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Abstract

In this paper, we investigate the properties of rough approximations defined by preordered sets. We study the relations
among the lower and upper rough approximations, closure and interior systems, and closure and interior operators.
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1. Introduction and preliminaries

An information consists of(X, Y,R) whereX is a set of
objects,Y is a set of attributes andR is a relation between
X andY . Rough set theory was introduced by Pawlak [6]
to generalize the classical set theory. Rough approxima-
tions are defined by a partition of the universe which is cor-
responding to the equivalence relation about information.
J. J̈arvinen et.al.[3] define rough approximations on pre-
ordered relations that are not necessarily equivalence rela-
tions. It is an important mathematical tool for data analysis
and knowledge processing [1-7].

In this paper, we investigated the properties of rough
approximations defined in preordered sets. We study the
relations among the lower and upper approximations, clo-
sure and interior systems, closure and interior operators. In
particular, we investigated the functorial relations among
them.

Let X be a set. A relationeX ⊂ X × X is called a
preorder if it is reflexive and transitive. We can define a
preordereP (X) ⊂ P (X) × P (X) as(A,B) ∈ eP (X) iff
A ⊂ B for A,B ∈ P (X). If (X, eX) is a preordered set
and we define a function(x, y) ∈ e−1

X iff (y, x) ∈ eX , then
(X, e−1

X ) is a preordered set.
A function I : P (X) → P (X) is called aninterior op-

eratoronX if it satisfies the following conditions:
(I1) I(A) ⊂ A,
(I2) If A ⊂ B, thenI(A) ⊂ I(B)
(I3) I(I(A)) ⊃ I(A).

The pair(X, I) is called an interior space.
Let (X, IX) and (Y, IY ) be interior spaces. A map
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f : (X, IX) → (Y, IY ) is called I-map iff−1(IY (B)) ⊂
IX(f−1(B)) for eachB ∈ P (Y ).

An operatorC : P (X) → P (X) is called aclosure
operatoronX if it satisfies the following conditions:

(C1)C(A) ⊃ A,
(C2) If A ⊂ B, thenC(A) ⊂ C(B)
(C3)C(C(A)) ⊂ C(A).
The pair(X, C) is called a closure space. Let(X,CX)

and (Y, CY ) be closure spaces. A mapf : (X, CX) →
(Y, CY ) is called C-map iff(CX(A)) ⊂ CY (f(A)) for
eachA ∈ P (X).

(1) A family F = {A ∈ P (X)} is called aninterior
systemonX if

⋃
i∈Γ Ai ∈ F for all Ai ∈ F .

(2) A family G = {A ∈ P (X)} is called aclosure sys-
temonX if

⋂
i∈Γ Ai ∈ G for all Ai ∈ G.

Definition 1.1. [3-5] Let (X, eX) be a preodered set. A set
A ∈ P (X) is calledeX -upper setif (x ∈ A & (x, y) ∈
eX) → y ∈ A for x, y ∈ X.

Theorem 1.2. [3-5] Let (X, eX) be a preordered set. For
A ∈ P (X), we define operations[eX ], 〈eX〉 as follows:

[eX ](A) = {x ∈ X | (∀z ∈ X)((x, z) ∈ eX → z ∈ A)},

〈eX〉(A) = {x ∈ X | (∃z ∈ X)((x, z) ∈ eX & z ∈ A)}.
Then the following properties:
(1)If (eX)x = {z ∈ X | (x, z) ∈ eX} and(eX)−1

x =
{z ∈ X | (z, x) ∈ eX}, then(eX)x and ((eX)−1

x )c are
eX -upper set.

(2) A is an eX -upper set iff [eX ](A) = A iff
[e−1

X ](Ac) = Ac iff 〈e−1
X 〉(A) = A.

(3) If Ai is aneX -upper set for alli ∈ Γ, then
⋃

i∈Γ Ai

and
⋂

i∈Γ Ai areeX -upper sets.
(4) [eX ](A) =

⋃
i{Ai | Ai ⊂ A,Ai : eX − upper set}.

