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New Construction of Quaternary Low Correlation Zone
Sequence Sets from Binary Low Correlation Zone
Sequence Sets

Ji-Woong Jang, Sang-Hyo Kim, and Jong-Seon No

Abstract: In this paper, using binary (N, M, L, ¢) low correla-
tion zone (LCZ) sequence sets, we construct new quaternary LCZ
sequence sets with parameters (2N, 2M, L, 2¢). Binary LCZ se-
quences for the construction should have period N = 3 med 4,
L|N, and the balance property. The propoesed method corresponds
to a quaternary extension of the extended construction of binary
L.CZ sequence sets proposed by Kim, Jang, No, and Chung [1].

Index Terms: Correlation, low correlation zone (LCZ), pseu-
dorandom, quasi-synchronous code division multiple access (QS-
CDMA), sequences.

I. INTRODUCTION

In microcellular networks such as femtocell networks, the de-
lay among the signals of multiple users can be maintained within
a few chips. Quasi-synchronous code division multiple access
(QS-CDMA) system is the system devised for such environment
[2]. In order to suppress the inter-user interference from quasi-
synchronized signals, low correlation zone (LLCZ) sequences
have been used as signature sequences in the QS-CDMA sys-
tems [2}-[4]. Let S be a set of M sequences of period V. If the
magnitude of correlation function between any two sequences
in S takes the values less than or equal to ¢ within the range
|7} < L for the offset 7, then the sequence set is called LCZ
sequence set with parameters (N, M, L, €).

LCZ sequences sets were first constructed using GMW se-
quences for binary case [3] and for p-ary case [5]. Kim, Jang,
No, and Chung introduced a construction method of quaternary
LCZ sequences [6] from binary sequences with ideal autocor-
relation property and the construction yields the first optimal
LCZ sequence set with respect to Tang-Fan-Matsufuji bound
[7]. Jang, No, Chung, and Tang also constructed an optimal p-
ary LCZ sequence set [8].

In [1], Kim, Jang, No, and Chung proposed several design
methods of LCZ sequence sets by manipulating sequences of
the same alphabet. Using a similar mapping to the binary case
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of the construction, we construct quaternary LCZ sequence sets
with parameters (2N, 2M, L, 2¢) from binary (N, M, L, ¢) LCZ
sequence sets, where the binary LCZ sequences have period
N = 3 mod 4, L|N, and balance property. Using an opti-
mal binary LCZ sequence set with parameters (N, M, L, 1),
we can construct a quaternary LCZ sequence set with parame-
ters (2N, 2M, L, 2), which is optimal with respect to Tang-Fan-
Matsufuji bound [7].

II. PRELIMINARIES

Let a(t) and b(t) be g-ary sequences of period N. Then their
correlation function is defined as

N-1
Rop(7) = Z W((;(t)_b(t_}—T)
=0

where w, is the complex primitive gth root of unity. The R 5(7)
is called the autocorrelation function of a(t) if a(t) = b(t) and
the cross-correlation function between a(t) and b(t), otherwise.

Let N be a positive integer such that N = 3 mod 4 and
P = 2N. Let Zp be the set of integers modulo P, i.e., Zp =
{0,1,---, P — 1}. Let a;(t) be a binary sequence of period N
with balance property. Let D? be the characteristic set of a;(t —
u), ie.,

Di={t|at—u)=1,0<t<N—-1}=D}+u

where u € Zy, Di +u = {d +u | d € D§}, and “+” denotes
addition modulo N. Binary sequences are said to be balanced
if the occurrences of one in a period is the same as or once more
than those of zero. From the balance of a;(t), it is clear that
N+1 —i N-1

=, Dl =~

s =2 .

'U,J

where D, = Zy\D:.

