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A Heuristic Algorithm to Find the Critical Path Minimizing
the Maximal Regret
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Finding the critical path (or the longest path) on acyclic directed graphs, which is well-known as PERT/CPM, the ambi-
guity of each acr’s length can be modeled as a range or an interval, in which the actual length of arc may realize. In this
case, the min-max regret criterion, which is widely used in the decision making under uncertainty, can be applied to find

the critical path minimizing the maximum regret in the worst case. Since the min-max regret critical path problem with the
interval arc’s lengths is known as NP-hard, this paper proposes a heuristic algorithm to diminish the maximum regret. Then
the computational experiments shows the proposed algorithm contributes to the improvement of solution compared with the

existing heuristic algorithms.
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DAG(directed acyclic graph) “gollA19] HAHZEA =
PERT/CPM(Program Evaluation and Review Techniques/
Critical Path Method)2.2 ¥ o2 Z 43A Y&
tl, PERTOIA 7}A)(arc)®] Zol= Zb SE(activity)2] &
QAIZME YER I, Z2AEY AFAIS &7 3
A7 Z(critical path) E& 237 Z(longest path)S 2
=t FAHCE 7} S (activity)d] A8ANE B
&4 A(uncertainty, imprecision)©] £A|3}4, PERT/CPM
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ARe BE3 2L o]fFE FTAF EYPOE FHHY
o]l & ZA$7F ¥t olo] Kouvelis and Yu[12]& WE
A3 744 o9 EFANE EHEs= 7 ¢
©e o g 7k 7kx|9 Zolzb We(interval data)®]
FHZ Fojd FS-2 /MR, ol MA] A F
%3 A3l 71¥(min-max regret criterion)] &g
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o] Y1 dominated arc® FE37] 98 pre-processing
718& AFEA . ©)F Montemanni and Gambardella
13]3= Karagan et al.[10]2] MILP R&o] 7123t F84]
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31, oo} Montemanni and Gambardella[14] Karasan
et al.[10]9] MILP E3 || Benders decomposition approach
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&} th. Chanas and Zielinski[2]o] <38 Karasan et
al.[10]°] A|<t& dominancy®] HEEA = strongly NP-
completeoltﬂ, Averbakh and Lebedev[1] and Zielifiski[15]
o] o5t DAGNAM HulF3] H48 AAZZEA =
NP-hard©] o},

Folx A7} NP-hardo) B2 A4 X
M, Kang et al.[9]%} Montemanni and Gambardella[13]
T HHAZAEZFAZAZRE A 341}73&77}11)% <
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28 dugdEL AP, Kang et al[9]2 k-F
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1, Montemanni and Gambardella[13] Eppstein[4]<]
A5 o83 -HUAZE vuy a&FoR
Zgkty 28y} Chanas and Zielinski[2]7} XA e o2,
Ne AAs7E 2 7sAe]l sl (non-dominated) 73 E
E A3 | Al NP-hardo]22 large-scale 3
tﬂ—?—ﬂ Hast dABE EANA EHAL Ao 7
8 4 glth Kasperski and Zielinski[l1]E Z9Ho
g SAH o R W9 FUEe AHEste A
A4 E-A(deterministic problem)?] Liz]E o
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4R 9 7tEA 7 HAR Fold YEYAE &3
2ol 2g3sith 9499 DAG G = (N, A), N& ujr)
(node)®] 3, N| = n, 283, AL 7HA(arc)9] HE,
Al = mollA 7HAe] ZHEA7E a3 2ol Folil A
"?‘% 7}skA 2 Z e 4o 7HA(G, j)o A A

e L ke ‘ﬂ-ﬂ(interval range, c, € [l,;, u;])To] &
3414 Atk A9 & T (1, uy)NA o= Fol
d HE 5+ 9oy, °] e g2 ARy AHEAGE
=PIt} B AFME 7HAY A7 M2 F
old DAGE HoA A Y E Y A(interval network)

gt F8d 74 79 # o7 54 #@E AT Ae

Auele st B9, Jhed BE AYES. J )
T EE interval®] Cartesian product®] 2=, [Al=2"
ojt}.

