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1. Introduction and costs are exactly’ known, but to get this exact in-

The importance of measuring overall efficiency has been
emphasized in DEA literature [1-5] indicated on the im-
portance of measuring allocative efficiency (AE) as follows.
“While the conventional measure of performance is ex-
pressed by the form of technical efficiency (TE), ‘effective-
ness-the level of achieving a goal’ can be measured by allo-
cative efficiency (AE) when the goal of each DMU is to
achieve the lowest input prices. And the achievement of
effectiveness is much more important for many organ-
izations than achieving efficiency.” However the research
for measuring overall (allocative) efficiency (OE, AE) has
been rather limited. This is mainly due to the belief that
it can be measured only when the information on prices
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formation in real applications is not easy. Cooper, et al.
(2000) [1] mentioned the problems for measuring overall
efficiency in real applications such that many companies
are unwilling to disclose their unit costs and unit prices
may also be a problem when these values are subject to
large fluctuations. Also when the decision maker’s interest
is not limited only to cost or price, there are many factors
that cannot be easily quantified, for example variables repre-
sented by quality or customer service parameters. The pre-
vious models for measuring overall efficiency uses a
two-step approach. For instance, to measure the cost effi-
ciency, it tries to find the optimal quantities of each input
of DMU j with objective function which minimizes the ac-
tual total cost in step 1 and in step 2 it calculates the overall
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efficiency by the ratio of total optimal costs to total actual
costs of DMU j. Therefore it is believed that when we don’t
have exact information on prices or costs, we cannot per-
form the calculation in step 1, so we cannot perform the
calculation in step 2 either. This belief made even harder
to use previous models effectively in the case that we need
to do some efficiency analysis according to possible ranges
of prices. In this paper, we developed the models that can
measure the overall efficiency in a single step. The only
difference between the proposed and CCR model is the add-
ed cost vector constraints, which results in the DEA models
with cone-ratiomodel can directly measure the overall effi-
ciency score of DMU j.

In previous DEA literature, we couldn’t find any prior
reference in which the relationship between two models is
explored. Thus these two models have been treated sepa-
rately. However, through the suggested models, we can show
the relationship between two models such that the models
for measuring overall efficiency can be considered as a sub-
set of the models with general cone-ratio restrictions.

2. Concepts of Three Efficiency Measures

<Figure 1> shows the concepts of three efficiency meas-
ures originated by Farrell. Let us assume that 1) each DMU
uses two inputs (x, z,) in order to yield a single output
(y), under the condition of constant returns to scale 2) two
inputs and one output are assumed to be all positive. P
is a point in the interior of the production possibility set
representing the activity of a DMU which produces this
same amount of output but with greater amounts of both
inputs than any point on the production frontier. Then three
efficiency measures can be defined as follows. First, techni-
cal efficiency (TE) of DMU P can be measured by 7F
= 0@/ OP since DMU @ exists on the frontier that use
less input quantities than P to yield the same quantity of
output. Second, allocative efficiency(AE) of DMU P can
be measured by AE = OR/OQ. The budget (cost) line,
which has the slope equal to the ratio of two input prices
of DMU P, is ¢z, +cz, = k; and that of DMU B is
1@y + ety = ko (ko < k). Therefore the cost of (k, —k)
can be reduced by moving this line in parallel fashion until
it intersects with the isoquant at B. The corresponding meas-
ure of (1—OR/0OQ) indicates the allocative inefficiency
that denotes a possible reduction in cost by using appro-

priate input mixes. Third, overall efficiency (OE) denotes
a possible reduction in cost due to changing from A(ob-
served input quantities) to B (cost minimizing input quanti-
ties) and it can be measured by OF = OR/ OP. Therefore
we have the relation to cach of three efficiency measures

_OR_0Q OR _
OF =G = G2 g = TEX AE 0
) T ey +eyx7 = Ky
0/ x‘

<Figure 1> Technical, Allocative and Overall Efficiency

3. Previous Models for Measuring
Overall Efficiency

The concept of overall efficiency has been researched
focusing on each preferable interest by several ways, i.c.
1) cost efficiency, 2) revenue efficiency, 3) profit efficiency
and 4) ratio efficiency. This standard approach to determine
overall efficiency and its components is due to [4] and they
suggested the following model.
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Here p,, c;, represent the unit prices and costs respec-
tively and y,,, z,, represent the amount of outputs and in-
puts of DMU 0 respectively. This model differs from the
models that employ radial measures. Therefore in this paper,
we begin with the following models that have been used
to me asure overall efficiencies in DEA literature. To calcu-
late each overall efficiency, we have to perform the follow-
ing two-step procedures.

