)) for
ordered relations that are not necessarily equivalence refas 4 < P(X).

tions. Itis an important mathematical tool for data analysis 1) A family F = {4 € P(X)}
and knowledge processing [1-7]. systemon X if |
In this paper, we investigated the properties of rough (2) A family G
approximations defined in preordered sets. We study tff@monX if N
relations among the lower and upper approximations, clo-
sure and interior systems, closure and interior operators. Definition 1.1. [3-5] Let (X, ex ) be a preodered set. A set
particular, we investigated the functorial relations amongl € P(X) is calledex-upper seif (z € A & (z,y) €
them. ex) —y€e Aforz,y € X.
Let X be a set. A relatiory C X x X is called a
preorder if it is reflexive and transitive. We can define & heorem 1.2.[3-5] Let (X, ex) be a preordered set. For
preorderep xy C P(X) x P(X) as(A, B) € ep(x) iff A € P(X), we define operationgx], (ex) as follows:
A C Bfor A B € P(X). If (X,ex) is a preordered set
and we define a functiofy, y) € ex iff (y,2) € ex, then  [ex](A) =1z € X[ (V2 € X)((z,2) € ex — 2 € A)},

(X,ex') is a preordered set. B
Afunction T : P(X) — P(X) is called arinterior op- ~ \¢x)(4) = {ze X | (@€ X)((w,2) €ex &z € A)}.

is called aninterior
iEFAi e Fforall A; € F.
= {A € P(X)} is called aclosure sys-

ierAdi € Gforall A; € G.

eratoron X if it satisfies the following conditions: Then the following properties:
(I1) I(A) C A, (If (ex)s = {z € X | (z,2) € ex}and(ex);! =
(12)If A C B, thenI(A) C I(B) {z € X | (2,2) € ex}, then(ex), and((ex), )" are
(I3) I(I(A)) D I(A). ex-upper set.

The pair(X, I) is called an interior space. (2) A is an ex-upper set iff [ex](4) = A iff

Let (X,Ix) and (Y, Iy) be interior spaces. A map [e;(l](Ac) — Aciff (e)_(1>(A) — A.

(3) If A; is anex-upper set for ali € T, then| J, . A;
Manuscript received Oct. 30, 2011; revised Nov. 12, 2011; accepted D@ndﬂiGF A; areex-upper sets.
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Gangneung-Wonju National University. (5) (ex)(A) =M {Ai | A C Ai, Ai - e — upper se}.
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Definition 1.3. [3] In above theorem,[ex](4) and
(ex)(A) are calledrough lower approximatiomndrough
upper approximationrespectively, forA € P(X) on a
preodered set.

If ex is an equivalence relatiofiex](A) and (ex)(A)

are rough lower approximation and rough upper approxi- y € I=({z}°)

mation forA € P(X) in a Pawlak sense [6].

2. Rough Approximations on Preordered Sets

Theorem 2.1. Let F = {B;, € P(X) | i € T'} be an
interior system.

I(A)=|{BIBCA, BerF}

Cr-(A)=(|{B|ACB, Be F'}

whereF* = {A; € P(X) | A € F}.

Then; (1)F* is a closure system.

(2) Ir is an interior operator oX with ;. = F where
Fi, = {A € P(X) | Iz(A) = A},

(3) Cx- is an closure operator o with 7¢, = = F*
whereF¢  ={A€ P(X)|Cr(A) = A}.

(4) There exists a preordeg on X such thatr C F.
with

(x,y) € er iff (VB; € F)(x € B; —y € B;).
In particular,/ (A) C [er](A) with

y € lex|({x}) iff y € Ir({}°) iff (y,2) & ex.

(5) There exists a preorder- on X such thatF* C
Fle ey With
-
(x,y) € epx iff VA, € F)(y€ A — x € Ay).
In particular,{ex+)(A) C Cz-(A) with

y € (er-)({x}) ift y € Cr-({a}) iff (y,2) € e

Proof. (1),(2) and (3) are easily proved.