B840 §le DAGHRAAY dAZE EAE P
ot 8, EA P«l HN 53 Has AL SR 2
o] Hslgch

Notation 1

£2: a set of all feasible solutions

X . a solution

y : the optimal solution under scenario S

¢ 1 cost realization under scenario §

R, (x) : the maximum regret of a solution x

Min-Max Regret P :

min R, (z) =min max(c’y—c’z) (1)
zEN TENR yeEN
SeEAN

A (elA AL sstellA, & xo FRAHe|s}
xHH HA G yo ARl YoM, FF(regret) =
3 xo) 2AGSe g AAa yol BAYR %o

zpolojy, AR x9o HUF3 r x)E 7Fsd EE
AL stell A9 23] & Hjgto|th

<ad 1> 7€ 479 FHaY dudsd
pseudo-codeZ YEH=H], 2o #HE 73+ &

2

Notation 2

¢, cl(Scenario uand 1) : € 79 77 up-

per bound X lower bound 2 HAY A$

c Ao A= xvt
245 e 7MY
7HAS) TSR

c¢*(x)(scenario induced by path x)
Fo]x 7§ c-consistencyol] &3
A R R K S S R



92 ET

lower bound®, 1¥X] @22 7IX9] 715X E upper
bound”} EH+= 7B,
O : HAREH R AL = ojof d= spx9 A7
X 1 v 004 mie) 7R Hoj33s) as HP3A=R
x = x U 7, j)

y' AR X9 1o AgqeAR,
Lo AR W9 X9 Ay 3}

AR5 E HAagehs H2E FE AAHNA Fo
Z A2Y AdFde dgy 2o 7 F Uk F
A= x8 y7b Fo47 A4, BAE FUdsle 243
Fo AF 2 yla’ < 001d Folm, oyl 4l
5=, °]& c-consistency®t FTH5). =, FojA Az
xo ZEE 1R ZdolE I lower bound()FHOE
AAstal, U] 7x)9] Zol I upper bound(u’)E
AR o]& c(x)(scenario induced by path x)Z 3}
o, o] o HAFsl(y)e FE x9 IJNeA=e 3,
3 xs} yo EFgke] Apo|( = B2 Holo o) F
ol A x9 HulF3o|r}.

71E9 €T E[7]2 Dikstra’s ¢ EH 7)2H
o7 fApetd], XHLU}Q(“}‘? 0)AA = 71X 9] A
53 His) 733 YE ¢ 9, v j7Ae Ay

=W

asez 7)€ duFdA Fox A2 x9f Ho}
HE&EA2 ANFIE AU L c'(x)stolA e HAH
2EAE Zo 44 & 7 AT, AYYL dx)Fl
A9 BRG] Age 7t Xﬂ/\]??} c-consistency°l <]
8 AR ATHs)

719 duded s HHsd v 2o
<2 1>94 287 7634 Max,[¢"y] 9} Max,[c'(x")y]
T oA A% x'9 U9 G sA2E 27 Y3
o, DAGHIA Dijkstra’s &ne]ES WH¥sle A
BEE T8t #Aoltt o] W MEHA 4 7 7}
9] 7}FX ¢ie c-consistencyo] 23] ZAAT =),
Fold A= x'¢ xR 7 A9 AEAE ¢ = U,
a 99 7HAEd dWEAE ¢ = wE BT g2
YEL step 0~1014 27132 813, step 2014 A&
o] HGSAZAIUE L u SN HZAR)E
TE Step 3T VEHNZ A9 nidES &3
3tal, step 4914 4 w2 EojoE widES &4
3t old mr2FE Folx AT i HPH
ig A o ), 7RG H7F yaxhel TEFEHZA

H(step 6) reduction ruled] &8} HWE3I 7t 7+t
] T3 A A(step 7~8), T H Dijkstras €L ES
olgata] Fol A2xNY FAINEAHZ(y(xH)E
Foi(step 9~11). o] o T3 HARF37} 7|9 F
g ng Fow HoFst g Fe J2x)E
A9 A2z AN THstep 12~13).