(5) 〈eX〉(A) =
⋂

i{Ai | A ⊂ Ai, Ai : e−1
X − upper set}.
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Definition 1.3. [3] In above theorem, [eX ](A) and
〈eX〉(A) are calledrough lower approximationandrough
upper approximation, respectively, forA ∈ P (X) on a
preodered set.

If eX is an equivalence relation,[eX ](A) and〈eX〉(A)
are rough lower approximation and rough upper approxi-
mation forA ∈ P (X) in a Pawlak sense [6].

2. Rough Approximations on Preordered Sets

Theorem 2.1. Let F = {Bi ∈ P (X) | i ∈ Γ} be an
interior system.

IF (A) =
⋃
{B | B ⊂ A, B ∈ F}

CF∗(A) =
⋂
{B | A ⊂ B, B ∈ F∗}

whereF∗ = {Ai ∈ P (X) | Ac
i ∈ F}.

Then; (1)F∗ is a closure system.
(2) IF is an interior operator onX with FIF = F where

FIF = {A ∈ P (X) | IF (A) = A}.
(3) CF∗ is an closure operator onX with F∗CF∗ = F∗

whereF∗CF∗ = {A ∈ P (X) | CF∗(A) = A}.
(4) There exists a preordereF onX such thatF ⊂ F[eF ]

with

(x, y) ∈ eF iff (∀Bi ∈ F)(x ∈ Bi → y ∈ Bi).

In particular,IF (A) ⊂ [eF ](A) with

y ∈ [eF ]({x}c) iff y ∈ IF ({x}c) iff (y, x) 6∈ eF .

(5) There exists a preordereF∗ on X such thatF∗ ⊂
F∗〈eF∗ 〉 with

(x, y) ∈ eF∗ iff (∀Ai ∈ F∗)(y ∈ Ai → x ∈ Ai).

In particular,〈eF∗〉(A) ⊂ CF∗(A) with

y ∈ 〈eF∗〉({x}) iff y ∈ CF∗({x}) iff (y, x) ∈ eF∗ .

Proof. (1),(2) and (3) are easily proved.
(4) Since|= (x ∈ Bj → y ∈ Bj) & (y ∈ Bj → z ∈

Bj) → (x ∈ Bj → z ∈ Bj), theneF is transitive. We
easily show thateF is a preorder onX. LetBj ∈ F . Since
|= (x ∈ Bj) & (x ∈ Bj → y ∈ Bj) → y ∈ Bj and
|= (x ∈ Bj) & (x, y) ∈ eF → (x ∈ Bj) & (x ∈ Bj →
y ∈ Bj), by M.P.,|= (x ∈ Bj) & (x, y) ∈ eF → y ∈ Bj .
So,Bj is eF -upper set. By Theorem 1.2 (2),Bj ∈ F[eF ].
Thus,F ⊂ F[eF ].

SinceIF (A) ∈ F , |= (x ∈ IF (A)) & (x ∈ IF (A) →
y ∈ IF (A) → y ∈ IF (A) iff |= (x ∈ IF (A)) →

(
(x ∈

IF (A) → y ∈ IF (A)) → y ∈ IF (A)
)

. Since|=
(
(x ∈

IF (A) → y ∈ IF (A)) → y ∈ IF (A)
)
→ x ∈ [eF ](A)),

by M.P.,|= x ∈ IF (A) → x ∈ [eF ](A)).

y ∈ [eF ]({x}c) iff (∀z ∈ X)((y, z) ∈ eF → z ∈ {x}c)
iff (y, x) 6∈ eF .

y ∈ IF ({x}c) iff y ∈ ⋃
Bi∈F Bi &Bi ⊂ {x}c

iff (∃Bi ∈ F)(x ∈ Bc
i & y ∈ Bi)

iff
(
(∀Bi ∈ F)(y ∈ Bi → x ∈ Bi)