Let u and v be positive integers and o be the correlation value
between a;(t — u) and ax (t — v) such that |o| < € except for the
inphase autocorrelation. Then it is easy to check

) N+o 1
\D;, N Dy| = 1 T3
o=k N —o
IDiN Dyl = =
D% 0 Db = 27
— —k N+o 1
Dy Dyl = ——~ 3 o)

1229-2370/10/$10.00 © 2010 KICS



JANG et al.: NEW CONSTRUCTION OF QUATERNARY LOW CORRELATION ZONE...

If u = vandi = kK, it is straightforward to check from the
balance property that

‘ N+1
DL, 0 D] = ——
IDi,ND,| =0
D, NDE =0

i, —k, N-1
D, ND,| = ——.

By the Chinese remainder theorem, we can represent Zp 2
Z2®Z n under the isomorphism ¢ : { — ({ mod 2, ¢ mod N),
where ® denotes the direct product. For convenience, we use
the notation ¢ € Zp interchangeably with (¢ mod 2, ¢ mod N)
throughout the paper.

III. CONSTRUCTION OF NEW QUATERNARY LCZ
SEQUENCE SETS

Using a binary (N, M, L, ¢) LCZ sequence set with period
N =3 mod 4 and the balance property, we construct new qua-
ternary LCZ sequence sets with parameters (2N, 2M, L, 2¢).

Let £ be a set of binary LCZ sequences with parameters
(N, M, L,¢) and balance property, where N = 3 mod 4 and
LIN. Furthermore, we assume that the correlation function
Rf(7) between any two binary sequences a;(t) and a;(t) in
L has the absolute value smaller or equal to € except for 7 = 0
mod L and 7 # 0. Let D? be the characteristic set of the LCZ
sequence a;(t) in £. Then quaternary LCZ sequence sets can be
constructed as follows.

Theorem 1: Let{; be the set of M quaternary sequences of
period 2V defined by

ift € {0} ® D
ifte {1}®Dy+L
ift € {0} ® D},
ifte {1}®@D§+L

ul,i(t) =

W N = o

and U, be the set of M sequences of period 2N defined by

, ifte{0}®D,
ifte{1}®Dj+L
, ifte{0}® D}
, ifte{1}®Dy+1L

-

’U,2,i(t) =

W N = O

for 0 < ¢ < M — 1. We define the quaternary sequence set Q of
period 2V and the cardinality 2/ as

sift) = {”“(t)’

ugi—m(t),

for0<i<M-1
for M <i<2M —1.

Then the quaternary sequence set Q = Uy U U, is a quaternary
LCZ sequence set with parameters (2N, 2M, L, 2¢).

Proof: Clearly, Q has 2M sequences and the period of the
sequences is 2/V. Therefore, it remains to show that the magni-
tude of the correlation value between any two sequences in Q is
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less than or equal to 2e except for the in-phase autocorrelation.
Using

for 0<i<M-1

. D§,+L,
O\ DM for M <i<2M—1

DD +Lv

we simplify the constrcution of s;(t) as

—inm

ift € {0} ® D,
. ifte {1} o4,
ift € {0} @ DM
ift € {1} ® 4}

Si(t) =

w2

where ipr =7 mod M. ]

Let 7 = (71, 72), where 3 € Zp and 7o € Zp. Then the
correlation between s;(t) and si(t), 0 <4,k <2M — 1 canbe
computed as

e aO-sntar) zg:zl (t—7)—sk(t)
R@‘,}c('r) - Z wzi t)—sg(t+1 - wzi t—1)—55(t
t=0 t=0
, | A .
= {itn)e D nP)eDe " 1+ 1L+ n)e A, N A}

+{itn)e Dy N0} DE¥ | +1{L + m)e AL, N0 Abl )

+wilfn}e Dy N A+ 1L+ n)ed;,n 0}e ;" |}

+wiflinje Dy N{L}e A+ 1{L + m ) AL, n)e DE |}

—{|m)e D nple s+t + nled;, nfl}e b}

—{l{n}e Dy N0} DL 1+t + i Je AL, n{L}e A | |

- wi{l{n}e Dy n{t}e Ao+ 1L + n}o A, nP}e Di |}

- we{fr)e Diy N Afl+1{1 + n}e AL, N0} D5 |}
where wy is the fourth complex primitive root of unity, i.e., j =
v—1.

