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MODULAR POLYNOMIALS FOR MODULAR CURVES
X+

0 (N)

SoYoung Choi*

Abstract. We show that for all N ≥ 1, the modular function
field K(X+

0 (N)) is generated by j(z)j(Nz) and j(z) + j(Nz) over
C, where j(z) is the modular invariant. Moreover we derive the
defining equation of the the modular function field K(X+

0 (N)) from
the classical modular polynomial ΦN (X, Y ).

1. Introduction

Let Γ+
0 (N) be the group generated by the Hecke group Γ0(N) and the

Fricke involution WN =
(

0 −1
N 0

)
. Let X0(N) and X+

0 (N) be the mod-
ular curves associated with the groups Γ0(N) and Γ+

0 (N) respectively.
Then the function field of X0(N) is generated by j(z) and j(Nz), where
j(z) is the modular invariant. The modular polynomial

ΦN (X, j(z)) =
∏

α∈∆∗N

(X − j(αz)) ∈ Z[X, j]

of order ψ(N) gives a relation between j and j ◦ N , where ψ(N) de-
notes the number of the set ∆∗

N = {( a b
0 d

) ∈ M2(Z)| (a, b, d) = 1, a >
0, ad = N, 0 ≤ b < d}. Then the modular equation ΦN (X,Y ) = 0
is an affine singular model of the modular curve X0(N). In this paper,
we derive a defining equation of the modular curve K(X+

0 (N)) from the
modular polynomial ΦN (X,Y ) = 0. To do this we need the following
property:

Proposition 1.1. (1) ΦN (X, j) is irreducible over C(j) and has the
degree ψ(N).
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(2) ΦN (X, j) = ΦN (j, X)

Proof. [1, Chap. 5, §2, Theorem 3.],

2. An affine singular model of the modular curve X+
0 (N)

Theorem 2.1. The function field of the modular curve X+
0 (N) is

C(j(z)j(Nz), j(z) + j(Nz)).

Proof. We consider the subfield C(j(z)j(Nz), j(z)+j(Nz)) of K(X+
0 (N)),

where j(z) is the modular invariant. Since K(X0(N)) is an algebraic ex-
tension of K(X+

0 (N)) of degree [Γ+
0 (N) : Γ0(N)] (see [2], p.31), we have

[K(X0(N)) : K(X+
0 (N))] = 2. Moreover, since X2− (j(z)+ j(Nz))X +

j(z)j(Nz) = 0 is the minimal polynomial of both j(z) and j(Nz) over
C(j(z)j(Nz), j(z) + j(Nz)), we have to get the equality

K(X+
0 (N)) = C(j(z)j(Nz), j(z) + j(Nz))

for all N ≥ 1 by virtue of the fact K(X0(N)) = C(j(z), j(Nz)) (see [2],
Proposition 2.10).

Since the modular equation ΦN (X, Y ) is symmetric, there exist a
polynomial FN (x, y) ∈ Z[x, y] such that ΦN (X, Y ) = FN (X + Y, XY ).
Then we have the following theorem.

Theorem 2.2. FN (x, y) gives an affine singular model of the modular
curve X+

0 (N).

Proof. We know that FN (j(z)+j(Nz), j(z)j(Nz)) = ΦN (j(Nz), j(z)) =
0. Assume that FN (x, y) = G(x, y)H(x, y) with G(x, y), H(x, y) ∈
C[x, y]. Then we have that ΦN (X, Y ) = G(X + Y, XY )H(X + Y, XY ).
Since ΦN (X, Y ) is an irreducible polynomial, either G(X + Y, XY ) or
H(X + Y,XY ) is a constant and hence either G(x, y) or H(x, y) is con-
stant. This implies that FN (x, y) gives a defining equation of the mod-
ular curve X+

0 (N).

Example 2.3. For N = 2 we have Φ2(X,Y ) = X3 + Y 3 −X2Y 2 +
1488XY (X + Y )− 162000(X2 + Y 2) + 40773375XY + 8748000000(X +
Y ) − 157464000000000 which induces F2(x, y) = x3 − 162000x2 − y2 +
1485xy + 8748000000x + 41097375y − 157464000000000.
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