)c

iff (y, x) 6∈ eF

(5) We easily show thateF∗ is a preorder onX. Let
Dj ∈ F∗. Since|= x ∈ Dj & (y, x) ∈ eF∗ → x ∈
Dj & (x ∈ Dj → y ∈ Dj) and|= x ∈ Dj & (x ∈ Dj →
y ∈ Dj) → y ∈ Dj , by M.P., |= x ∈ Dj & (y, x) ∈
eF∗ → y ∈ Dj . HenceDj is e−1

X -upper set. By Theorem
1.2(2), 〈eF∗〉(Dj) = Dj . HenceDj ∈ F∗〈eF∗ 〉. Thus,
F∗ ⊂ F∗〈eF∗ 〉.

SinceCF∗(A) ∈ F∗, we havex ∈ 〈eF∗〉(A) implies
(∃y ∈ Y )((y ∈ CF∗(A) → x ∈ CF∗(A)) & y ∈ A) im-
plies (∃y ∈ Y )((y ∈ CF∗(A) → x ∈ CF∗(A)) & y ∈
CF∗(A) implies x ∈ CF∗(A). Thus, 〈eF∗〉(A) ⊂
CF∗(A).

y ∈ 〈eF∗〉({x}) iff (∃z ∈ X)((y, z) ∈ eF∗ & z ∈ {x})
iff (y, x) ∈ eF∗ .

y ∈ CF∗({x}) =
⋂{B | {x} ⊂ B, B ∈ F∗}

iff x ∈ B → y ∈ ⋂
B∈F∗ B

iff (∀B ∈ F∗)(x ∈ B → y ∈ B)
iff (y, x) ∈ eF∗ .

Theorem 2.2. Let (X, eX) be a preordered set. We define
F[eX ],G〈eX〉 as follows:

F[eX ] = {A ∈ P (X) | [eX ](A) = A}
G〈eX〉 = {A ∈ P (X) | 〈eX〉(A) = A}

Then; (1) [eX ] is an interior operator onX with x ∈
[eX ]({y}c) iff (x, y) 6∈ eX .

(2) 〈eX〉 is a closure operator onX with x ∈ 〈eX〉({y})
iff (x, y) ∈ eX .

(3)F[eX ] is an interior and closure system withIF[eX ] =
[eX ] whereIF[eX ](A) =

⋃{B | B ⊂ A, B ∈ F[eX ]}.
(4) G〈eX〉 is an interior and closure system with

CG〈eX〉
= 〈eX〉 whereCG〈eX〉

(A) =
⋂{B | A ⊂ B, B ∈

G〈eX〉}.
(5) eF[eX ] = eX andeG〈eX〉

= eX .

Proof. (1) Since

x ∈ [eX ]([eX ](A))
iff (∀z ∈ X)((x, z) ∈ eX → z ∈ [eX ](A))
iff (∀z ∈ X)((x, z) ∈ eX → (∀w ∈ X)((z, w) ∈ eX

→ w ∈ A))
iff (∀w ∈ X)((∀z ∈ X)((x, z) ∈ eX & (z, w) ∈ eX)
→ w ∈ A)
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then (∀w ∈ X)((x,w) ∈ eX → w ∈ A). Hence
[eX ]([eX ](A)) ⊂ [eX ](A).

x ∈ [eX ]({y}c)
iff (∀z ∈ X)((x, z) ∈ eX → z ∈ {y}c)
iff (∀z ∈ X)(z ∈ {y} → (x, z) 6∈ eX)
iff (x, y) 6∈ eX

(3) LetAi ∈ F[eX ] for i ∈ Γ. Sincex ∈ [eX ](
⋂

i∈Γ Ai)
iff (∀z ∈ X)((x, z) ∈ eX → z ∈ ⋂

i∈Γ Ai) iff (∀i ∈
Γ)(∀z ∈ X)((x, z) ∈ eX → z ∈ Ai), we have

[eX ](
⋂

i∈Γ

Ai) =
⋂

i∈Γ

[eX ](Ai) =
⋂

i∈Γ

Ai.

