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ABSTRACT

In this paper, the natural frequency of a cracked cantilever L-beams with a coupled bending and

torsional vibrations is investigate by theory and experiment. In addition, a method for detection of

crack in a cantilever L-beams is presented based on natural frequency measurements. The governing

differential equations of a cracked L-beam are derived via Hamilton's principle. The two coupled

governing differential equations are reduced to one sixth order ordinary differential equation in terms

of the flexural displacement. Futher, the dynamic transfer matrix method is used for calculation of a

exact natural frequencies of L-beams. The crack is assumed to be in the first mode of fracture and

to be always opened during vibrations.

In this study, the differences between the actual and pre-

dicted positions and sizes of crack are less than about 10 % and 39.5 % respectively.
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Fig. 1 Geometry of cracked L-beam
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/i A Property Values
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‘ Total length of beam(L ) 0.40 m
A @219 $¥dke] 2 (15)9 AAxAS dYst Hight of beam(a ) 0.03m
il Aeshd ot Zrh Width of beam(b ) 0.03m
Thickness(d) 0.003 m
47 A Young's modulus(£) 200 GPa
A 4
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A, A Poisson's ratio(V/) 0.3
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Table 3 Natural frequencies of cantilever L-beams

Impact hammer
(DYTRAN / 806D80) . : “ freqi*;f:ireasl(Hz) b0
. . Theory Exp.
w, 95.51 95.38 0.1
?g;f}f;’jg‘g?; Uneracked |y 1 597.73 5840 | 24
ws 1670.0 1610.13 3.7
wy 93.22 91.38 2.0
0.1 Wy 592.51 582.13 1.8
ws 1666.60 1598.75 4.2
wy 94.41 92.88 1.7
0.3 Wy 595.71 576.25 34
ws 1647.30 1594.88 33
0.3 w; 95.14 94.38 0.8
0.5 Wy 587.93 560.13 5.0
ws 1669.60 1592.00 4.9
wy 95.45 95.63 0.2
0.7 Wy 592.27 574.63 3.1
ws 1639.70 1601.38 24
wy 86.37 83.50 34
0.1 Wy 578.46 581.13 0.5
ws 1658.10 1597.63 3.8
w; 90.87 88.38 2.8
0.3 Wy 589.43 565.50 4.2
0.5 ws 1581.60 1584.38 0.2
wy 93.89 92.88 1.1
0.5 Wy 558.00 518.88 7.5
o wy, | 1668.60 | 157650 | 5.8
i w, 95.24 95.38 0.2
(b) L-beam with crack 07 | w, | 57401 549.13 | 45
Fig. 3 Experimental setup Wy 1551.90 1602.00 3.1

roh

2 ASHSSSS =28 /421 A Al23, 20113/173



&9 %o

-

~ | Exp.—Theory

> Exp.
hilt). o Egta Adgte] Ad) oAl oF 75%
on, 13} RES] RS oAk M A
Rro] AfglEre A9 A7
, A A7]|sE BAgle] A
A7k Bel AfEel] N Ass dol
= el FAEFS g

x 100

4. 2o I AHE

41 PR ESE Hol 3 AS Wy
dHow AYEEL A @ nol &4 4
H

= WL FAaEd 9)olAet Zo]l 53 EHEY

0.03 | 0.0303 First mode
0.02
2
2
g 0.01
@
(7]
0.00
-0.01
Spring constant
(a) First mode
0.006
0.0052 Second mode
0.004

0.002

Sensitivity

0.000

Spring constant

(b) Second mode

0.09

0.076 Third mode

Sensitivity

Spring constant

(c) Third mode

Fig.4 Natural
L-beams

frequency sensitivity of cracked

174/3t=2 423 SSE3| =2 &/A421 4 A2 3, 2011

2} g,
Fig. 4% 2 (26)2 o]&3lo] Ao &
7

g =0299| £ " = 0302

mt

L

0.0 0.2 0.4 0.6 0.8 1.0
Crack position

Fig.5 Function £k, for the first three modes of
cracked cantilever beam(a,, = 0.3)

1000
100
g
= k, = 1452
0k = 1427
a, =055 a = 0576
y ‘ ‘ ", ‘
0.0 0.2 0.4 0.6 0.8 1.0
Crack depth

Fig. 6 Spring coefficient k, versus crack depth



b

=

ﬂﬂuLo.ﬁioW
o %mﬂﬁ
R v 7w
woo Mm%
ﬁEcT ~ X
n M

Ht ﬂ_OIOE
= M Jo 2%
o ﬂﬂlﬁo
Emﬂ]ﬂu
™ o o
@mﬂ_zﬂﬂ
,Ll@uﬂEl
;o_j

= TW%
~— O o
Wﬁoaﬁ?
T e N
ﬂ&onﬁld-
=X T R
mxo#a‘ﬂm\ﬂﬂ
Lwm T
WK N

(26)

05) ~ Ye, (a, ,.=o,05)}

{ UJ& (o,

0

Ak,

tol Hdl 2.6 %

9|

2 o5 Azl u]

)

M, S, 83 Tolx, A A7

A7 j

X
o

ks

do

. o714 A}

e

FolTh. Fig. 4004 1,

S

=

HoEolo Hul 50 %A

ofpy
AL

3
W} ue

1110

~ =0

X

of

|

jN
o

NE
ofp
0®
&)

o}

—_—

ol
AL

ljK!

st Ao fA] o w
UERd 2efzelrt. o] A

83
o
=

o
ol

@ =<

T

TH

e}
Eiine

2

olel A7t 71%

—

e =oh ojuje] I H 9XE 034302 A

Al k3

Helth ad3 414

=
=

°F 43 %< 23}

f
T

H5A 7] ol

100

ofpy

!

Ar

)

th. WA Fig 594 A9 9x2 weksla,

s

1o} Fig. 690 4]

0|83

SEEREEDIEER

7

=0
= =

N

Crack position

ol24 A} b doll= EFL F 7.6%

X

=03, ¢, =03

(a) o,

o

)

40

——
fite)

0)7] 13}l

= =
= =

Aol g oAt

st ThEA =

A 11.5%S

Crack position

() a, =05, ¢, =03

oy &
B
T X
= 3
oo

a4
ﬂ .
o] iy
T B
® T
.~
o M
o A
Y
o E
T
_r..rl, OT.c
& ~
- o
NF =0

Fig.7 Function k,, for the first three modes of

cracked cantilever beam

, 201143/175

z

/AI21 A A2



E o] EEw S

Table 4 Comparison of actual and predicted data of
crack position and size

Actual data Predicted data
Case = =
. | & | a, | Bror(%) | &, | Error(%)
1 0.1 0.5 | 0.458 35.8 0.598 9.8
2 0.1 0.7 | 0.495 39.5 0.718 1.8
3 0.3 0.3 | 0519 21.9 0.343 43
4 0.3 0.5 |0.621 32.1 0.586 8.6
5 0.3 0.7 |0.550 25.0 0.736 3.6
6 0.5 0.1 |0.851 35.1 0.165 6.5
7 0.5 0.3 |0.783 28.3 0.382 8.2
8 0.5 0.5 |0.864 36.4 0.572 7.2
9 0.5 0.7 |0.647 14.7 0.709 0.9
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