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Abstract. In this paper we will discuss the stochastic analysis of a three state
semi-Markov reliability model. Maximum likelihood procedure will be used
to obtain the estimators of the parameters included in this reliability model.
Based on the assumption that the lifetime and repair time of the system units
are generalized linear failure rate random variables, the reliability function of
this system is obtained. Also, the distribution of the first passage time of this
system will be derived. Some important special cases are discussed.
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1. INTRODUCTION

A semi-Markov model has been used by Kao (1974) in some context of hospital ad-
ministration in the study of the dynamics of movement of patients through care areas in a
hospital. El-Gohary (2005) has used the semi-Markov process to describe a reliability sys-
tem that consists of one active unit, an identical spare, a switch and a repair facility. In this
paper it is assumed that the lifetimes of the active repair units are generalized exponentially
distributed (El-Gohary(2004), Reinhard and Snoussi(2002) and Kulkarni(1995)).

The stochastic models have many applications in different fields such as reliability sys-
tems, social security policy analysis, health care services [3,4,6].

The evolution of many systems naturally ends as the first failure occurs, because external
intervention is not practicable. These systems are non-repairable systems. For other systems,
generally of high complexity, renewal possibilities exist, and their effectiveness therefore
depends not only on their intrinsic reliability but also on the characteristics of maintenance
and repair actions.
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To discuss the stochastic analysis of our reliability model, we present some important
definitions. A semi Markov process { X (¢) : ¢ > 0} is a stochastic process in which changes of
state occur according to a Markov chain with the time interval between two successive transi-
tions is a random variable whose distribution depends on the state from which the transition
takes place as well as the state to which the next transition takes place (Medhi(1982)). Gen-
erally a semi-Markov process with discrete state space can be defined as a Markov renewal
process (Kao(1974)).

In this paper, in section 2, we will display some important definitions and properties
of a semi-Markov process and its kernel. In section & we use the stochastic analysis and
semi-Markov model to estimate the parameters included in some reliability models. The
maximum likelihood method is used to derive the point and confidence interval estimates of
these parameters. Based on the assumption that the lifetime and repair time of the system
units are generalized linear failure rate random variables the distribution of the first passage
time of this system will be derived.

2. SEMI-MARKOV KERNEL

In this section, we consider some kind of generalization of a Markov process as well as
of a renewal process. Also, we will discuss the semi-Markov kernel. Further, the properties
of the semi-Markov kernel will be discussed.

Definition 2.1 Let the state of a stochastic process be denoted by the set of nonnegative
integers, S = {0,1,2,...}, and let the transitions of the process occur at time instants
to = 0,t1,ta,...(tn < tp+1). Assume that X, denote the transition occurring at time
instant ¢,. Then the twice {X,,t,}, n =0,1,2,... is said to constitute a Markov renewal
process if

P{Xn+1 = k,tn+1 — tn S t‘Xo = io,Xl = il, .. ~;Xn = in;to,tl, N ,tn} =
(2.1)
P{Xn+1 = katn+1 —tn < t‘Xn - Zn}v

Definition 2.2 The Markov renewal process {X,,t,}, n = 0,1,2,... is said to homoge-
neous if

does not depend on n

Lemma 2.3 Assume that {X,,n =0,1,2,...} constitutes a Markov chain with state space
S ={0,1,2,...},and transition probability matrix P = {p;;}. The continuous parameter
process Y (t) with state space S = {0,1,2,...}, defined by

Y(t) =X, ty <t <tlpii (2.3)

is called semi-Markov process.

The semi-Markov process is a stochastic process which changes its state occur according
to a Markov chain and the time interval between two successive transitions is a random
variable, whose distribution may be depend not only on the present state but also on the
state of the next transition. Next, through this paper we assume the state space S of the
semi-Markov process is finite number of renewal times on the time interval [0, ¢].
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Definition 2.4 A two-dimensional Markov process {&,, ¥,,,n € N} with values in Sx [0, c0)
is called a Markov renewal process if and only if

1. Qij = P{fn+1 = j,ﬁn+1 < t|fn = ’L,ﬁn = tn, . ,fo = io,ﬁo = to}
= P{£n+1 =7, ﬂn+1 < t|§n = Z}
2. P{& =i,90 = 0} = pio

In the Markov renewal process, the non-negative random variables 9J,,n > 1, define the
interval between Markov renewal times:

n
Tn:Zﬂk, n>1,17=0

k=1
Now, let
v(t) =" Tjoy(mn) (2.4)
n=1
where
1 if 7, €]0,t]
Tio,0(mn) = (2.5)
0 otherwise

The process v(t) is called a counting process. It determines the number of renewal times
on the segment [0, ¢].