Hence
⋂

i∈Γ Ai ∈ F[eX ]. Since
⋃

i∈Γ Ai =⋃
i∈Γ[eX ](Ai) ⊂ [eX ](

⋃
i∈Γ Ai) ⊂ ⋃

i∈Γ Ai, then⋃
i∈Γ Ai ∈ F[eX ].
Since[eX ]([eX ](A)) = [eX ](A) ⊂ A, IF[eX ] ⊃ [eX ].
Since IF[eX ](A) ⊂ A and IF[eX ](A) ∈ F[eX ], then

[eX ](IF[eX ](A)) = IF[eX ](A) ⊂ [eX ](A).
(4) LetAi ∈ G〈eX〉 for i ∈ Γ. Sincex ∈ 〈eX〉(

⋃
i∈Γ Ai)

iff (∃z ∈ X)((x, z) ∈ eX & z ∈ ⋃
i∈Γ Ai) iff (∃i ∈

Γ)(∃z ∈ X)((x, z) ∈ eX & z ∈ Ai), we have

〈eX〉(
⋃

i∈Γ

Ai) =
⋃

i∈Γ

〈eX〉(Ai) =
⋃

i∈Γ

Ai.

Hence
⋃

i∈Γ Ai ∈ G〈eX〉. Since
⋂

i∈Γ(Ai) =⋂
i∈Γ〈eX〉(Ai) ⊃ 〈eX〉(

⋂
i∈Γ Ai) ⊃ ⋂

i∈Γ Ai, then⋂
i∈Γ Ai ∈ G〈eX〉.
Since 〈eX〉(〈eX〉(A)) = 〈eX〉(A) ⊃ A, CG〈eX〉

⊂
〈eX〉.

Since A ⊂ CG〈eX〉
and CG〈eX〉

(A) ∈ G〈eX〉, then
CG〈eX〉

(A) = CG〈eX〉
(A) ⊃ 〈eX〉(A).

(5) For Bi ∈ F[eX ], since [eX ](Bi) = Bi, by The-
orem 1.2(2),Bi is eX -upper set. Hence|= (x, y) ∈
eX → (x ∈ Bi → y ∈ Bi). Since(x, y) ∈ eF[eX ]

iff (∀Bi ∈ F[eX ])(x ∈ Bi(x) → y ∈ Bi), theneX ⊂
eF[eX ] . Since[eX ]((eX)x) = (eX)x from Theorem 1.2(1),
(x, y) ∈ eF[eX ] implies(x ∈ (eX)x → y ∈ (eX)x) implies
(x, y) ∈ eX . HenceeF[eX ] ⊂ eX .

For Bi ∈ G〈eX〉, since〈eX〉(Bi) = Bi, by Theorem
1.2(2), Bi is e−1

X -upper set. Hence|= (x, y) ∈ eX →
(y ∈ Bi → x ∈ Bi). Since (x, y) ∈ eG〈eX〉

iff
(∀Bi ∈ G〈eX〉)(y ∈ Bi → x ∈ Bi), theneX ⊂ eG〈eX〉

.
Since 〈eX〉((eX)−1

y ) = (eX)−1
y from Theorem 1.2(1),

(x, y) ∈ eG〈eX〉
implies (y ∈ (eX)−1

y → x ∈ (eX)−1
y )

implies(x, y) ∈ eX . HenceeG〈eX〉
⊂ eX .

