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Abstract. Recently, Zaindin and Sarhan (2009) introduced a new distribution
named new generalized Weibull distribution. This paper deals with the problem
of estimating the parameters of this distribution in the case where the data
is grouped and censored. We use both the maximum likelihood and Bayes
techniques. The results obtained are illustrated on a set of real data.

Key Words : Modified Weibull distribution, Mazimum likelihood, Bayes, Type
I censoring.

1. INTRODUCTION

In analyzing lifetime data one often uses the exponential, Rayleigh, linear failure rate or
generalized exponential distributions. It is known that exponential can have only constant
hazard function whereas Rayleigh, linear failure rate and generalized exponential distribution
can have only monotone (increasing in case of Rayleigh or linear failure rate and increasing/
decreasing in case of generalized exponential distribution) hazard functions. Unfortunately,
in practice often one needs to consider non-monotonic function such as bathtub shaped
hazard function also, see, for example, Lai et al. (2001).

Mudholkar and Srivastava (1993) presented a generalization of the Weibull family called
the exponentiated-Weibull family. They showed that this generalization not only includes
distributions with bathtub and unimodal hazard rates but provides a broader class of mono-
tone hazard rates. Nadarajah and Kotz (2006) introduced four exponentiated type distri-
butions: the exponentiated gamma, exponentiated Weibull, exponentiated Gumbel, and the
exponentiated Frchet distribution. They provided a treatment of the mathematical prop-
erties for each distribution. Sarhan and Kundu (2008) presented a generalization of the
linear hazard rate distribution called the generalized linear hazard rate distribution. They
explained that this distribution can have increasing, decreasing and bathtub shaped haz-
ard rate functions which are quite desirable for data analysis purposes. Recently, Sarhan
and Zaindin (2009) presented a new generalization of the traditional Weibull distribution
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called the Modified Weibull Distribution and denoted as MWD(«, 8,7). The cumulative
distribution function, say CDF, of MWD(a, 3, ) takes the following form

F(z)=1—exp{—az—pz"}, x>0, (1.1)
where a, 3,7 > 0 such that « + 8+ > 0. This condition is made on the parameter space to

insure that the hazard rate function is positive. The MWD(a, 3, ) generalizes the following
distributions:

1. Exponential distribution, Johnson and Kotz (1970): by setting 8 =0 or a =0,y = 1.
2. Weibull distribution, Johnson and Kotz (1970): by setting « = 0.

3. Rayleigh distribution, Johnson and Kotz (1970): by setting o =0, v = 2.

4. Linear Failure Rate distribution, Johnson and Kotz (1970): by setting v = 2.

It is known that the exponential distribution has a constant hazard function whereas the
Rayleigh can have only monotone increasing hazard function and the modified Weibull distri-
bution can have either constant or monotone increasing hazard function. Unfortunately, in
practice often one needs to consider non-monotonic functions such as bathtub shaped hazard
functions, see for example Lai et al. (2001). Several papers studied the statistical inference
of the different models. Among these are Pandey et al. (1993), Sen and Bhattacharyya
(1995), and Sarhan (2004).

Recently, Sarhan and Zaindin (2009) introduced a new four-parameter distribution which
may have bathtub shaped hazard function, called as new generalized Weibull distribution
denoted by NGWD(q, 3,7, A).

It is observed that NGWD has increasing, decreasing and bathtub shaped hazard func-

tions. The CDF of the NGWD(«, 3,7, A) takes the following form
DY
Flz;a, 8,7, \) = [1 _ emow—Be” " x>0, (1.2)
where v, A > 0, a,, 5 > 0 such that a + 5 > 0.

The NGWD(a, 8,7, A) generalizes several distributions. Among these distributions are

1. Generalized exponential distribution, Gupta and Kundu (1999): by setting either
B=0ory=1lora=0,v=1.
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Modified Weibull distribution, Sarhan and Zaindin (2009): by setting A = 1.
Generalized Weibull distribution, Mudholkar and Srivastava (1993): by setting a = 0.
Generalized Rayleigh distribution, Surles and Padgett (2005): by setting a« = 0, v = 2.

B B

Generalized linear failure rate distribution, Sarhan and Kundu (2008): by setting
v =2.