Definition 2.5 A stochastic process {X(t) : t > 0} where X(t) = &,(;) is called a semi-
Markov process that generated by the Markov renewal process with initial distribution
P? = p(& = i) and the kernel Q(t),t > 0.

Since the counting process v(t) keeps constant values on the half-interval [t,,t,11) and is
continuous from the right, then the semi-Markov process keeps also constant values on the
half intervals [1,,, Thy1): Xn(t) = &, fort € [1,, Thy1). Moreover the sequence {X(7,) : n €
N} is a Markov chain with transition probability matrix P = {p;; = Qij(00),4,57 € S}
that is called an embedded Markov chain. The concept of a Markov renewal process is a
natural generalization of the concept of the ordinary renewal process given by a sequence of
independent identically non-negative random variables 8,,,n > 1. The random variables 6,
can be interpreted as lifetimes.

Definition 2.6 The stochastic matrix Q(t) = [Q;;(t); 4,7 € S], t > 0 is said to be a renewal
kernel if and only if the following conditions are satisfied:

1. The functions Q;;(t) are nondecreasing functions in ¢.

2. > jes Qij = Gi(t) are distribution functions in ¢.

3. [Qij(+00) = P;j,4,j € S] = P is a stochastic matrix.
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Lemma 2.7 Assume that {X(¢) : ¢ > 0} is a semi-Markov process with renewal kernel

Q(t) = Q;(t),i,5 €S, t €0,00) (2.6)

then

P{& =io, 00 = 0,61 = i1, 0 < 51, n = in, U0 < S} =i [ [ Qunrin(sk) (2.7
k=1

A main objective of this paper is to use a three state semi-Markov process to describe a
reliability system which consists of operating unit, identical spare unit, a switch and repair
facility. Also, use the maximum likelihood procedure to obtain the estimators of the unknown
parameters included in this reliability system.

In what follows, we will use Lemma 2.7 and semi-Markov kernel to introduce the likeli-
hood probability contribution function for the underlying reliability system.

2.1. Likelihood function

In this section, we use the semi-Markov realization to construct the likelihood function
of the standby system with repair. In such study, we assume that the semi-Markov renewal
kernel of the desired reliability system depends on a vector of unknown parameters § =
(61,02, ...,0;). Therefore,

Q(t|6) = {Qq;(t0) : i,j € S}, (2.8)

Let us assume that there is a sequence of random observations (i, to), (¢1,%1), - - ., (in, tn)
of the random vector (&y,%0), (£1,%1),-..,(&n,Vn). Suppose z denotes the observation
(0,t0)s (11,t1), .-, (in, t,). We assume that there exist functions denoted by ¢;;(t|6),%,5 € S
such that

Qi (1l0) = / iy (ul8) du (2.9)

Using Lemma 2.7, the likelihood function for the given random observations of the semi-
Markov process becomes

L(z0) = piy [ [ 90 s. (110) (2.10)
s=1
Theorem 2.8 Suppose that {X(t) : ¢ € R} } be a semi-Markov process with a finite set
of states S{1,2,...r} and having semi-Markov kernel Q(.). Let { (0, o), (¢1,%1), (42, ¢2), - -,
(in,tn)} be a given observation vector of two dimension random vector {(&g,J), (§1, 1), (2, Y2),

covy (&nyUn)}, where ig,i1,42,...,0, € S and tg,t1,t0,...,t, € R+. Assume also that the
continuous densities ¢;;(.) corresponding to the semi-Markov kernel exist such that

t
Qi) = [ as(s)ds, Vij € St € Ry (2.11)
0

Then the likelihood function of the given observations is given by:

n
L(i07i1ai25 e 77’n7 t07t17t27 e 7tn7Q> = Dio H Qig_1ig (t]wQ) (212)
s=1
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Proof.
The proof of this theorem can be reached by using Lemma 1.7. Therefore according to this
lemma we have