Example 2.3. Let X = {a, b, c, d} be a set. We define a
preodereX as follows:

eX = {(a, a)(a, d), (b, b), (b, d), (c, a),

(c, b), (c, c), (c, d), (d, d)}.
We obtain

[eX ](A) =





{d} if {d} ⊂ A,
{a, d} if {a, d} ⊂ A, {b, d} 6⊂ A
{b, d} if {b, d} ⊂ A, {a, d} 6⊂ A,
{a, b, d} if {a, b, d} ⊂ A,

{a, d} 6⊂ A, {b, d} 6⊂ A,
X if A = X,
∅ otherwise,

F[eX ] = {∅, {d}, {a, d}, {b, d}, {a, b, d}, X}
IF[eX ] = [eX ] andeF[eX ] = eX .

〈eX〉(A) =





∅ if A = ∅
{c} if A = {c},
{a, c} if {a} ⊂ A, A 6⊃ {b}, A 6⊃ {d}
{b, c} if{b} ⊂ A,A 6⊃ {a}, A 6⊃ {d}
{a, b, c} if {a, b} ⊂ A, A 6⊃ {d}
X if {d} ⊂ A.

G〈eX〉 = {∅, {c}, {a, c}, {b, c}, {a, b, c}, X}
Moreover,CG〈eX〉

= 〈eX〉 andeG〈eX〉
= eX .

Theorem 2.4. Let C : P (X) → P (X) be a closure oper-
ator.

Then; (1)GC = {A ∈ P (X) | A = C(A)} is a closure
system onX with CGC = C.

(2) Define(x, y) ∈ eC iff y ∈ C({x}). TheneC is a
preordereC onX with 〈eC〉(A) = 〈eGC

〉(A) ⊂ C(A) and

y ∈ 〈eGC
〉({x}) iff y ∈ C({x}) iff (y, x) ∈ eGC

.

Proof. (1) For eachAi ∈ GC , ∩i∈ΓAi ∈ GC because

∩i∈ΓAi ⊂ C(∩i∈ΓAi) ⊂ ∩i∈ΓC(Ai) ⊂ ∩i∈ΓAi.

Since C(C(A)) = C(A), we haveCGC
(A) ⊂ C(A).

Since A ⊂ CGC
(A), C(A) = CGC

(C(A)) ⊂
CGC

(CGC
(A)) = CGC

(A).
(2) Sincex ∈ C({x}), then(x, x) ∈ eC . For (x, y) ∈

eC and(y, z) ∈ eC , sincex ∈ C({y}) andy ∈ C({z}),
then C({y}) ⊂ C(C({z})) = C({z}). Hencex ∈
C({z});i.e. (x, z) ∈ eC .

SinceCGC
= C from (1), C({x}) =

⋂{A | {x} ⊂
A,A ∈ GC . Theny ∈ C({x}) iff |= (∀A ∈ GC)(x ∈
A → y ∈ A) iff (y, x) ∈ eGC iff y ∈ 〈eGC 〉({x}) from
Theorem 2.2(2). By a similar method in Theorem 2.1(5),
〈eGC

〉(A) ⊂ C(A).

Theorem 2.5. Let I : P (X) → P (X) be an interior oper-
ator.

Then; (1)FI = {A ∈ P (X) | A = I(A)} is an interior
system onX with IFI = I.

(2) Define(x, y) ∈ eI iff x ∈ (I({x}c))c. TheneI is a
preordereI onX with I(A) ⊂ [eI ](A) = [eFI

](A) and

y 6∈ [eFI
〉({x}c) iff y 6∈ I({x}c) iff (y, x) 6∈ eFI

.
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Proof. (1) It is similarly proved as in Theorem 2.4(1).
(2) Sincex ∈ (I({x}c))c iff {x} ⊂ (I({x}c))c iff

I({x}c) ⊂ {x}c, then(x, x) ∈ eI . For (x, y) ∈ eI and
(y, z) ∈ eI , sinceI({y}c) ⊂ {x}c andI({z}c) ⊂ {y}c,
thenI({z}c) ⊂ I(I({z}c)) ⊂ I({y}c) ⊂ {x}c. Hence
x ∈ (I({z}c))c;i.e. (x, z) ∈ eI .