(4) Sincel= (r € Bj wy€ Bj) & (ye B; — z €
Bj) — (v € B; — z € Bj), theney is transitive. We
easily show that r is a preorder otX . Let B; € F. Since
E(xe€Bj) & (xe B -y € Bj) —y € B;and
E(xeBj) & (z,y) €cer - (x € Bj) & (zr € B —
y € B;),by M.P.,|= (z € Bj) & (z,y) € er — y € Bj.
So, B; is ex-upper set. By Theorem 1.2 (2B; € Fi.,.
Thus,F C Fie -

Sincelr(A) € F, = (z € Ir(A4)) & (z € Ir(A) —
v € Lr(4) = y € Lr(A) if | (@ € Lr(4)) - ((@ €

IF(A) — y € Ir(A) — y € I;(A)). Sincel= ((m €
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Ir(A) = y € Ir(4)) = y € Ir(4)) = @ € e£](4)),
by M.P.,=z € Ix(A) — x € [eF](A)).
y € leFl({z})  iff (V2 € X)((3,2) € er — 2 € {x})
iff (y,z) & er.
iff (VRS UBiG}'Bi &B; C {x}°
iff (3B, € F)(zx € Bf&yeB;)
iff ((\731- cF)yeB; —ze Bl-))
iff (y,x) g EF

(5) We easily show thatr- is a preorder onX. Let
D; € F*. Sincel= z € D; & (y,x) € egr — x €
Dj&(IGDJ'%yGDj)and':IGDj&(IEDj—)
Yy € DJ) — Y € .Dj, by MP,': T € Dj & (y,x) c
er- — y € D;. HenceD; is e;(l-upper set. By Theorem
1.2(2), {es+)(D;) = D;. HenceD; € F7, . Thus,
FrCF

SinceCx«(A) € F*, we haver € (ex~)(A) implies
(FeY)((y € Cr(A) -z € Cr(A) &y € A)im-
plies(Jy € Y)((y € Cr(A) —» z € Cr(A)) & y €
Cr«(A) implies z € Cg(A). Thus, (eF:)(A) C

Cr-(A).
yeler)({z)) it 3z € X)((y,2) € er- & 2 € {a})
iff (y,z) € ex-.
yeCr({zh) =N{B|{z}C B, BeF)
iff r€B—ye€\gep B
iff (VBe F*)(xeB—yéeB)
iff (y,z) € er-.

O

Theorem 2.2. Let (X, ex) be a preordered set. We define
Flex]> Gex) as follows:

Flex) = {4 € P(X) | [ex](4) = A}

Glexy = {A € P(X) [ {ex)(A) = A}

Then; (1)[ex] is an interior operator otk with = €
lex]({y}e) iff (z,y) & ex.

(2) (ex) is a closure operator o with z € (ex)({y})
iff (z,y) € ex.

(3) Fie) is aninterior and closure system with, =
[ex] Where]]:[ex](A) =U{B|BCA, Be f[ex]}'

(4) Giey) is an interior and closure system with
Cg,, ., = {ex)whereCg ,  (A)=({B|ACB, Be
g<ex>}'

(5) €Floy) = €X andeg<EX> =ey.

Proof. (1) Since

z € [ex]([ex](A))

iff (Vze€ X)((z,2) €ex — z € [ex](4))

iff (Vze X)((z,2) €ex — (Yw € X)((z,w) € ex
—w € A))

iff (Vwe X)((Vze X)((z,2) € ex & (z,w) € ex)
—w € A)



then (Vw € X)((x,w) € ex — w € A). Hence
[ex]([ex](4)) C [ex](A).
z € lex]({y})
iff (Vze€ X)((z,2) €ex — z € {y}°)
iff (Vze X)(ze{y}— (z,2) €ex)
iff (x,y) €ex
(3) LetA; € Fi. ) fori € T. Sincex € [ex](;cr Ai)

iff (V2 € X)((z,2) € ex — 2z € [ep i) iff (Vi €
IN(Vz € X)((x,2) € ex — z € 4;), we have

fex](() Ai) = (ex](4) = ) A
el el el
Hence N;cr 4 € Fley- Since UzeF =
Uierlex](A ) C lex](User 4i) € Ujer 4is then
Uier 4i € Fiex)-
Sincelex]([ex](4)) = [ex](4) C A, 15, D [ex].
Sincelr, (A) C AandIg, (A) € Fpy then

]
lex|(UF, ., (A) = IF,,(A) C lex](4).
4) LetA € Gleyy fori € T'. Sincex € (ex)(U;er 4i)
iff (32 € X)((x,2) € ex & 2z € Ujep Ai) iff (Fi €
N3z € X)((z,2) € ex & z € A;), we have

(ex)(|J 40 = (Jlex)(4) = | 4.
i€l i€l iel

Hence (J,cr Ai € Greyy.  Since N;ep(4:) =
ﬂzep<ex> éz) D (ex)(Mier 4) 2O Mier 4i, then
i€ (ex)-

Shes el (X)) — (o)) > A Cpupy C
{ex).