P{ﬁo = iOagsvts S tsas = 132a ce. an} = Pio H Qikfﬂk (tk|Q) (213)
k=1

Using (2.11)we get

n t1 pta i3 tn
I Qivovin (t10) = / / / / igir (51,0)iyi5(52,0) - . Giyy 1, (S0, 0)ds1dsa ... dsy,
pale o Jo Jo 0

(2.14)
Combining (2.13) and (2.14) we can reach to (2.12) which completes the proof. Next, we
proceed to apply maximum likelihood procedure to obtain estimators of the parameters
included in a three-state semi Markov reliability model. In this study we will consider both
of the life and repair times of the standby system with repair are generalized linear failure
random variables.

3. SEMI-MARKOV MODEL OF STANDBY SYSTEM

This section is devoted to introduce the assumptions of the underling reliability model.
Also the semi-Markov kernel of the stochastic process that describe this reliability model
will be introduced. Further, the densities corresponding to this kernel will be obtained.

The semi-Markov process is a nice tool to describe many reliability models. The model
of this is a slight modification of well a known reliability model introduced by Barlow and
Proschan (1965). In order to describe a reliability model of a standby system with a repair
facility, the following assumptions are needed:

1. We consider a one reliability system which consists of one active unit, an identical
spare, a switch and a repair facility.

2. As the active unit fails, the spare unit operates by the switch immediately.

3. The failed units can be repaired by the repair facility and the repair fully restore the
units. Therefore, the repaired unit can be considered as new one.

4. The whole system fails as the active unit fails and repair unit has not been finished
yet or as the active unit fails and the switch fails.

5. The lifetimes of the active units can be represented by independent and identical
non-negative random variables T with probability density function f(t),t > 0.

6. The lengths of repair periods of the units can be represented by independent and iden-
tical non-negative random variable © with the distribution function H(t) = P{© < t}.

7. The event E denotes the switch-over as the active unit fails. So the probability that
the switch performs as required is represented by P(E) = 6.

8. The whole system can also be repaired, and the failed system is replaced by a new
identical one.
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9. The replacing time is represented by a non-negative random variable K with distri-
bution function C'(t) = P{K < t}.

10. Finally, we assume that all the random variables that described above are independent.

The standby reliability system with repair facility can be described by a three state semi-
Markov process with S = {0, 1, 2}.

Using the model assumptions that the states of the prescribed system can be considered
as follows:

1. The system failure represents the first state of the semi-Markov describing the model
and denoted by (0).

2. The failed unit is repaired and the standby unit is operating represents the second
state of the semi-Markov describing the model and denoted by (1).

3. Both active and standby units are ”Up” represents the third state of the semi-Markov
describing the model and denoted by (2)

Let 75,7, 75, ... denote the instants which the state of the system changes, where
75 = 0 and let {Y'(¢) : t > 0} be a stochastic process with state space S = {0,1,2}. This
process keeps constant values on the half intervals [7,5, 7, ;) and is continuous from the
right. Therefore, it is not a semi-Markov process.

Let us define a new stochastic process as follows:

Assuming that 79 = 0 and 7,,,n = 1,2, ... represent the instants when the components
of the system failed or the whole system renewal. The stochastic process {X(t) : t > 0}
defined by

X(O) = 07X(t) = Y(Tn)v Tn <t < Tptt, (31)

is a semi-Markov process and its kernel density is given by the following square matrix

0 0 qo
gi;1=1] 0 ¢1 O (3.2)
G20 g21 O

It is well-known that, the semi-Markov process {X (¢),t > 0} is completely specified by
its semi-Markov kernel. Let us deduce the elements of the density semi-Markov kernel which
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describe the underlying reliability model as follows:
d d
qo2(t) = aP{X(Tn-ﬁ-l) =2,941 <t| X(r,) =0} = %P{k <t} =ct)
d
qo(t) = ZP{X(Tat1) =0,0n41 <t X(70) = 1}