SinceIFI
= I from (1), I({x}c)c =

⋂{Ac | {x} ⊂
Ac, A ∈ FI}. Theny ∈ (I({x}c))c iff |= (∀A ∈ FI)(x ∈
Ac → y ∈ Ac) iff |= (∀A ∈ FI)(y ∈ A → x ∈ A) iff
(y, x) ∈ eFI

. Moreover,y ∈ [eFI
]({x}c) iff |= (∀z ∈

X)((y, z) ∈ eFI
→ z ∈ {x}c) iff (y, x) 6∈ eFI

. By a
similar method in Theorem 2.1(4),I(A) ⊂ [eFI

].

Example 2.6. Let X = {a, b, c, d}, B1 = {a, b} andB2 =
{b, c} be sets. We define functionsI, C : P (X) → P (X)
as follows:

I(A) =





B1 if B1 ⊂ A,
B2 if B2 ⊂ A,
B1 ∪B2 if B1 ∪B2 ⊂ A,

B1 6⊂ A,B2 6⊂ A,
∅ otherwise,

C(A) =





B1 if A ⊂ B1, A 6⊂ B2

B2 if A ⊂ B2, A 6⊂ B2

B1 ∩B2 if A ⊂ B1 ∩B2,
X otherwise.

(1) I is an interior operator onX with FI = {A |
I(A) = A} = {∅, B1, B2, B1 ∪B2}.

(2) C is a closure operator onX with GC = {A |
C(A) = A} = {B1, B2, B1 ∩B2, X}.

(3) IFI
= I andCGC

= C.
(4) There exists a preordereFI

on X such thatFI ⊂
F[eFI

] = {∅, B1, B2, B1 ∩B2, B1 ∪B2, X} with

(x, y) ∈ eFI
iff |= (∀B ∈ FI)(x ∈ B → y ∈ B)

eFI = {(a, a)(a, b), (b, b), (c, b), (c, c),

(d, a), (d, b), (d, c), (d, d)}

[eFI
](A) =





B1 ∩B2 if B1 ∩B2 ⊂ A,
B1 if B1 ⊂ A,B2 6⊂ A
B2 if B2 ⊂ A,B1 6⊂ A,
B1 ∪B2 if B1 ∪B2 ⊂ A,

B1 6⊂ A,B2 6⊂ A,
X if A = X,
∅ otherwise,

HenceI(A) ⊂ [eFI
](A) with y ∈ [eFI

]({x}c) iff y ∈
I({x}c) iff (y, x) 6∈ eFI = eI because

[eFI ]({a}c) = I({a}c) = {b, c}
[eFI

]({b}c) = I({b}c) = ∅
[eFI

]({c}c) = I({c}c) = {a, b}
[eFI

]({d}c) = I({d}c) = {a, b, c}

(5) There exists a preordereGC
on X such thatGC ⊂

G〈eGC
〉 = {∅, B1, B2, B1 ∩B2, B1 ∪B2, X} with

(x, y) ∈ eGC iff |= (∀Bi ∈ GC)(y ∈ Bi → x ∈ Bi)

eGC
= {(a, a)(a, d), (b, a), (b, b), (b, c), (b, d)

(c, c), (c, d), (d, d)}

〈eGC
〉(A) =





∅ if A = ∅
B1 if A ⊂ B1, A 6⊂ B2

B2 if A ⊂ B2, A 6⊂ B2

B1 ∩B2 if ∅ 6= A ⊂ B1 ∩B2,
B1 ∪B2 if A ⊂ B1 ∪B2,

A 6⊂ B1, A 6⊂ B2

X otherwise.

Hence〈eGC 〉(A) ⊂ C(A) with y ∈ 〈eGC 〉({x}) iff y ∈
C({x}) iff (y, x) ∈ eGC

= eC .