-
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ZJ_ - 'fgarc ij ' @)
= z¥
Procedure : Algorithm MinMaxRegret(G = (N, A), ¢;E[ly, uy]) for each arc (i, j)EA, source)

0 for each node j& N

1 r; © = infinity

2

3 for each node jEN

4 for each /€N such that (i, ))EA, let

5 X/ =x'UG )

6 if arc(j, J)%y

7 ry =l

8 yij D= yi

9 else

10 ry o = Maxy[e'(xPy] - ¢

11 yio=

12 if ry<v;

13 ro=rg, xj:=xﬁ, y’:=y'j

x' = NULL, r = Max,[c“y], let y0 be the optimal solution of Maxy[c"y] // current node = source node

// solve the longest path problem under the scenario induced by x"
the optimal solution of Max,[e'(x")y]

// Initializations
// all maximum regret are set to infinity

// The main loop

// for each input arc of nodej
// extends path

// the worst-case alternative of x!

// update minmax regret path until node j

<O%® 1> Pseudo-code of the Kang's algorithm[7]
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Kang[7]¢] ¢z Eo] Conde[3]d ¥¢ndEFH vt
A FELS step 9~1124], ut 0olA wiel 7t
A A3 Ha3 HAFHEZY Ot F s xf
o AU AZY)E Hod £ AN 2N
42 FHEY a8y 499 wig A9
AT A A3 HAAR Yo 3 HIYLAE y(x)
2 ¢ 9, 7HAG j)7F yxHol TEHA FOA(E, step
60l AHetd) 42 x'= AT HHas Ao, 1
27 god(step 6°] AHA gow) F= ¥ F
Gt EB2()E T AR X7} v A Ho}
NEAZG) dSsts - ArdA & 5 glokh
Z, ARGV AYN$AZE HE w064 mly
NG ARE 270 o) EAT & Yoy, $ye
o] ¥ AFI I}t A4 A2E Adstoiol dh 1
b Foj7 HAgeAE yo s ol& Hojue A
22 e A2 xE e AL NP-completeo] 2 E[2],
HANSABE y& HAYYEAHRE e LE HE F
AN HF3 7t HAQ ARE XAdste FA 99X
NP-hard¥ Ao Rtk ayuz xiog =L ot
& ot £t

L

Notation 3
W : a set of all feasible solutions, from node 0 to

node j, of which arcs & y’.

To find an alternative
!

ew G)
4 (39 @ 2= HAoteAR)%t AAA B v

g 094 mi) A RE Az FAA Hote) A4
(7FX 8 ZdolE ( grog HA) 1 de) 3} 7 A=
ojH, ol y'E HIYLAZZ MNE AZE FdA
Vo AAA Fe ARE FANE HuTgs 4
A ZReln, A )M 73 A2 19} 7| A=
Y 2 FYsFrt Fe AL MUy, o Ay

3 thest g

To select the less-regretable alternative

r = min(r,,, (9, R, (2)
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B YEHAY Ald2 dYsid bga 2o

ol 37448 HARRR)E AR {s-1-3)0H, o
] FASAZ y)E AR (s-2-4-6-130Th B H}
Y 394 vt 602 ARE s, <Oy 2>9A4
AHoz FAE 7K G, 6% EFF A= 0 = ¥
U@3, 6) = {s-1-3-6}°] H(<2¥ 1>9] step 5), step 6
o] zAo] YFIHEZ y(x™) = y(x)) = {s-2-4-6-1} 0T}
oluf HulF3= ry = 16.50]Th W] 67449 thE A
2 x¥% = (524-6}9) AINARE yx*) = {5-1-3-6-1)
oli1, olw HNFIE ry = 1701EF, wir] 6717 <]
HAARRE x° = x° = {s-13-6}0lx, A EARE
Y& = {s2-4-6-1}, ARFBE rg = ry6 = 16.50]h
& GAZ x¥ = x"U, 1) = {s-1-3-6-} & T3, 7}
26, NE y(x°) = {s2-4-6-110l TTHRE step 69 =
sk B3ttt a#uE duEES step 102