= %P{Tgt,®>T}+P{E,T§t7@<T}

- % UO [1—H(t)]dF(t)+(1—90)/0 H(a:)dF(:c)} = (1—1060)f(t),
qu(t) = %P{X(Tn—&-l) =1,0,41 <t X(m,) =1}

- %P{E,T <t,0>T}=0H(t)f(t)
Q21(t) = %P{X(Tn+1) = 1719n+1 < t|X(Tﬂ) = 2} = %P{E7T < t} = 90 f(t)

Polt) = CP{X(rai) = 0,01 < HX () =2) = S P, T <1} = (1— ) F(1)
(3.3)

where E is the complementary event of F

It is well known that, some of the statistical distributions have a constant failure rate
such as the exponential distribution, and other distributions have increasing failure rates
such as linear failure rate distribution, and some others with decreasing failure rates such
as Weibull distribution with shape parameter does not exceed one and other distributions
with all of these types of failure rates on different periods of time such as those distributions
having failure rate of the bath-tub curve shape see for example Jackson (1969), Lai, et al.
(2001) and Lawless (2003). The generalized linear failure rate distribution having such these
properties.

Now, we assume that the lifetime of the active units have identically generalized linear
failure rate distribution with the parameters 6, 65 and 3. Therefore, for 6; > 0,602 > 0 and
03 > 0, distribution function of the lifetime T of the active units is given by

1 2 0:
F(t; 01,02, 65) = [1 - o~ (a0t >] ‘>0 (3.4)

and the probability density and hazard rate functions of the lifetime 7" of the active units
are given by

5 2 1 2 05 —1
F(t:01,0,05) = 05(61 + 65 1)~ (0430:2) [ o (uerd0e) 2704 5 g (g.5)
and
93(91 + 0o t) e (91t+%62t2) [1 - e_(91t+%02t2)} o

h(t;91792503) = ( ):|93
— 91t+%92t2

,t>0 (3.6)
1—[1—6
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respectively.
Substituting (3.5) into the densities (3.3) of the semi-Markov kernel density, we get

1 2 1 2 03—
maﬂ@zexr—%ﬂu»wy+%we%%ﬂﬁﬁ>p_e%%wﬁﬂ>]3ﬂ
1p.42 1, ,2)103—
qu1(t|8) = 0005 H(t) (61 + 021) o~ (016+3020%) [1 e O % )} '
(3.7)
19 42 1, ,2)703—1
P0(t18) = 031 — 00) (61 + B 1) e (10730) [ o= (oneedonst) TR0

63—1
@ (t10) = 000 (01 + s ) e~ (nr+3058) [1 = (ontgoust) |20

where 6g, 61, 02, 83 > 0, t,> 0.

4. PARAMETER ESTIMATION
In this section, we use the maximum likelihood procedure to derive point and interval
estimates of the unknown vector parameters 8 = (g, 01,602,03) included in the quadratic
failure rate reliability model.

4.1 Maximum likelihood procedure

Suppose that z denotes the observations {(ig, o), (i1,%1),..., (in,tn)} of two dimen-

sional random vector of variables, {(£o,%0), (1,71),. .., (&n,9n)} where ig,i1,...,t, and
to,t1,...,tn € [0,00). Further, we assume that this observation is classified as follows:
Let
Aij:{kiik,1Zi,ik:j,k:LQ,...,n} (41)

be the set of numbers of direct observed transition from the state ¢ to the state j and n; is
the cardinal number of the set A;; which represents the number of direct transitions from
the state ¢ to state j . In the present case we find that

ng2 + n1o + N1 +ngo +n21 =n (4.2)

Based on the above observation, the sample likelihood function L(z;8) can be obtained as
follows:
Substituting the semi-Markov densities from (3.7) into (2.12), the sample likelihood
function L(z;6) takes the form
19,42 19.42)703—1
L(=:6) = COm= (1-00)" 05 W (6y) [[ (a0 )¢~ (nttaoett) [y~ (i)
i€B
(4.3)
where

W)= [] [1-060H(t:)], C= ] ct),

i€A10 i€ Ag2 (44)

B=A1gUA;1 UAyUAy, m=nig+ni +ngp + nop
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Finally, the log of the sample likelihood function L can be written in the following form