〈eGC
〉({a}) = C({a}) = {a, b}

〈eGC
〉({b}) = C({b}) = {b}

〈eGC 〉({c}) = C({c}) = {b, c}
〈eGC 〉({d}) = C({d}) = {a, b, c, d}

Theorem 2.7. Let (X, eX) and(Y, eY ) be preordered sets.
Then the following statements are equivalent:

(1) f : (X, eX) → (Y, eY ) is an order preserving map,
(2) f−1(B) is aneX -upper set foreY -upper setB,
(3) f−1(D) is ane−1

X -upper set fore−1
Y -upper setD,

(4) f(〈eX〉(A)) ⊂ 〈eY 〉(f(A)), for eachA ∈ P (X),
(5) f([eX ](A)) ⊂ [eY ](f(A)), for eachA ∈ P (X),
(6) f−1([eY ](B)) ⊂ [eX ](f−1(B)), for eachB ∈

P (Y ).
(7) f−1(〈eY 〉(B)) ⊂ 〈eX〉(f−1(B)), for eachB ∈

P (Y ).

Proof. (1)⇒ (2). LetB be aneY -upper set. Sincef is an
order preserving map,|= x ∈ f−1(B) & (x, z) ∈ eX →
f(x) ∈ B & (f(x), f(z)) ∈ eY and |= (f(x), f(z)) ∈
eY & f(z) ∈ B → z ∈ f−1(B). By M.P., |= x ∈
f−1(B) & (x, z) ∈ eX → z ∈ f−1(B). Hencef−1(B) is
aneX -upper set.

(2)⇒ (4). SinceBi is ane−1
Y -upper set iffBc

i is aneY -
upper set, thenf−1(Bc

i ) = (f−1(Bi))c is aneX -upper set
iff f−1(Bi) is ane−1

X -upper set. Thus,

〈eY 〉(f(A))
=

⋂
i{Bi | f(A) ⊂ Bi, Bi : e−1

Y − upper set}
=

⋂
i{Bi | A ⊂ f−1(Bi), Bi : e−1

Y − upper set}
⊃ ⋂

i{f(f−1(Bi)) | A ⊂ f−1(Bi),
f−1(Bi) : e−1

X − upper set}
⊃ f(

⋂
i{f−1(Bi) | A ⊂ f−1(Bi),

f−1(Bi) : e−1
X − upper set}

⊃ f(〈eX〉(A))
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(4)⇒ (6). Put A = f−1(B). f(〈eX〉(f−1(B)) ⊂
〈eY 〉(f(f−1(B))) ⊂ 〈eY 〉(B) implies 〈eX〉(f−1(B)) ⊂
f−1(〈eY 〉(B)). ([eX ](f−1(Bc)))c ⊃ (f−1([eY ](Bc)))c

implies[eX ](f−1(Bc)) ⊃ f−1([eY ](Bc)).
(6)⇒ (1). PutB = {f(z)}c. Since

f−1([eY ]({f(z)}c) ⊂ [eX ](f−1(({f(z)}c)) ⊂ [eX ](({z}c)

Then(f(x), f(z)) 6∈ eY iff x ∈ f−1([eY ]({f(z)}c)) im-
pliesx ∈ [eX ](f−1({f(z)}c)) impliesx ∈ [eX ]({z}c) iff
(x, z) 6∈ eX .

Similarly, (1)⇒ (3)⇒ (5)⇒ (7)⇒ (1).

Theorem 2.8. Let (X,GX) and (Y,GY ) be closure sys-
tems. Then the following statements are equivalent:

(1) f−1(B) ∈ GX for eachB ∈ GY ,
(2) f : (X,CGX

) → (X, CGY
) is a C-map.

(3) CGX
(f−1(B)) ⊂ f−1(CGY

(B)) for each B ∈
P (Y ).

(4) f : (X, IG∗
X

) → (X, IG∗
Y
) is an I-map.