)éinceA C Cg,., andCg, (A) € Gy, then
Cg.,(A) = Cg, , (A) D (ex)(A).

(5) For B; € Fey» sincelex](B;) = B, by The-
orem 1.2(2),B; is ex-upper set. Hencé= (z,y) €
ex — (¢ € B — y € B;). Since(z,y) € ex,
iff (VB; € Fiex))(x € Bi(x) — y € B;), thenex C
eF. - Sincelex]((ex)z) = (ex). from Theorem 1.2(1),

(z,y) € ex, ., implies(z € (ex)s — y € (ex).) implies
(z,y) € ex. Henceer_ | Cex.
For B, € g<ex since(ex)(B;) = B;, by Theorem

1.2(2), B; is ex'-upper set. Hencé= (z,y) € ex —
(y € Bi » = € By). Since(z,y) € eg,_, fiff
(VB; € Giex))(y € B; — x € By), thenex C eg,, _,.
Since (ex)((ex), ') = (ex),"' from Theorem 1.2(1),
(z,y) € eg, ., implies(y € (ex)," — = € (ex),")
implies (z,y) € ex. Henceeg,, , C ex.

O

Example 2.3. Let X = {a,b,¢,d} be a set. We define a
preoderex as follows:

ex = {(a,a)(a,d), (b,b), (b,d), (c,a),
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(¢,0),(c,c), (c,d), (d,d)}.
We obtain
{d} if {d} C A,
{a,d}y  if{a,d} c A{bd} ¢ A
{b,d} if {b,d} C A, {a,d} ¢ A,
lex](A) =< {a,b,d} if {a,b,d} C A,
{a,d} & A,{b,d} ¢ A,
X if A=X,
U otherwise
]:[ex] = {(Z)v {d}. {a,d}, {b,d},{a,b,d}, X'}
]]:[ex] = [BX] andef[ex] =ex.
0 if A=10
{e}  ifA={e),
(ex)(A) = {a,c} !f {a} C A, AP {b},A P {d}
X {b,e}  if{byCc A, A B {a}, AP {d}
{a,b,c} if {a,b} C A, A p{d}
X if {d} C A.

g( x) — {®7 {C}7 {a7 0}7 {b7 C}, {a, b, C}7 X}
Moreover,Cg , , = (ex) andeg,, |
Theorem 2.4. LetC : P(X) — P(X
ator.
Then; (1)Gc = {A € P(X
system onX with Cg, = C.
(2) Define(z,y) € ec iff y € C({z}). Thenec is a
preorderec on X with (ec)(A) = (eg.)(A) C C(A) and

y € (ege)({z}) iff y € C({z}) iff (y,2) € eg...
Proof. (1) For eachd; € G¢,

= €x.

) be a closure oper-

)| A= C(A)} is aclosure

Nier4; € Go because

NierA; C C(NierA;) C NierC(A;i) C NierAs.

SinceC(C(A)) = C(A), we haveCg.(4) C C(A).
Since A C Cg.(4), C(A) Cg,(C(4)) C
Cgc(Cge (A)) = Cg(A).

(2) Sincex € C({z}), then(z,z) € ec. For(z,y) €
ec and(y, z) € ec, sincex € C({y}) andy € C({z}),

then C({y}) C C(C{z})) = C({z}). Hencexz €
C({z});i.e.(z,z2) € ec.
SinceCg, = C from (1), C({z}) = ({A | {z} C

A,A € Go. Theny € C({z}) iff ):_( A€ Go)(x
A —ye A)iff (y,z) € eg. iff y € (ege)({z}) from
Theorem 2.2(2). By a similar method in Theorem 2.1(5),
(ego)(A) C C(A),.