Step 1 : From the following LP models, we can find
the optimal z; and y, for each DMU j. There-
fore in step 1, we have to repeat each of the
following models j times. Where, c;, is the unit
cost of the input z; of DMUO, and p,, is the
unit price of the output y, of DMUQ, which
may vary from one DMU to another.

(Cost-E) Min Y, ¢,z
i=1
subject to
z; = Zm” » i=1--m
yro = Eym >\]’ T'=17 T8 (2'3)
ji=1
A0, Vi
(Revenue-E) Moz Y p.y.
r=1
subject to
Z ” y i=1,-,m

Y =< Eyr]‘)\j) r=1,--,8 (3-a)

i=1

A; =0, Vi

(PrOflt'E) Maz ZproyT Z Cio'Ti
subject to

z; = Zx”/\1<z t=1,---,m

ji=1

U= 22U\ = U r=1,-s  (4-a)

ji=1

A 20, V)

(RatiO'E) Maz Eproyr / Z Cio'l;

subject to
Same as (4-a) (5-a)

Step 2 : Using the optimal value of z; and y,, in step
2, we can calculate each overall efficiency for
DMU j. In step 2, we also have to repeat each
of the following models j times to find out all
DMU’s overall efficiencies.

E =, (2-b)

(3-b)
mey

Epwym Z CioTio

E, = , (4-b)

Eproy 2 CioL;*
r=1
Epmyro/ E CioTio

Epatio = , (5-b)

mey /E Ciol

Example 1 : Here we suggest an example 1, which is
excerpted from [1] for the purpose of explaining the above
models and afterward comparing the result with those of
our models. <Table 1> shows the data for 4 DMUs with
two inputs and two outputs, along with the unit cost for
each input and unit price for each output. And <Table 2>
shows the results of cost, revenue, profit and ratio efficien-

cies of the 4 DMUs.

{Table 1> Example 1 data

DMU Input Output Input Cost |OQutput Price

K1 Zy 1 Y2 G = D by

— | i

8
6
8
2

-~ [ oo | W | L
- VST I SR
[ 20 IO T  ~N JY NO
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2
1
3
2

B |lw ]| -

According to the above models, for example, cost effi-
ciency for DMU 2 is calculated by the following procedure.
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Step 1 : Solve the model (2-a)
(Cost-E) Min 2z, + 4,
subject to
2 20 — 1A —3A — 2, = 0
T,— 3\ —5X, ~ 8, — T\, = 0
5A;— 20, — 40— 1), = 2
8A, —6X, —8A;—2), = 6
A =0, V3

Then we get the optimal solution such that z,= 1.5, z,=
225, X, = 0.75 with objective function value 12. All the

other A variables are 0.

Step 2 : Solve the model (2-b)

. S (2x15) +(4x 2.25)
¢ m (2x1)+(4x5)
Zcioxio
i=1
12
= 5 = 0.545

{Table 2> Results of example 1

DMU CCR Cost |Revenue| Profit Ratio

J—
—

1 1 1 1

2 1 0.545 1 1 0.461
3 0571 0.455 0.571 0.326 0.411
4 0214 0.159 0.208 0 0.142

The revenue, profit and ratio efficiencies are also can
be obtained by solving sequentially the model (3-a, 3-b),
(4-a, 4-b) and (5-a, 5-b) respectively. When the actual profit
appears to be negative, the profit efficiency score is as-
signed the value 0.