Moreover, iff−1(B) ∈ GX for eachB ∈ GY , thenf :
(X, eGX ) → (Y, eGY ) is an order preserving map.

Proof. We easily proved that the statements (1), (2),(3) and
(4) are equivalent. Letf−1(B) ∈ GX for eachB ∈ GY .
Then

(f(x), f(y)) ∈ eGY

iff (∀B ∈ GY )(f(y) ∈ B → f(x) ∈ B)
iff (∀B ∈ GY )(y ∈ f−1(B) → x ∈ f−1(B))

Hence

(x, y) ∈ GX iff (∀D ∈ GY )(y ∈ D → x ∈ D)
implies(f(x), f(y)) ∈ eGY .

Theorem 2.9.Let (X,CX) and(Y, CY ) be closure spaces.
Then the following statements are equivalent:

(1) f : X → Y is a C-map.
(2) CX(f−1(B)) ⊂ f−1(CY (B)) for eachB ∈ LY .
(3) f−1(B) ∈ GCX

for eachB ∈ GCY
,

Moreover, if f : X → Y is a C-map, thenf :
(X, eCX ) → (Y, eCY ) is an order preserving map. If
CX(∪i∈ΓAi) = ∪i∈ΓCX(Ai), the converse holds.

Proof. We easily proved that the statements (1), (2) and
(3) are equivalent. Sincef(CX({x})) ⊂ CY ({f(x)}),
thenz ∈ CX({x}) implies f(z) ∈ CY ({f(x)}). Hence
(z, x) ∈ eCX

implies(f(z), f(x)) ∈ eCY
.

Since (z, x) ∈ eCX
iff z ∈ CX({x}) implies

(f(z), f(x)) iff f(z) ∈ CY ({f(x)}), thenf(CX({x}) ⊂
CY ({f(x)}). For eachA = ∪x∈A{x},

f(C(A)) = f(CX(∪x∈A{x}) = ∪x∈Af(CX({x})
⊂ ∪x∈ACY ({f(x)}) ⊂ CY (∪x∈A{f(x)}) = CY (f(A))

Theorem 2.10.Let (X, IX) and(Y, IY ) be interior spaces.
Then the following statements are equivalent:

(1) f : X → Y is an I-map.
(2) f−1(B) ∈ FIX

for eachB ∈ FIY
,

Moreover, if f : X → Y is an I-map, thenf :
(X, eIX ) → (Y, eIY ) is an order preserving map. If
IX(∩i∈ΓAi) = ∩i∈ΓIX(Ai), the converse holds.

Proof. We easily proved that the statements (1) and (2) are
equivalent. Letf : X → Y be an I-map. Then

f−1(IY ({f(x)}c)) ⊂ IX(f−1({f(x)}c)) ⊂ IX({x}c).

Hencez ∈ IX({x}c)c implies f(z) ∈ IY ({f(x)}c)c.
Thus,(z, x) ∈ eIX

implies(f(z), f(x)) ∈ eIY
.

Since (x, z) ∈ eIX
iff x ∈ IX({z}c)c im-

plies (f(x), f(z)) iff f(x) ∈ IY ({{f(z)}c)c,
then f(IX({x}c)c) ⊂ IY ({f(x)}c)c. Thus
IX({x}c)c ⊂ f−1(IY ({f(x)}c)c) implies
f−1(IY ({f(x)}c)) ⊂ IX({x}c). Put f(x) = y.
Then f−1(IY ({y}c)) ⊂ IX({f−1(y)}c). For each
B = ∩y∈Bc{y}c,

f−1(IY (B)) = f−1(IY (∩y∈Bc{y}c))
⊂ ∩y∈Bcf−1(IY ({y}c))
⊂ ∩y∈BcIX(f−1({y}c))
= IX(∩y∈Bcf−1({y}c))
= IX(f−1(∩y∈Bc{y}c)) = IX(f−1(B)).
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