,C = (n11 —|—n21)ln00 +TL20 111(1 — 00) —|—1H W(ao) —|—mln¢93+

4.5
D In (61 +0at;) — > (01t + %92@?) +(03—1)) In [1 — Yi(al,ez)]} )

i€B i€B i€B

where Y;(0;,0,) = e~ (O1tit30260),

The maximum likelihood estimators éo, él, §2 and 9}, are the values of g, 01,605 and 03,
respectively that maximize the sample likelihood £. Equivalently 6, 61, 65 and 3 maximize
the log sample likelihood since it is a monotone function of L(z,0).

The maximum likelihood equations are given by :

—0,5=0,...,3. 4.
g =05 =03 (4.6)

Using (4.9) and (4.10) the maximum likelihood equations are

0L  _ niitnar ng . L dW(0) 0

00, 0, 1—6y  W(b) doy 7

or 1 t;Y;(01,6-) }

061 iGZBel+92ti Z,EZB (65 )zeZB 1 —Y;(01,02)

oL t 1 12Y;(61,62) 47
o b Iy {12}:0

00 ; 0, + Oot; 2 % 3 % 2[1 — Y;(61,62)]

oL

— (1= Yi(en0)] —0,

963 i€B

4.2 Important special cases

This subsection is devoted to study some important special cases. Such cases occur
when, both the time lengths of the repair periods of the units and the lifetimes of the active
units are exponentially, linear failure rate and Rayleigh random variables.

In order to obtain the first special case, the following assumptions are needed:

1. The distribution of the time lengths of the repair periods of the units satisfy the
condition: 1 — 0gH (t;) =1 — 0y for every i € Ajp.

2. The lifetimes of the active units can be represented by identically exponential random
variables with parameter 6;. That is, f5 = 0, and 03 =1
In this case, the maximum likelihood estimators are given by:

~ Nog + N2 “ m
p=—"—"—, bh=—,7=) 1 4.8
0 m 3 1 7_) T . ( )
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The second special case can be obtained by considering the following assumptions:

1. The distribution of the time lengths of the repair periods of the units satisfy the
condition: 1 —0gH(t;) =1 — 0 for every i € Ayp.

2. The lifetimes of the active units can be represented by identically linear failure rate
random variables with two parameters #; and 5. That is, 63 = 1
In this case, the maximum likelihood estimators are given by:

i N2 + N2 b, — 2m — 6023 e t

0:
0 m sy V1 2

where the estimator 65 is the solution of the nonlinear equation

2> ! =1 (4.10)

fep 12m =023 5 ld+2023 5 eptits

The third special case can be obtained by considering the following assumptions:

1. The distribution of the time lengths of the repair periods of the units satisfy the
condition: 1 —0gH(t;) =1 — 0y for every i € Ayp.

2. The lifetimes of the active units can be represented by identically Rayleigh random
variables with one parameter 65.

In this case, the maximum likelihood estimators are given by:

A R 2
90:n22+n12, by = m

o (4.11)
m ZSGB t%

5. ASYPTOTIC CONFIDENCE BOUNDS

Since the maximum likelihood estimators (éo,él,ég,ég,) of the unknown parameters
(6o,01,02, 03) cannot be derived in closed forms, we cannot get the exact confidence bounds
of the parameters. The idea is to use the large sample approximation. The maximum
likelihood estimators of @ can be treated as being approximately multi-normal with mean
0 = (0y,01,02,05) and variance-covariance matrix equal to the inverse of the expected infor-
mation matrix. That is,

((éo —0o), (61 — 61), (62 — ), (05 — 93)) SN, (o, 1-1@) , (5.1)

where I™1 (@) is the variance-covariance matrix of the unknown parameters . The element

1;;(8), 4,5 = 0,1,2,3, of the 4 x 4 matrix I"! is given by

L;(0) = — Lo, los - (5.2)
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From expression (4.11), the second partial derivatives of the log-likelihood function are found
to be