4. New Approach to Measure Overall
Efficiency

In this section, we suggest the models, which can meas-
ure the overall efficiency using cone-ratio constraints. Using
<Figure 1>, we showed the concepts of three efficiency
measures of DMU P are 7E = 0OQ/OP, AE = OR/OQ,
OFE = OR/OP And the relationship of three efficiency
measures is

X2

. .
o o=k

*

<Figure 2> lllustration of Suggested Model

Also ¢z, +emy =k and cz)+cxy, =k, are isocost
lines for DMU B and DMU P respectively which are paral-
lel to each other. In <Figure 2>, OP represents an orthogo-
nal vector to the isocost lines, which passes through the
origin. It is clear from above figure that we can find the
unique vector, which is perpendicular to the isocost lines
and passes through the origin. And @', R’ are the projection
points which are projected perpendicular to the vector OP’
from @ and R respectively. Since @ and @', R and R,
P and P lie on each isocost line, it is clear that these
points have the same costs respectively. Therefore, the fol-
lowing relation (6) should hold that is also obvious by the
property of right-angled triangle in A OPP.

rp=992_ 99

T orP oP’
_OR _ OR'
AE— OQ_ OQ,’
OR _ OR’
OE_W_ OF (6)

And the relationship of three efficiency measures also
holds by (7)

OR' _ 0@ _ OR

OF =55 = or 00

=TEX AE 7N

Now we define the vector OP' as the cost vector with
the following property (P1).

(P1) Cost vector Z is a vector, which is perpendicular
to the iso-cost lines (planes) of DMU j and passes through

the origin. Similarly, price vector p is a vector, which is
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perpendicular to the iso-revenue lines (planes) of DMU j
and passes through the origin.

Generally if there is a DMU j, which uses m inputs with
the unit costs (c;, -+, c,,), then the iso-cost plane of DMU
Jj can be expressed as ¢z, + - +c,x, = k.

The equation of ¢;z; + --- + ¢z, =k is the general form
of the plane equation, which intersects each of m axes with
the following points, ie. (k/c;, 0,0, -, 0), (0, k/cy, 0,
0, 0), = (0,0, 0, k/c,,) and (e, -+, ¢,) represents
orthogonal (directional) vector to this plane which is passing
through the origin. Therefore we have the following prop-
erty on cost (price) vector (P2).

(P2) The cost vector of DMU j, which uses m inputs
with the unit costs (c,, -, c,,) and passes through the ori-
s Cpn)-

Similarly, the price vector of DMU j, which produces
r outputs with the unit prices (p,, -, p,) and passes through

gin, is the (¢, -~

the origin, is the (py, -, p,).

For simplicity, we assumed that unit costs of two inputs,
¢, and ¢, are the same for all DMUs in the case of <Figure
2>, Therefore we have all different isocost lines but parallel
to each other to all DMUs and a unique cost vector. However
in case that each DMU’s unit cost for each input is different
as shown in the example 1, each DMU has its own cost vector.

After all, when the cone-ratio weight restrictions (here,
cost or price ratios) are applied to the general CCR model,
all DMUs are projected to the cost vector along with the
iso-cost lines, and the overall efficiency is measured by the
following ratio (P3).

(P3) When the cost (price) vectors are applied to the CCR
model, the overall efficiency of DMU j can be measured
by the following ratio.

Overall efficiency score of DMU j =
(Norms of orthogonalprojection of DMU j to the cost(price) vector)

o?

g -

orms of orthogonalprojection of DMU j* to the cost(price) vector,
] p

where, DMU j* has the largest norm (revenue maximi-
zation case) or smallest norm {cost minimization case) when
projected to the price vector.

The weight vector for measuring overall efficiency can
be represented such as

>
cost vector : ¢ = (v, - » Co)s

s D)

L) = (e o

price vector : ;= (g =5 1) = (pyy -+

43

Therefore when we consider the DEA models for meas-
uring overall efficiency as one of general cone-ratio re-
strictions, we can replace the each of input, output multiplier
to each corresponding cost and price. Therefore, the follow-
ing two properties (8), (9) hold.

v G T T Um—-1_ Cm-1 8)
L= 1 22 =

Uy G Um Cm U3 G Um Cm

[ 41 TR T T &) Bo—1 _ Pm—1 (9)
.k

B Py o P My Py p P

That is, the only difference of proposed model with CCR
model is the added constraints according to the each case