Sarhan and Zaindin (2009) studied different statistical properties of this distribution and
some physical interpretations. Also, they used a simple random sample to obtain the maxi-
mum likelihood estimates (MLEs) of the NGWD(a, 3,7, \). In this paper, we use grouped
and censored data to estimate the parameters of the NGWD(«, 3,7, A). The maximum like-
lihood and Bayes methods are used to derive the point and confidence interval estimates of
the parameters. Further, we study whether this distribution fits a set of real data better than
the modified Weibull distribution the MWD(«, 8,~). Two criteria are used for this purpose.

These are the Kolmogorov-Smirnov test statistic and the values of the log-likelihood function.

The rest of this paper is organized as follows. Some properties of the NGWD(a, £, 7, A)
are presented in Section 2. Section 3 presents the model assumptions and notations. Sec-
tion 4 gives the parameter estimations using both maximum likelihood and Bayes techniques.

We use a set of real data in Section 5 as an application.

2. THE NGWD
The survival function of the NGWD(a, 8,7, A) is
L7A
S(aia, By, A) =1 — [1 _ gau—pa } , x>0, (2.1)
The probability density function, say pdf, of NGWD(«, 3,7, A) is
A—1

flzsa, By, A) = A (a + /J”y:ﬂ_l) e—ar—p’ [1 — e_‘”_ﬁﬂ} , x>0, (2.2)

Figure 2.1 shows some patterns of the pdf of NGWD(«, 8,7, ) , which may have a

single mode or no mode at all.
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Figure 2.1. Different patterns of the probability density function.

and the hazard function of NGWD(«, 3,7, A) is
Ao+ Byar—t) emaw—haT [ — gmaw—haT] At

h(z;a, B,7,A) = P

T pp—— x> 0. (2.3)

Figure 2.2 shows the failure rate function of NGWD(a, 8,7, A) for different parameter
values. From this figure, it is immediate that the hazard functions can be increasing, de-
creasing or bathtub shaped.

One can easily verify that:

1. when v = 1, then the hazard function is either increasing (if A > 1) or constant (if

A =1) or decreasing (if A < 1);

2. when v < 1, then the hazard function is either decreasing if A < 1 or bathtub shaped

ifA>1;
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3. when v > 1, then the hazard function is either increasing (if A > 1) or bathtub shaped

(it A < 1).

a=2, p=0.2, y=1.5, A=0.5

a=2, B=1.2, y=0.5, A=1

a=2, f=0.2, y=0.5, A=10

The failure rate function

Figure 2.2. Different patterns of the hazard rate function.

3. MODEL ASSUMPTION AND NOTATION

Throughout this paper, we use the following assumptions.

1. n independent and identical experimental units are put on a life test at time zero.
2. The lifetime of each unit follows a NGWD(a, §,v, A) with CDF given by (1.2).

3. The inspection times 0 < t; <ty < --- <t < 0o are predetermined.

4. The test is terminated at the predetermined time t;. That is, the data is of Type-I

censoring.
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5. to =0 and ty41 = 0.
6. The numbers of failures in (¢;,¢;+1] are recorded.

The data collected from the above test scheme consist of the number n; of failures in
the interval (¢;—1, t;], i = 1,2,...k and the number ngy; of units tested without failing up

to time ¢; (censored units).

4. PARAMETER ESTIMATION

In this section, we use the maximum likelihood and Bayes procedures to derive point and
interval estimates of the unknown parameters of the NGWD(«, 5,7, ). Let 7 denote the
set of available observations, 7 = {t1,- -, tg;n1, -, Nk, N1} and let 0 = (01, 02,03,04) =
(o, B,7, ).