If my = 0, thatis, 7 = O mod 2, then R; ;,(7) can be simplified
as

Rix(7) =
{ D% Dy |+, nAg |+ Dl NDg |+ |4F, n 45}
— { D% Db |+ A, n4f |+ Dy Ny |+ |45, N g}
In the case of 7, = 1, thatis, 7 = 1 mod 2, we have
Rip(r) =
wi {7 NI+, 0Dy | +|Digf nAg |+14i,n D}
— ws {|D7 N g+ (A7, N |+ | Dy N Af |+ 45,0 Dy |}
Case )0 <4,k <M —1(ie.,s;(t),sk(t) € Up):
In this case, A° = D + L and A* = D* + L and we should

consider the following two sub-cases.
i) 7 = 0 mod 2 (7; = 0) except for inphase autocorrelation;
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Table 1. List of binary LCZ sequence sets.
l | N [ M ] L | <]
Long, Zhang, and Hu [3] -1 «2m~1 2n-1/2m-1) | 1
Jang, No, Chung, and Tang [8] | 2" — 1 2m—1 @-1/@2m-1) | 1
Tang and Udaya [9] 201 | 2" -m—1] (2"-1)/2™-1) | 1

In this sub-case, R; (7) can be rewritten as

Ri(r) = (D%, N Dy| + (D%, + L) " (Di + L)|
+|Di, N D§| + [(DE, + L) (D + L)
~ |D;, N D§| - |(D;, + L) N (D + L)|
~ |D%, N D) = (D%, + L) N (D + L)].

Let RF, (—72) = 1. For 73 # 0 mod L, then (o] < € and we
have

D}, 0 DY = (DX, + L) N (D + L) = Nzgl +;

\Di, N Dy| = |(D, + L) (Dy + L)| = N_;"_l

D N Dk = (D, + L) (D + L)| = N;f’l

B, D}l = (D%, + )N (D + ) = -2 — 2.
Thus, R; 1 (7) reduces to 201 and |[R; x(7)| = |201] < 2e for
0<|r|< L.

When 7 = 0 and i # k, R; ,(r) becomes the sum of two
correlation functions at 72 = 0 between a;(t) and ag(t), and
a;(t + L) and a(t + L). From the property of binary LCZ se-
quence set with parameters (N, M, L, ¢) [1], clearly | R; £ (0}] <
2e.

iyr=1mod?2 (ry = 1);

In this sub-case, R; (7) can be rewritten as

— —i —&
Ri(r) = wi {|D, N (D + L)| + (D}, + L) N Do }

i 5k i
+wy {|D,2 N(Dy+ L)+ (DL, + L)N D’gl}

— —k —
—wi{|D, (D5 + L)| +|(Dy, + L) n Dl }

. ' =k
—wi {|D%, N (D + D)| + (D%, + L) Do  }
Let Rfk(L —Tp) = og and Rfk(—L — 79) = 3. Applying the
correlation values in (1), the correlation function can be com-
puted as

Ri’k(’l’) = Wy {—0’2 -+ 0'3} R

Clearly, |R; x(7)] < 2eforT=1mod2and0 < |r| < L
Case2)0<i<M-land M <k<2M-1:
In this case, A = Dj + L and A% = EJSM + L. Similarly to
case 1), we should consider the following two sub-cases.
i)7=0 mod 2 (r; =0);

In this sub-case, R; ;(7) can be rewritten as

Rik(r) = Dy, 0 D™ | + (D}, + L) N (D™ + L)

+|D%, N DY | +|(DE, + L)n (D" + L)
_]z—)i ﬁDle_l(D +L)0(D8M+L)|
DL, N D" |~ (D, + L) N (D§™ + L.