827[: _ N “+ noq B n20 B 1 6W(90) 2 n 1 62W(90)
203 B 05 (1—00)>  W2(bo) 00, W(b) 065
PW(0) 0 PW(0) 0 D*W (6y) 0
8000, 7 060, 7 865
0L 1 t2Y;
== = -y -1y —L
002 ; (61 + 03t;)2 3 ; (1-Y;)?
0L t, t3Y;
= — (9. —1 —
96,00, ; (61 + 05t;)2 (65 = 1) % 2(1 - Y;)2
0L t,Y; 0L t? t4y;
— A’ = _ — 4 (h3—1) AL —
00,05 %; 2(1-Y;)" 063 ; (01 + Oat;)2 3 ; 4(1-Y;)?
0L t2Y; 0L 12 tiy;
= ) 4 Ty i 4 (h—1 it
00505 ; (1-Y;)' 062 ; (01 + Oat;)2 + (0 )iEZB 4(1 —Y;)2’

(5.3)
Therefore, the approximate 100(1 — «)% two sided confidence intervals for (6g, 61, 62, 03) are
respectively, given by

Here Z2 is the upper 100%-th percentile of the standard normal distribution.

From above results, we can deduce the following special cases:

Exponential case: setting 6, = 0, 035 = 1, from (5.3) and (5.4), we get the approximate
100(1 — «)% two sided confidence intervals for 6y and 6; respectively

. 0o(1 —6y) Z, . 0,2,
6o + of Ao) /2 _ 6+ 1\F/2
\/(nn +n21)(1 = 609)% + (n19 + n2o) 62 m

Linear failure rate case: setting 3 = 1, from (5.3) and (5.4), we get the approximate
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100(1 — @)% two sided confidence intervals for 6y, 61 and 05 respectively

0o(1 — o)

éO + — — Za/2a
\/(nn +n21)(1 — 09)% + (n10 + n20) 03
P %
. (0, + é2ti)2
0, + icB Z,
! > ti ty } 1 2 /2
ieB (él + égts)Q ieB (él + éQtS)Z scB (él + égts)Z ieB (él + éQti)z
> %
R i€B (91 + é2t¢)2
92 i 1 t2 tl ts ZQ/Q.
seB (él + é2t8)2 icB (él + éQti)Z icB (él + éQts)Q icB (él + é2t5)2
(5.6)

Next, we discuss in details the reliability function of our standby system with repair
that consists of one active unit, an identical spare, a switch, and a repair facility.

6. FIRST PASSAGE AND SYSTEM RELIABILITY

In this section, we will discuss the system reliability function of standby system with
repair using semi-Markov procedure. The reliability function of the system will be derived.
The distribution of the first passage time will be obtained.

6.1 The distribution of the first passage

Now, we will define the distribution first passage time. In order to define the first passage
time, we should find an accurate answer for the question "how many transitions will the
process take to reach state j for the first time if the system is in state ¢ at time zero”. The
first passage time of the continuous-time semi-Markov process can be measured in time or
in terms of the number of transitions. We will obtain the distribution F;4(t) of the first
passage time from the state i to a state in a subset A C S given that state ¢ was entered at
time zero and zeroth transition.

Assuming that A ¢ S = {0,1,2} and A = S — A, we introduce the following notations

Ap=inf{ne N: X(r,) € AC S}, (6.1)

and
fiA(n)zP{AA=n|X(O) :i},TA:TAA, (62)

Therefore, the distribution function of the first passage time F;(t) is given by

Fia(t) = P{Tx <tX(0) =i}, i € A, (6.3)
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The function F;4(t) represents the distribution of the first passage time of the semi-Markov
process {X (¢) : t > 0}, from the state i € A to state in the subset A.

6.2 The system reliability function

Now, we will define, the first and the second moments of the first passage time distribu-
tion as follows

ém:/ tdF;A(t), and, éa:/ t2dF;A(t), (6.4)
0 0

If we assumed that, A denotes the subset of the failed states of the system and i € A is an
initial operating state such that P{X(0) = ¢} = 1, then the random variable T4 represents
the lifetime or the time to failure of the reliability system. That is, the reliability of this
system is

R(t) =1 Fi(t), t >0, (6.5)

Next, we define the first and second moments of the semi-Markov kernel as reliability
characteristics of the system as follows:

Gix = / tqi(t)dt, @5 = / a(t)dt, g = / tdGi(t)dt, g7 = / t2dG;(t)dt (6.6)
0 0

0 0

Following theorem can be used to get an integral equations and two linear algebraic systems
of equation for the first passage distribution function F;(t), the first moment ®;4 and the
second moment ®?,, i € A.