O

Theorem 2.5. Let] : P(X) — P(X
ator.
Then; 1)F; = {A € P(X
system onX with I, = 1.
(2) Define(x,y) € ey iff x € (I({x}°))°. Thenesis a
preordere; on X with I(A) C [es](A) = [e£,](A) and

y & ler,)({2}°) ff y & I({x}°) iff (y,2) € ex,.

) be an interior oper-

) | A= 1I(A)}is an interior
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Proof. (1) Itis similarly proved as in Theorem 2.4(1).

(2) Sincex € (I({z}°))c iff {z} C (I({xz}°))c iff

I({z}°) C {x}°, then(x,x) € e;. For(z,y) € ey and

(y.2) € er, sincel({y}*) C {z}° andI({z}°) C {y}*,
thenI({z}¢) C
€ (I({z}9))5i.e. (z,2) € er.
Sincelr, = I from (1), I({z}°)° = N{4° | {z} C
A A e Fr}. Theny € (I({z}9))ciff = (VA € Fi)(z €
A -y e AYiff = (VA e Fr)ly e A — x € A)iff

(y,z) € ex,. Moreover,y € [efl]({a;} ) iff = (Vz €
X)((l/? )Ee].-l—>z€{£13}) ( )¢6f1 By a
similar method in Theorem 2.1(4)(A) C [er,]-

O

Example 2.6. Let X = {a,b,c,d}, By = {a,b} andB,; =
{b, ¢} be sets. We define functiodsC : P(X) — P(X)
as follows:

By if By C A,
BQ if 32 C A’
I(A)=(¢ B1UBy if BiUBy C A,
B1 ¢ A,By ¢ A,
) otherwise
Bl ifACBl,A§ZBQ
_ B> ifACBQ7A¢B2
CA)=Y BinB, ifAC BN B,
X otherwise
(1) I is an interior operator orX with 7 = {A |
I(A) = A} = {@7Bla B27 Bl U B2}
(2) C is a closure operator oX with G = {A |

C(A)= A} ={By,B2,B1 N By, X}.

(3) Ir, =ITandCg, =C.

(4) There exists a preordeg:, on X such thatF; C
F[e]_.l] = {(Z), Bh BQ, Bl n BQ, B]_ U BQ, X} with

(z,y) €ex iff E(VBeF)(xeB—yeB)

eFrr = {(a7 a) (a7 b)7 (b7 b)? (07 b)? (C» C)v
(d,a),(d,b),(d,c),(d,d)}

BiN By ifBlﬂBQCA,
B, if B, C A,By ¢ A
By if BQCA,B1§ZA,
[6]:1}(14) = BiUBy if BiUBy C A,
B¢ ABy A,
X if A= X,
0 otherwise

HencelI(A) C [er,](A) with y € [er|({z}°) iff y €

I({z}) iff (y,x) € eF, = er because
ler|({a}?) = I({a}®) = {b,c}
ler ]({b}9) = I({o}) =0
ler |({c}) = I({c}) = {a, b}
ler 1({d}°) = I({d}°) = {a,b,c}
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I(1({z}°)) € I({y}°) C {=}°. Hence

(5) There exists a preordeg,. on X such thatGo C
Q<egc> = {(b, Bl7 Bg, B1 n BQ, Bl U BQ, X} with

(x,y) € eg, iff = (VB; € Ge)(y € B — x € By)

ge = {(a,a)(a,d), (b,a), (b,b), (b, ¢), (b, d)
(¢;¢), (¢, d), (d,d)}

0 if A=10
By |fACBl,A¢BQ
B2 |fACBQ,A§ZBQ
(ego)(A) =14 BiNBy if)#AC BN By,
B U By ifACBlUBQ,
A¢ By, A¢ By
X otherwise

Hence(eg,)(A) C C(A) with y € (eg.)({z}) iff y €
C{z}) iff (y,x) € eg, = ec.

(ego)({a}) = C({a}) = {a, b}
{ego)({0}) = C({b}) = {b}
(ege)({c}) = C({e}) = {b, ¢}
{ege)({d}) = C(

€Go {d} {d}) = {av b, c, d}

Theorem 2.7. Let (X, ex) and(Y, ey ) be preordered sets.
Then the following statements are equivalent:

(1) f: (X,ex) — (Y,ey) is an order preserving map,

(2) f~Y(B) is anex-upper set foey -upper sets,

(3) f~Y(D) is aney ' -upper set foe;. ' -upper setD,

(4) f({ex)(A)) C (ey)(f(A)), for eachA € P(X),

(5) f([ex](A)) C [ey](f(A)), for eachA € P(X),

6) £ (lev](B)) C [ex](f1(B)), for eachB €
P(Y).