as follows.
1) Cost Efficiency (10) : add constraint (8)
Maox £
(COSt'E) u hjo= Z KoY jo
T r=1
m
subject to b VT, = 1
i=1
3 m
Eﬂryr]" Evizijg 0, j=1-n (10)
r=1 i=1
L_oa a4 % %  Unor G
U2 CZ ’ ’ vm cm ’ ,U3 C3 ’ ’ Um Cm
My v 2 0, Vr and ¢
2) Revenue Efficiency (11) : add constraint (9)
Moz £
(Revenue-E) w o= Eluryrja
e
m
subject to b VT =1
i1=1
S m
Zﬂryrj_zvimijg 0, j=L-n (11)
r=1 i=1
B_bh R BR D Hee1 | Pmo
P T T AT Py
p v =0, Vrand i
. Mazx .
(Ratio-E) u, hj,= 21 PorYrio
o
m
subject to by VT =1
i=1
8 m
E/'l’ryrj_ Zvixijs 0, Jj=L-n (12)
r=1 i1=1
L osa .0 an_ b o G
1)2 02 ’ ’ Um Cm ’ Us G ’ ’ Um cm
B_bh APk B P HEner Pno
O N Py,

b v; =0, Vrand 4
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From the property of (8), the following formulation (13)
is equivalent to (10).

Mazx .
(Cost-E) ho= D3 Pl
Py / r=1 /
m
subject to Zcixijozl
i=1
s ki
Epryrj—zci:rijﬁ 0, ji=1,--n (13)
r=1 i=1
a8 8% % % G Un
6 v v g w e Un
P, ¢ =0, Vrand1

Similarly we can make formulations which is equivalent
to (11) and (12) respectively with replacing v, to ¢;, Vi and
Hy to Prs v

Example 2 : When the unit costs (prices) are the same
for all DMUs

{Table 3> Example 2 data and results

DMU T, x, o &) DMU | CCR |Cost-E
i 4 2 4 2 l 1 0.8
2 2 4 4 2 2 1 1
3 4 6 4 2 3 06 | 0571

It is clear in <Figure 3> that DMU 1 and 2 are CCR-effi-
cient but only DMU 2 is overall efficient (here, cost effi-
cient). Cost efficiency of DMU 3 is explained as a ratio
OR/ 03, but suggested mode] measures the ratio OR’/(B’.
Both measures should be the same from the property of
right-angled triangle. Model to find the cost efficiency of
DMU 3 is

(Cost-E) Max
du+ 6v, =1
p—4v;— 20, < 0

subject to

p—=2v,—4dv, < 0
p—4v,—6v,< 0
v — 20,= 0

p=0, v, 20, v,=20

And it gives the solution h; = " = 0.57143 Actually

under the constant returns to scale assumption, it doesn’t

matter to use either one of input-oriented or output-oriented
model. Therefore when we apply the model with output ori-
entation, we can also get the same solution. When we multi-
ply the efficiency score to the amount of each input of DMU
3, ie. 07(x,, x,) =0.57143 (4,6) =(2.2857,3.42858), then

this point is the coordinate of point A.

x4 =16

wiv, =cgfe, =2

0 T i T } T f x

<Figure 3> Ilustration of Example 2

Therefore we can see that the above model measures the
ratio of OR/O3=OR'/03.

On the other hand, when we use the model (2-a) and
(2-b) to measure cost efficiency of DMU 3, we also can
obtain the same score. That is,

(Cost-E) Min 4zt 2z,
2 — 4N~ 20, — 4Ny = 0
Ty — 2\ —4A —6Ag = 0
A AN = 1
AMZ0, A =0, A= 0

subject to

And it gives the solution with z; =2, z,=4, A, =1 and
A; = A; =0, which is the same with the coordinate of DMU
2. Therefore

= _ ax2)+(2x4) 16 _
E = = Taxa)= (ax6) 28 007143

After all in this example 2, we can state the difference
in the way of measuring overall efficiency between two
models as follows. That is, to measure the cost efficiency
of DMU 3, proposed model measures the ratio of OR/
O3=OR'/O3" while previous model measures the ratio
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of total costs of DMU 2/total costs of DMU 3. If we assume
another DMU 4 which has the coordinate of R in <Figure
3>, then the total costs of DMU2 and DMU 4 should be
the same since both DMUs lie on the iso-cost line.
Therefore it is clear that the results from both models are
the same.

Then the allocative efficiency (AE) of DMU 3 can be
obtained from equation (7)

o _ F
TE ~ TE

= M = 0.952

AE =
0.6

Example 3 : When the unit costs (prices) are not the
same for all DMUs

When the unit costs (prices) are not the same for alil
DMUs like example 1, we can apply models (10), (11) and
(12) replacing previous models (2), (3) and (5) respectively.