skl Az x"9 HGSARE Fevh A=
BE 7MY Hole Hago® Ywx BE
7k 9 Aol HuUjgtez dAstel AFARE Lo
W 1 AZE yx*)olm, d71A yx*) = {s-2-5-7-n1 0],
ree = 9.50|Th 7]&e dxEFol tiste] A (3)o] o
& A2 ya¥) = (52-5-7-0 5 AN SAHZE HE A
B2E AR {52-4-6-1} 9} {5-1-3-6-1} 0] o] F HhF3
7} AL ARE (s-2-4-6-1} 2 HUYFIE 6olth 2 (4)
of 98 HuFsE g 2ok

P = min( Ruae(x™), Rmax(s-2-4-6-f) )
= min( 9.6, 6 ) =06

aez T2 HEAZ " = (5-2-4-6-1)
2 BAE, o] AR HUFIE 96004 622 7
e

<% 2> An Example Interval Network[7]
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<E 1> Summary of Computational Experiments

Computation Time(sec.) GAP Correct %
MIP Original heuristic |Improved algorithm | Original heuristic |Improved algorithm | Qriginal |Improved
layers (width| ¢ | d [mean| STD | mean STD mean STD mean STD mean STD | heuristic |algorithm
10 030109 | 0.156 | 0.001 0.004 0.027 0.021 0.96% 0.021 0.88% 0.020 69% 1%
) 0904350496 | 0.002 0.005 0.026 0.018 1.34% 0.018 1.06% 0.016 39% 46%
20 0.3]0.085}0.048 | 0.001 0.004 0.026 0.033 1.36% 0.033 1.02% 0.029 2% 77%
50 0.9 0401 | 0.488 | 0.001 0.004 0.026 0.024 1.37% 0.024 1.12% 0.022 55% 59%
10 0.3 3.818 | 2,511 0.003 0.006 0.058 0.026 1.62% 0.026 1.17% 0.021 44% 54%
4 0.9 8.678 | 6.899 | 0.003 0.006 0.058 0.018 1.18% 0.018 0.84% 0.013 3% 40%
20 0.33.084 | 1.797 | 0.003 0.006 0.057 0.023 1.49% 0.023 0.98% 0.019 43% 56%
0.96.793 | 3.878 | 0.003 0.006 0.058 0.017 1.24% 0.017 0.99% 0.015 44% 49%
10 030302 |0.173 | 0.001 0.004 0.243 0.018 1.08% 0.018 0.81% 0.017 52% 61%
2 09118602137 0.004 0.007 0.176 0.012 1.15% 0.012 0.99% 0.011 27% 28%
20 0303700278 | 0.005 0.007 0.239 0.022 1.45% 0.022 1.06% 0.019 46% 52%
100 0911334 ]0.802 | 0.003 0.006 0.180 0.014 1.40% 0.014 1.03% 0.011 23% 29%
10 0311721219978 | 0.013 0.006 0.377 0.014 1.31% 0.014 1.08% 0.013 21% 24%
4 0.9 |58.674|51.408| 0.012 0.007 0.391 0.010 1.31% 0.010 1.04% 0.009 6% 10%
20 0.3 [14.930|10.401| 0.011 0.007 0.385 0.016 1.69% 0.016 1.18% 0.014 18% 28%
0.9 |58.132|64.654| 0.012 0.007 0.397 0.010 1.04% 0.010 0.79% 0.008 15% 21%
GAP = (E43)-A 3 3yA43] x 100%), mean = arithmetic mean, STD = STandard Deviation
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o] FollMe FAYZ AP AdHE vEYa A
A FPd dh9 Y ZAAE 29sle] AP}
o] A¥e] EHL B AT AN ANE dug
29 A% E&S AMEY 939 Kang[7]o] AA
g SR EH B AFA AL dugse g
ko] HAe H|(GAP = (BAE-HAH/AHH)E BY
o MEQZ 2P & ZA9 dojx 2 i
H-HALFIYAHZEAE 27 93 AXNFHIN T
9 F7t Age AHEG.