4.1. Maximum likelihood procedure

In this subsection, we use the maximum likelihood procedure to derive the point and
interval estimates of the parameters.
4.1.1. Point estimators

Based on the Type-I censored data, the likelihood function is given by

k

L(r;6)=C H [P{t;_1 <T < t;}]"" [P{T > t;.}]"* ", (4.1)
i=1
where C' = # is independent of 6. Since,

|
Nnyg:
L2 e

P{ti,1 <T< tz} = F(tz) - F(tifl)a

therefore, expression (4.1) can be rewritten as

L(r0) = C {1 — [1-erlensai)] A}”’““

k

[T{[1-eeumsd] - 1 eetroa)] } e

i=1
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Thus, the log-likelihood function is
A
L(1;0) = InC+mngy1ln {1 — [1 — 6_(atk+6tk):| }
k LA LA
+> niln { 1= emtettpD] " 1 - emletitiiy] } L (43)
i=1
Let fori=1,---,k,

Di(6) = [1 - Ai(a,ﬁﬁ)} . [1 — Ai,l(a,ﬁﬁ)} "

where
17 'L: 0,
Ai(a, B,y) = e (@ttbth) -y =1 ... K,
0, i=k+1.

The log-likelihood function (4.3) becomes

k+1 N N
L(1;0) = InC+ an In { [1 — Ai(a,ﬁ,’y)] — [1 — Ai,l(a,ﬁ,'y)} }
i=1
k+1
= InC+> n;InD;(0). (4.4)
i=1
To derive the MLE of the vector of unknown parameters 6, we need to compute the first
partial derivatives of the log-likelihood function £(7;6) with respect to each parameter. For

ease of notation, we will denote, for any function f(z1, 2,23, x4), the first partial derivatives

by fz; and the second partial derivatives by fy ;-

Using the following derivatives, for i =1,-- -k,
8141(0(7 ﬁ7 7)
= _t’LAZ M )
%0 (. B,7)
8141(0(7 ﬁ7 7)
- a5, = _t’YA'L s Mo )
5 i Ai(o, 8,7)
aA’L(a7 ﬁ7 7)

5 = —Btlin(t:)Ai(a, B,7),
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we get the first partial derivatives of £(7;0) with respect to 8;, j =1,2,3,4 as

k+1 Dél)
£9j = Znim, (45)
i=1
where
tiAi(aaﬁa’Y) [1_Ai(a,ﬁ,’7)})\717 = ]-7
D =\ _
o tidife, B,7) [1 = Aia, o)
~ti1 A (e, o) L= Aa (@, BT, i=2, k1,
t;YAz(avﬁa’Y) [l_Ai(Oﬁﬁv’Y)]/\ila 1= ]-7
D) = A _
A tZA'L(a7ﬁ77) [1_Ai(a7ﬁa7)]A ! \
—tllAi—l(a,BJY) [1 - Ai*l(oﬁ Baﬁ)] ! ) 1= 27 Y k + 1,
tZBln(tz)Az(avﬁ7’y> [1 - Ai(oﬁﬁf-)/)])\il ) Z = 1u
DW=\ _
’ ] 8In(t:) Ai(ev, B,7) [L = Aia, 8,7)]*

—t]_Bln(ti—1)Ai—1(a, B,7) [1 — Aifl(Ohﬁv'V)})\_l , 1=2,--- k+1,

[1— Ai(e, 8,7 In[1 = Ay, B,7)] i=1,

(@ _
PV 1 Ao,y i - Ao, 8,)
_[1_141'71(057677)])\111[1_Aifl(aaﬁa’Y)]? 12277]6—"_1

Setting Ly, = 0, the likelihood equations become

k+1 Déi)
0 = i—— ., §j=1,23,4. 4.6
;n O (4.6)

The MLE of the parameters «, 3, and X are the solution of the system of nonlinear equations
(4.6). As it seems, this system has no closed form solution in «, 3,y and A. Therefore in
sections below, we used the mathematical package MATHCAD to get the numerical solution.
4.1.2. Asymptotic confidence bounds

Since the MLE of the parameters cannot be derived in closed forms, we cannot get the
exact confidence bounds of the parameters. The idea is to use the large sample approxi-

mation. The maximum likelihood estimators of 6 can be treated as being approximately
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multi-normal with mean 6 and variance-covariance matrix equal to the inverse of the ex-

pected information matrix. That is,
(é - 9) =N, (o, 1*1(9‘)) , (4.7)

where I™1 (@) is the variance-covariance matrix of the unknown parameters . The element

I;;(0), 4,5 = 1,2,3,4, of the 4 x 4 matrix I~ is given by
Ij(0) = — Lo,o, | p_s - (4.8)