Theorem 6.1 If the following three conditions
1. ia=1ViecACS,;

2.3d>0s.t g <d,VijeS, (6.7)

3.l K fialk) <ooV, i€ A

are fulfilled B - _
Then the distribution function F; 4(t), the mean ®; 4 and the second moments @?A, 1€ A
are only the solution of the following system:

Fat) = Xjea Qg;) (6) + ke Jo Fealt = w)dQir(u), i € A
gi = (I)iA — Zkejpikéika 1€ A (68)
g% = 6)1214 _ZkGAplki)ZQk —2Zk€gq1k‘i)kA7 { €A7

which consist of a system of integral equations and two linear algebraic systems of equations.
The system of integral equations is equivalent to its Laplace-Stieltjes system

Gials) =D d@i(s) + Y Gin(s)prals), i€ A (6.9)

JEA keA
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where

Pia(s) = /OOO e St dFA(t), Gij(s) = /OOO e *1dQi; (1) (6.10)

For underling system, we find that A = {0} and A = {1,2}. From the solution of the system
(6.9), we have

_ _@wo(s) _@2n1di0

1—qui(s)’ 1= qui(s)
Using the Laplace transformation, the system reliability function (6.5) of the underling
reliability system is given by

@10(s) $20(8) = Ga0(s) + (6.11)

R(S) _ 1-— 9520(8)

. , (6.12)

From the system of equations (6.8), we can get

P2101

Po0 =go + ;
1—pnn

(6.13)

For the present system g; and g» are the average of the lifetimes of the active units. That is

QIZQQZE(T):/OOOtf(t)dt (614)

6.3 Standby system with exponential lifetime

In this subsection, we will obtained the Laplace-Stieljes of the reliability function. Some
semi-Markov reliability characteristics such as the first and second moments of the kernel
density will be obtained.

For the exponential distribution the lifetimes of the active units , we find that:

1
G1=g2=ET)= g, P~ bo (6.15)

Substituting from (6.15) into (6.13) we obtain a simple form of the mean lifetime of the
underling reliability system

1 )
E(TA|X(0)=2)=Pyg=— +—~—— 6.16
( A| ( ) ) 20 91 91(1 _pll) ( )
where -
P = 9091/ H(u) e " du. (6.17)
0

After observation of a piece of the considered semi-Markov process realization, we can sub-
stitute 0y = 0y and 0, = 6.
6.4 Numerical simulation

In this subsection, we discuss some numerical example for the maximum likelihood
estimators of the unknown parameters 6g,6;,602 and 63. The following table displays the
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mean square errors (MSE) of the parameters against the different values of the sample size.

n  MSE(0,) MSE(0;) MSE(6;) n MSE(0,) MSE(6;) MSE(0s)
0 250 1.50 334 350 0.3 0.21 0.32
80 1.26 0.81 1.54 400 0.32 0.20 0.31
130 0.82 0.56 0.98 450  0.30 0.19 0.29
150 0.75 0.55 0.95 500 0.25 0.14 0.25
200 0.52 0.37 0.79 550 0.23 0.13 0.23
250 0.39 0.34 058 600  0.21 0.12 0.22
300 045 0.33 045 700  0.17 0.11 0.21

where the assumed values of the parameters are 6y = 0.5,0; = 1.5,605 = 3.0 and the partial
of the sample size are such that ni; = no; = n1g = nog. Further the distribution of the
length of the repair time is such that H(¢;) = 1, VI € Ajg. Note that the mean square error
of the parameter 6 is zero for all different values of the sample size.

7. CONCLUSION

In this paper, we have used the stochastic analysis to discuss an important semi-Markov
reliability system. Also the likelihood procedure is employed to derive estimators of the
unknown parameters include in this semi-Markov reliability system. The distribution of
the first passage time is discussed. The reliability function of this model is derived. Many
important special cases are derived.
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