4.1 HESRA 28 3 JkSA| MY

AFH 294E dolHl= Karasan[10]914 A8 &
F 22 ved AZY UEYDI(acyclic layered net-
work) B 7|¥rE Erh AFYold UEYAY v}
tgo] 38948 24 9F == REge=
g & dom, o o 7 FEHFY cardinality=
FoAR F(width, w)oll AFFh <2 3>& BAY
oA AHEE L AF, wES HEd AFE vEYa
o FHE BRAFEt Eodye EFE Karasan[10]
W] 719he T glow, Bge g gge My
< Kang[7]¢] =&lA 2 sAch

Z} 7}A19] interval weight c;E[ly, u]E B33 o)
WA A TS EXE B2E 3 €[, (]
AR, LE[(1—d)ey, (1+d)e]st uy€LL, (1+d)ey)
TS X F3t LA BT H7)A,

YEADY 2%449) AEE ZAE weE,

F’rr T

7t EFE 7 7HAE 7FFRY FYE e Aov)
2A Ha, a7t 575 7tEA9 40 AZLh EE
H2AEE C++ ddol2 IWEHI MS Visual C++ ver.6
of 93 FHod = ow, Intel Core2Duo @ 2.33GHz
CPU/IGB main memoryS 7}l HIFEINA A FH AT
HAHMIP solution)S QLTAA AFAEY golBy
2]Ql Cbe(Coin-or branch and cut, https:/projects.coin-or.
org/Cbe) ver. 1.1.2°1 & +F=H =], thy WX|w7]
EAEY vaFdH 4E& A2ZEA ILOG CPLEX
12001 HSjA suf A= =9 AoE dejAd o
HA o Fejad gugsel o g3 Aloje] #H
ZH9] H|(GAP)E &7] A3 A HER FISEE A
AQ Hal thAdo] ofun, @ HAHE Tal=d ¥
8% Az S Yehlr] 98] ARSEATH

<8 3> illustration of Acyclic Layered Network



B8 AR WEYAY A7)%E layer L = {50, 100}
S UEHASY Ew= {2 442 717} 271K ALz U
o 47kA A7) HIEYAE AAAT 25 o9 4o
tHaked 242t ¢ = {10, 20}, d = {0.3, 0.9} 2 & 3= 47}%)
202 RO ARstgon, 74+ 489 x4 W& 1003
A WHESL T,

<E > F4 AY Zd4E 29l HoZu) <%
>4 A AL dEYaY Y 2 7tEx 24,
w, ¢, dy& Heple, MIP 2 7| F2 2= (Original heu-
ristic) I £ AF]A A M %318 E(Improved
algorithm)®] FREE Yehled), 24 99 gnj= o
+3% 2.

¢ Computation Time : 4F &8 A]7Hseconds),
*GAP = (FA-H A3y =43 x 100%),
o Correct % : AHE, 10049 W& = JHs)& e

A,
®mean : AHEH T,
* STD(= STandard Deviation) : ¥3&=Hx}.
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<13 4> Average GAPs on Network Size
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o 502 50X 4 100X2 100X 4
<12l 5> Accuracy to Find the Exact Solution
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A7t DA NP-hard TAC|BZ HAZOZ large-
scale A9 EHAHR ZABNIE F317] YA Kang
[7]< Dijkstra's ¥1e5E 7IWoZ & WE Fx
g dugdES AIGEd, 2 dA7daE s A
5¢ A ¢uYES Byt B dA7E
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HAZAZEZANA HAF3] 7)F(Min-max regret crite-
rion)E A& wf AAR AE e SR AlSE
T th dlE E£0f, PERT/CPM A 7+ &52] A
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