From expression (4.5), the second partial derivatives of the log-likelihood function are found

to be
k+1 (4) (1) (%)
D,y Di(0) — D, D,
Log, =Y ny—2t L0 gr=1,2,34, (4.9)
2 [D:(6))°
where
t?Aq,(Oé,ﬂ,’y) [1 - AAz(OZ,ﬁ,'Y)] [1 - Ai(amﬁvry)])\_Q l i= 17

D = -

£2Ai(, B,7) [ = Mo, B.7)] [1 = Ai(a, 8,77
7t74271Ai_1(Ol,ﬂ,’)’) [1 - AAi—l(aaﬂafy)] [1 - Ai—l(aa 637)])\72 ) 1= 27 Tt k + ]-7

t?WAi(a»@V) [1 - AAZ(OQﬂa’V)] [1 - Ai(oﬁﬁf-)/)])\iz ) 1= 17

Dg}g =-A t?’yAl(OQﬁ,’}/) [1 - )\Ai(aaﬂ77)] [1 - Ai<a76a7)]k_2
*t?lei_l(O[,ﬂ,'y) [1 - AAi—l(avﬂvﬁ)/)]
X[I_Ai—l(a7677)}>\_27 Z:27ak+1a

/Bt;yan(tZ)Az(aa /677) [1 - Ai(ay 67 ’7)}>\_2
x[1— Ai(a, B,7)] = Bt [1 = A, B,7)], i=1,

D) =X Bt]In?(t) A, B,7) [1 — Ai(er, B,7)) 7

X [1— Ai(a, 8,7)] — Bt [1 — Mi(e, 8,7)]

— B I3 (tim1) Aima (a, B,7) [ — Aisi (o, B, )2

X [1 - Aifl(a,BJY)} - Bt—y [1 - AAifl(avﬁvry)]v 1= 27 e 7k + 1;

3

[1_Az(aw8a7)]kln2 [1_141(0‘7677)] Z:L

(1) _
D)\)\ B [1 - Ai(aaﬁaq/)]k 1112 [1 - AZ(O‘7/B7’Y)}
- [1 - Ai—l(aa/@a’}/)]Aln2 [1 - Ai—l(aaﬂ77)] ’ 1= 27 e 7k + 1)
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77 Ai(o, B,9) [1 = M, B,9)] [1 = Agla, B2, =1,

Da% =-A t;YHAi(oz,ﬁ,fy) 1 —AAi(a, B, )] [1 — Ai(a, 5,7)]>\—2
7 A (a ﬁ 7) [1—>\A2 1, 3,7)]
[1_ ( Bv )] 2’ i:27...7]€+1,

t;H—lﬁ ln(tl)Al(a,ﬁ,’Y) [1 - AAi(avﬁa’Y)] [1 - Ai(oﬁﬁvr)/)]k_Q yot=1,
DO = -2 7B In(t) Aie, B,7) [1 — Ma(a, 8,7)] [1 — Ai(a, B,7)] 2
t’erlB ln( i— 1) ( B '7) [1 - )\Aifl(aa57’7)]
[1_ ( 57)] 27 222,,]{,‘—}—1,

tii(a, B,7) [1= Ag(o, 8,70 {1+ ML= A, 8,9)] }, i =1,

D = ¢ tidi(a B, [ = Ailo, B {1+ AL = Ai(a,B,7)] }

_ti—lAi—l(aa 677) [1 - Ai—l(aa /Ba 7)]>\_1
x{1+AmU—AFﬂmﬂmﬂ} i=2,- k41,

Aln(t;)t:" Ay, B,7) [1 = Ay, 7))
{(= Aia,8,7) = Bt [1 = Mo, 8,7)] |, i-1,

DY = & Aln(t)t Aife, B.7) [ = i B,7)]* 7 x

{1 =A@, 8.7) = Bt L= Mila, 8,7) J+
An(tim1)tio Asa (e, 8,7) [1 = Aica e B,9)1 %

(0= 4@, 8,7 - st [1—AAi,1<a,ﬂ,w>]}7 i

I
N

Lk + 1
1 A0 B.7) [1 = Ao ) 1{1+Mn1— M}
’D/(;) = ti’yAi(O‘,Ba’Y) [17141(0‘7577)] {1+71n 17 }

~ti " Ai1(0, B,7) [T = Aisa (e, B, x
{1+)\ln[1— (a,b’m)]}, i=2, k+1.