1) Cost efficiency of DMU 2 : objective function value

= 0.54545
(Cost-E) Maz  2p, +6p,
subject to lv, +5v, =1
Sty + 8y —2v; —3v, < 0
2u; +6py —1v, —b5v, <0
Ay +8py —3v; —8v, < 0
1p, +2p, —2v;, —7v, <0
2u;, —v, =0 > cost vector constraint

=0, py =0,v, =20,v, 20

2) Revenue efficiency of DMU 3 : objective function value

= 0.57143
(Revenue-E) Moz 4Ap; +8p,
subject to 3v, +8v, =1
Spy + 8y —2v; —3v, < 0
24 +6py —1v; —5v, < 0
Agy +8puy —3v, —8u, < 0
1p, + 24, — 20, — Tv, < 0
4 — 6, =0 P price vector constraint

My =0, ppy =0, v, 20,0, =0

3) Ratio efficiency of DMU 3 : objective function value

= 0.41056
(Ratio-E) Maz 4y, +8u,
subject to 3v, +8u, =1

Spy +8uy, —2v;, —3v, < 0
2y 6y — v, —5v, <0

B
4p0 +8py —3v, —8v, <0
1pq +2py — 20, —Tv, <0
3V,—3V,=0 > cost vector constraint
4y — 6, =0 P price vector constraint

=0, g =20, v, =20, v, 20

Even though we showed just one case in each of effi-
ciency, all solutions are exactly equal to the result in <Table
2>. When the unit costs (prices) are not the same for all
DMUs, we should use the DMU’s own cost vector which
is being analyzed.

5. Some Comments on the Models for
Measuring Overall Efficiency

In this paper, we suggested three models (10)~(12) to
find each of overall efficiency and the results were com-
pared with those of previous models (2), (3), (5). In fact,
the suggested models (10)~(12) turn out to be a CCR model
with added cost cone-ratio weight restrictions and they
make the same results with those from (2), (3) and (5).
Previously, we mentioned that the research for measuring
overall efficiency has been rather limited due to the belief
that it can be measured only when the information on prices
and costs are exactly known. However, this belief such that
“overall efficiency can be measured only when the in-
formation on prices and costs are exactly known” is not
true in some sense. All we need to know to measure the
overall efficiency is not the exact prices and costs but the
ratios of price or cost. This can be explained by the facts
that the suggested models (10)~(12) are made simply adding
cost (price) cone-ratio restrictions to CCR model and there-
fore even when the actual costs are changed while keeping
the same cost ratio, it will make the same cost efficiency
score since both have the same cost vector constraints. The
other things we need to indicate on both models are 1) each
overall efficiency score of DMU j depends on input, output
quantities of sample DMUs and only the ratios of price or
cost of DMU j. That is, other DMUs’ prices and costs
doesn’t affect to the overall efficiency of DMU j. And this
implies that the overall efficiency score of DMU j in both
models is calculated with the assumption that all the other
DMUs are assumed to use those of DMU j (i.e. all the
other DMUs are projected to the cost (price) vector of DMU
j). 2) DMU j can show its maximum overall efficiency,
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(which is equal to its TE, i.c. AE = 1) if the ratios of costs
and prices are the same with those of input, output multi-
pliers in CCR result respectively. However we have to con-
sider that CCR result for DMU j may have multiple solutions
and therefore it may not be a unique solution. Alternatively,
we can verify the above description 1) by using the previous
model (2-a) in example 1 data. To find cost efficiency of
DMU 2, the previous model (2-a) used only DMU 2’s input
costs in the objective function and all the other DMU’s input
costs are not used at all. That is, DMU 2’s cost efficiency
is calculated with the assumption that all the other DMUs
are assumed to use DMU 2’s cost ratio. In fact, many calcu-
lations with keeping the same cost ratio but changed costs
in (2-a), it made the same optimal quantities and therefore
don’t affect the result. For example, even if we change the
objective function from (2z,+4z,) to any of (4z, +8z,)
or(15z, +30z,), it makes the same results as before such
that =, = 1.5, z,=2.25, X\, =0.75 except objective function
values. All the other objective functions while they have
the input cost relation of ¢, = 2¢; will make the same result.
And different objective function values in step 1 don’t affect
to the result in step 2. When we let the cost efficiency score
of DMU j as E!, E? where £ represents the cost efficiency
using the same cost ratio but different costs compared with
E!. And let the corresponding optimal input quantities for