(@) f((ey
PY).

Y(B)) C (ex)(f~*(B)), for eachB €

Proof. (1)= (2). Let B be aney -upper set. Sinc¢ is an
order preserving maps =z € f~}(B) & (z,2) € ex —
f(z) € B & (f(x),f(2)) € ey and|= (f(2), f(2)) €
ey & f(z) € B — z € f7Y(B). ByMP.,E z €
f(B) & (z,2) € ex — z € f~1(B). Hencef ~}(B) is
anex-upper set.

(2)= (4). SinceB; is aney'-upper set iffBS is aney -
upper set, therf =1 (B¢) = (f~1(B;))¢ is anex-upper set

iff /~1(B;)is aney!-upper set. Thus,
(ev)(f(A))
=NABi | f(A )CBz,Bz.ey —upperse}
=NABi| AcC f~X(B:),B; : ey' — upper set
Dﬂ{ff (B ))\ACf Y(Bi),
fH(Bi) eX —upperse]t
o f(NAf )|ACf Y(B)),
f1(B;) : ex! — upper set
D f({ex)(A ))
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(@)= (6). PutA = f~YB). f({ex)(f~1(B)) Theorem 2.10.Let (X, Ix) and(Y, Iy) be interior spaces.
) ies

ley)(f(f~Y(B))) C (ey)(B) implies {(ex)(f~*(B)) Then the following statements are equivalent:
F7H ey )(B)). (lex](f7H(B<)))° o (fH([ex](B9)))° (1) f: X —Yisanl-map.
implies[ex](f~1(B¢)) > f~1([ey](B®)). (2) f~Y(B) € Fy,, foreachB € Fr,,
(6)= (1). PutB = {f(2)}°. Since Moreover, if f : X — Y is an |-map, thenf :
e — e i d i . f
e (AN € lexl(FHAAEND € lexl((1) i) e e e rres ol

Then(f(z), f(2)) & ey iff w € f~H([ex]({f(2)}%)) im- i
piess € (ex](11(11(2)))) impliess € [ex (=101 cquivient Loy X oY boan tmap Then

(z,2) € ex.
Similarly, (1)= (3)= (5)= (7) = (1). F Iy (L)) € Ix (L ({F(2)}9) © Ix({2}°).
O
Theorem 2.8. Let (X,Gx) and (Y, Gy) be closure sys- ?ﬁﬂg?j’ xe) GI;;(};{xir}:g;elsrrE?I(le)s ;EZ;) E eii({f( =Y
tems. Then the following statements are equivalent: since (z,z) € e iff ¢ € Ix({z}9)° im-
(1) f~(B) € G for eachs € Gy, plies (f(z). f(z)) iff fla) € L({{f(=)})"
@) f:(X,Cgy) — (X,Cg, ) is aC-map. then f(Ix({z})°) C Iy ({f(z)}°)e. Thus
P((S)) Cox (f71(B)) C f7'(Cqy(B)) for eachB € 1, (1z)e)c C LIy ({f(x)})¢)  implies
' _ Iy ({f@)}) < I ({z}9). Put f(z) = w.
@ f: (X,Ig;() — (X,Ig;) is an I-map. Then? (Iy({y} ) CX ~{f 1( )¥°).  For eaych

Moreover, if f~1(B) € Gx for eachB € Gy, thenf: pB—n yene{yle,
(X,eg,) — (Y, eg, ) is an order preserving map. !

Proof. We easily proved that the statements (1), (2),(3) andf_l(IY(B)) z 2_1(11}@24&32?{ ;g
(4) are equivalent. Lef~!(B) € Gx for eachB € Gy. C myiicfx(ffl({zz//} )
yeBe

Then = Ix(nyep-I~({u))

(f(x), f()) € egy = Ix (f " (Nyepe{y}?)) = Ix(f~1(B))

iff (VB eGy)(f(y) € B— f(x) € B)

iff (VB € Gy)(yef(B)—uef(B) -
Hence
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