>

Btiwln(ti)Ai(a7 ﬁ7 ’Y) [1 - AZ (Oé, 67 7)])\71 X
{1+Amﬂ—Aﬂmﬁﬁﬂ} i=1,

DO = { BtIn(t) A, B,7) [1 = Ag(a, B, x
{1+Amu— (aﬁ,ﬂ}—
Bti In(ti1) Ay (. 8,7) [1 — Ay (a, 8,7
{1+Amﬂ—AFﬂmﬁﬁﬂ} i=2,- k1.

Therefore, the approximate 100(1 — 9)% two-sided confidence intervals for «, 3, v and
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A\ are, respectively, given by

D>
>
>

£ Zyp I 0),  BEZyp\[153(0),  AEZy\JI55(0),  NEZyp /11 0).

Here, Zy /5 is the upper (¥/2)th percentile of the standard normal distribution.
4.2. Bayes procedure

In this subsection, we use the Bayes procedure to derive the point and interval esti-
mates of the parameters. To obtain the Bayes estimates, we need the following additional

assumptions:
B.1) The parameters 6;, i = 1,2, 3,4, behave as independent random variables.

B.2) The prior pdf of 6; is symmetrical triangular on the interval [a;, b;]. Namely,

g6, () = i (e~ Ju—ml) . ue€ as bi] € (0, ), (4.10)

bi— al

_ b+a1

where ¢; = and p; =

B.3) The loss function is

= im (91’ - éz)2 , ki > 0. (4.11)

1=

—

Based on the assumptions (B.1) and (B.2), the joint prior pdf of € is

1
; — ‘91 — ,U,,‘D, 0; € [ai, bl] (412)

:ju;

=1
When the joint prior pdf is (4.12), the joint posterior pdf of 8, given the available observa-

tions, is

wom) = 42, (4.13)

where

4 03704 R
(o) = {H (ei — 10 — u¢|)} {1 - {1 R et )] }

1=

I{[1-e et = [ty

«
I
A
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and

by ba b3 by
L - / / / (01,02, 05, 04) dOs dbs dbo A6 . (4.15)
al a2z as aq

The marginal posterior pdfs of 8;, i = 1,2, 3,4, are given by

0 bo bs by

m1(01]7) = 7(1) / / VY(01, 02,03, 04) dO4dbs dbs, (4.16)
92 b1 bs by

7T2(92|7’) = E / / ’(/)(91,92,63,94) d94 d93 d917 (417)

ay as ag

93 b1 bo by

7T3(93|7') = IT) / / 1,[}(91,92,93,04) d04d02 dgl (418)
93 b1 ba bs

7T4(94|7') = E / / ’(/)(91,92,63,94) d93 deg d91 (419)

4.2.1. Point estimators
Under the assumption (B.3), the Bayes estimate of 6;, say 0, and the associated posterior

risk, say R(éi), are

Y
R 4.2
0; I (4.20)
and )
R(6 I‘f) I‘gl ) 4.21
( z) - TO - TO ) ( . )
where, for j = 1,2,
. by b3 b2 b1 .
1 :/ / / 67 (01,02, 03, 04) dOy dby dOs db,. (4.22)
aq as as al

4.2.2. Interval estimates

The Bayesian approach to interval estimation is much more direct than the maximum
likelihood approach. Once the marginal posterior pdf of §; has been obtained, a symmetric
100(1 — 9)% two-sided Bayes probability interval [100(1 — 9)% TBPI] estimate of 6;, i =

1,2,3,4, denoted [¢;, u;], is obtained by solving the following two equations:

/Oei mi(wlr)dw =
/ T m(wnde =

i

(4.23)

NS OB
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for the limits #; and u;. As it seems, the above two equations have no analytical solution
in ¢; and u;. We again use in Section 5 below, the MATHCAD package to get the numerical

solution.