* * % *
E' as z), = and for E? as x>, z2". Then,

.
1ci°mi (e;x 21 +(eyx 2l

M=

In order for two equations &', E? to make the same

result,

g M =aD)r el - )
¢ ¢ kz, + z, ’

. * * * *
and it means z] =27, x; =23

Therefore as long as we have the same cost ratio
(¢i/e, =k), (2-a) will produce the same values of z,, =,
and after all it doesn’t change the overall efficiency.

<Table 4> shows the CCR result on the example | data
in which final two columns represent the ratios of input,
output multipliers.

DMU 2’s CCR efficiency score is 1, but its cost effi-
ciency is 0.545 (in <Table 2>) using ¢;/c, =2/4=0.5.
When we change this cost ratio from 0.5 to 5.5, its cost
efficiency becomes to 1 that is equal to its CCR efficiency
score. This can be confirmed from two models by changing
objective function such as Min 5.5z, + z, in (2-a) or by
adding cost vector constraint such as v, — 5.51, =0 in (10).
The managerial information we can get from cost efficiency
in DMU B is it can obtain its maximum cost efficiency
of 1.0 while keeping the cost ratio of ¢;/c, =5.5. However

we have to be careful that it may not be a unique solution.

6. Conclusion

In this paper, we described the characteristics of previous

B = z; _ CETAEIPETA DEA model for measuring overall efficiency and suggested
Z%mio new model.
o The merits or contributions of suggested models we be-
C—:X 7y |+ kel 4ol lieve are 1) It showed that the overall efficiency (cost/rev-
= e = ke, +, enue/ratio efficiency) model can be referred to be one of
C—zxxl +7, the general cone-ratio restriction type problem, which con-
m siders only prices of outputs or costs of inputs as applied
Z]cmx: ke + 22 weights. 2) From suggested models, we showed the fact
B = 1;1 = k;ﬁ- mj that all we need to know to measure the overall efficiency
lecioxio is not the exact prices or costs but the ratios of prices or
{Table 4> CCR Multipliers of Example 2 data
DMU CCR Y v, m oy n/y UL
1 1 0 0.333 0 0.125 0 0
2 1 0.524 0.095 0 0.167 5.50 0
3 0.571 0.224 0.041 0 0.071 5.50 0
4 0.214 0.5 0 0.143 0.036 - 4.00
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costs. This contracts to the traditional belief on measuring

overall efficiency. Therefore in case that we have in- .

sufficient information on prices or costs, we can expand
the availability of these models applying possible ranges
of price or cost ratios.

Although models (2)~(5) and (10)~(12) can give some
useful information, there still needs a further research to
overcome the followings. First, these models cannot tell the
specific method to increase overal! efficiency except telling
general direction on quantities or costs (prices). Second, the
overall efficiency of DMU j is calculated based on the as-
sumption that all the other DMUs are assumed to use DMU
j’s cost or price vectors, and it may not appropriately reflect
a variety of management strategies.

References

[1] Cooper, W. W, Seiford, L, M., and Tone, K.; “Data

Envelopment Analysis : A Comprehensive Text with
Models, Applications, References and DEA-Solver
Software”, Kluwer Academic Publishers, 2000.

[2] Sueyoshi, T.; “Measuring Technical, Allocative and
Overall Efficiencies Using a DEA Algorithm,” Journal
of the Operational Research Society, 43(2) : 141-155,
1992.

[3] Thanassoulis, E.; “Introduction to the Theory and Appli-
cation of Data Envelopment Analysis, A foundation text
with integrated software”, Kluwer Academic Publishers,
2001.

[4] Fire, R., Grosskopf, S., and Lovell, K.; Measurement
of Efficiency of Production, Kluwer-Nijhoff Publi-
shing Co., Boston, 1985.

[5] Asmild, M., Paradi, J. C., Reese, D. N., and Tam, F.;
“Measuing overall efficiency and effectiveness using

DEA,” European Journal of Operational Research,
178(1) : 305-321, 2007.