It is not difficult to prove that we have

I(DL +L)D(D’°M+L)|—ID N D |
(D, +L)0 (Dy" + L)| = D}, N Dy"|
1(1)72 +L)N (D + L) = |D N D |
(D%, + L) N (Dg* + L)| = D, N Dg”|

and thus |R; x(7)| = 0for 0 < |7| < L.
i)r=1mod2 (ry = 1);
In this sub-case, R; (7) can be rewritten as

=k

Dy}
DkM }

—wa {|D,,, N(DEY + L) + I(Dn +L)N Dk 1}

1}

Let R, (L — 72) = o5 and RP, (=L — 73) = 0. For
73 # 0 mod L, we have |o5] < ¢ and los| < €. Applying the
relationship (1) to these correlation functions, we find

Ri(r) = wi{[Ds, N (D" + L)| +|(D;, + L)

s {|Di N (DE + L)| + (DL, +

E=.9.%

—wi{|DE, 0 (Dg" + L)| + (D, + L) n Dy

Ri,k(T) = Wy {0'5 + 0’6},

whose absolute value is smaller or equal to 2¢ for 7 = 1 mod 2
and 0 < |7| < L.

Case3) M <i,k<2M - 1:

In this case, A} = Dy~ + L and Af = kM + L. Similarly
to case 1), it can be proved that | R; »(7)| < 26 for0 < |r| < L.
From case 1)-case 3), the sequence set Q is an LCZ sequence
set with parameters (2N, 2M, L, 2¢). |

Theorem 1 says that we can construct quaternary LCZ se-
quences sets with parameters (2V, 2M, L, 2) given that an op-
timal or suboptimal (N, M, L,1) LCZ sequences set exists.
If the employed binary LCZ sequence set with parameters
(N,M,L,1) is optimal, it is proven straightforwardly that the
quaternary LCZ sequence set with parameters (2N, 2M, L, 2)
defined in Theorem 1 is optimal with respect to Tang-Fan-
Matsufuji bound [7] in the sense that its cardinality is the largest
for the given length 2V and the correlation constraint 2e.
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Binary LCZ sequences sets applicable to Theorem 1 are listed
in Table 1. Note that an optimal binary LCZ sequence set intro-
duced by Jang, No, Chung, and Tang [8] yields the construction
of an optimal quaternary LCZ sequence set. There is an exam-
ple of newly constructed quaternary LCZ sequence sets, even
though it is not an optimal one.

Example 2: Let a(t) be a binary Legendre sequence of pe-
riod 31 constructed from quadratic residue in Z3; given by

a(t) = (1110110111100010101110000100100).

Let £ be a binary LCZ sequence set with parameters
(N,M,L,e) = (1023,16,33,1) constructed using the Leg-
endre sequence and the trace function from Fyio to Fps by
Theorem 8 in [8]. Since N = 1023 = 3 mod 4, we can
construct a quaternary LCZ sequence set Q with parameters
(2N,2M, L,2) = (2046, 32,33, 2) using the binary LCZ se-
quence set.

IV. CONCLUDING REMARKS

In this paper, we propose a simple construction of quaternary
LCZ sequence sets with parameters (2N, 2M, L, 2¢) from bi-
nary LCZ sequence sets with parameters (N, M, L, €). Any bi-
nary LCZ sequence sets with low correlation value ¢ = 1 can
be hired to derive new quaternary LCZ sequence sets with low
correlation value ¢ = 2. The constructed quaternary LCZ se-
quence set becomes optimal with respect to Tang-Fan-Matsufuji
bound [7] if the binary LCZ sequence set employed is optimal.
Therefore, the proposed construction provides optimal quater-
nary LCZ sequence sets from the optimal binary LCZ sequence
sets given in [8].
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