5. DATA ANALYSIS

In this section, we use the real data set from Nelson (1982), which reports a set of
cracking data on 167 independent and identically parts in a machine. The test duration was
63.48 months and 8 unequally spaced inspections were conducted to obtain the number of

cracking parts in each interval. The data were

(t1,---,ts) = (6.12, 19.92, 29.64, 35.40, 39.72, 45.24, 52.32, 63.48)

and

(ny,---,n9) = (5, 16, 12, 18, 18, 2, 6, 17, 73)

We assume that these data follow the following two distributions: (1) MWD(a, £, 7); and (2)
NGWD(a, 8,7, A). Then we compute the maximum likelihood estimates of the parameters
included in each distribution and we compare these distributions based on two different
criteria. The criteria used are: the log-likelihood function and the Kolmogorov-Smirnov (K-
S) test statistic. Table 5.1 shows the MLE of the parameters of the distributions considered

and the associated log-likelihood function values.

Table 5.1. The MLE of the parameters, the values of log-likelihood and K-S.

Distribution parameters L K-S
MWD & =1,281x1073, 3 =1.134 x 1073, 4 = 1.566 | —309.651 | 0.138
NGWD & =0.024, g =0.165, ¥ = 0.002, A = 2.683 —309.223 | 0.137

Based on the values of the log-likelihood function and the K-S statistic in Table 1, the
NGWD (0.024, 0.165,0.002, 2.683) fits the above data slightly better than the MWD(1.281 X

1073,1.134 x 1073,1.566).
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The survival function of the data is estimated using non-parametric and parametric
methods. In the case of non-parametric estimation, we used Kaplan-Meier (K-M) method.
For the parametric estimations, we used the two models MWD and NGWD. Figure 5.1
shows the Kaplan-Meier estimate of the survival function and its two parametric estimates.
It seems from this figure that the NGWD model is slightly closer to the K-M than the
MWD model. This result agrees with the values of K-S test statistics and the values of the

log-likelihood functions shown in Table 5.1.

The survival function

Figure 5.1. The empirical and fitted survival functions.

Figure 5.2 shows the variation of the hazard rate functions of the NGWD (2.349>< 107°,0.078, 1.654, 9.313)

and the MWD (1.281 x 107?,1.134 x 10~?,1.566).
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Figure 5.2. The estimated hazard rate functions.

Figure 5.3 depicts the forms of the estimated pdf of the data considering the two models
NGWD(2.349 x 107°,0.078,1.654,9.313) and MWD (1.281 x 1073,1.134 x 1073, 1.566).

For the Bayes technique, it is assumed that the prior pdf of «, 8 , v and A have the
supports [0, 0.1], [0,0.1] , [0,0.1],and [0.5, 1.7], respectively. These supports were chosen with
the help of the MLE of the parameters obtained above. The Bayes point estimates of the

parameters were found as

a=0.017, [£=0.02, 4=0.399, A=1.653
with corresponding minimum posterior risk:

R(6)=139x107%, R(F)=3279x 1074 R(3)=0.088, R(\)=0.014.

The value of the K-S test statistic when we use the Bayes estimate of the parameters is 0.159
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which is greater than the K-S value using the MLE of the parameters. This means that the
maximum likelihood procedure provides better estimates than the Bayes procedure in this
sense. Also, both MATHCAD and MATLAB packages were unable to converge to a solution
in the set of equations (4.23) which give the two-sided Bayes probability interval estimates

of the parameters.

x10°

Probability density function

0 50 100 150

Figure 5.3. The estimated probability density functions.

6. CONCLUSION

In this paper, we discussed the parameter estimation of the NGWD(a, 8,7, A). The
maximum likelihood and Bayes techniques have been used. The MWD(q, ) is tested against
NGWD(a, 8,7, A) using a set of real data. Based on the two criteria (the values of the

log-likelihood function and K-S test statistic), we found that the NGWD(«, 8,7, \) fits



M. Zaindin 39

the data better than the MWD(q, 8,). Further, we used the MLE of the parameters of
NGWD(a, 8,7, A) to construct suitable prior supports for «, 8,7, and A. In spite of this,
the maximum likelihood procedure provides better estimates than the Bayes procedure in
the sense of having smaller K-S. Also, we failed to obtain numerically the TBPI of the
parameters. Finally, we conclude that the maximum likelihood procedure outperforms the

Bayes procedure in this situation.
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