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Abstract

In this paper, we give definitions of compatible mappings of type(I) and (II) in intuitionistic fuzzy metric space
and obtain common fixed point theorem and example under the conditions of compatible mappings of type(I) and (II)
in complete intuitionistic fuzzy metric space. Our research generalize, extend and improve the results given by many

authors.
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1. Introduction

Fang[4], Kaleva and Seikkala[5], Kramosil and
Michalek[6] have introduced the concept of fuzzy metric
space for each different methods, and some authors have
been improved generalized and extended several properties
in this space. Cho et.al.[2], Turkoglu et.al.[18] and Sharma
et.al.[17] studied this concept of compatible mappings of
type(a) and type(S) in fuzzy metric space. Cho et.al.[3]
introduced the concept of compatible mapping type(I) and
(II) in fuzzy metric spaces.

Recently, Park[7] and Park et.al.[14] defined the intu-
itionistic fuzzy metric space. Many authors([8], [9], [11],
[12], [13] etc) obtained a fixed point theorems in this space.
Also, Park[10], Park et.al.[15] introduced the concept of
compatible mappings of type(a) and type(3), and obtained
common fixed point theorems in intuitionistic fuzzy metric
space. Furthermore, Alaca et.al.[1] obtained some results
on this spaces.

In this paper, we give definitions of compatible map-
pings of type(I) and (II) in intuitionistic fuzzy metric space
and obtain common fixed point theorem and example under
the conditions of compatible mappings of type(I) and (II)
in complete intuitionistic fuzzy metric space with different
method of Alaca et.al.[1]. Our research generalize, extend
and improve the results given by many authors.

2. Preliminaries
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Throughout this paper, N denote the set of all positive
integers. Now, we begin with some definitions, properties
in intuitionistic fuzzy metric space as following:

Let us recall(see [16]) that a continuous ¢t—norm is a
operation * : [0,1] x [0,1] — [0, 1] which satisfies the
following conditions: (a)* is commutative and associative,
(b)x is continuous, (c)a* 1 = aforalla € [0,1], (d)a*xb <
¢* d whenever a < cand b < d (a,b,c,d € [0,1]). Also,
a continuous t—conorm is a operation ¢ : [0,1] x [0,1] —
[0, 1] which satisfies the following conditions: (a)o is com-
mutative and associative, (b)o is continuous, (c)a ¢ 0 = a
forall a € [0,1], (d)acb > cod whenever a < cand b < d
(a,b,c,d € [0,1]).

Also, let us recall (see [7]) that the following conditions
are satisfied: (a)For any 71,79 € (0,1) with 1 > rq, there
exist 3,74 € (0,1) such that 7y xr3 > ro and rqgore < 71;
(b)For any 75 € (0, 1), there exist r¢, 77 € (0, 1) such that
r6 *Tg > rsand r7 o ry < 5.

Definition 2.1. ([14])The 5—tuple (X, M, N, x,¢) is said
to be an intuitionistic fuzzy metric space if X is an arbitrary
set, * iS a continuous {—norm, < is a continuous ¢{—conorm
and M, N are fuzzy sets on X2 x (0,00) satisfying the
following conditions for all z,y, z € X, such that

@M(z,y,t) >

bYM (z,y, )*1<:>$fy,

©M(z,y,t) = M(y,z, 1),

(DM (z,y,t) * M(y,2,8) < M(z,z,t+ s),
(e)M(z,y,-) : (0,00) — (0,1] is continuous,
ON(z,y,t) >0,

(@N(z,y,t) =0<=z =y,
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(WN(z,y,t) = N(y,z,t),

ON(z,y,t) o N(y, z,8) > N(z,2,t+ s),

GN(z,y,-) : (0,00) — (0,1] is continuous.

Note that (M, N) is called an intuitionistic fuzzy metric
on X. The functions M (x,y,t) and N(z,y,t) denote the
degree of nearness and the degree of non-nearness between
z and y with respect to ¢, respectively.

Let X be an intuitionistic fuzzy metric space. For any
t > 0, the open ball B(z,r,t) with center x € X and ra-
dius 0 < r < 1 is defined by

B(z,r,t)={y € X : M(z,y,t) > 1—r, N(z,y,t) <r}

Let X be an intuitionistic fuzzy metric space. Let 7 be
the set of all A C X with x € A if and only if there
existt > 0O and 0 < r < 1 such that B(z,r,t) C A.
Then 7 is a topology on X (induced by the intuitionistic
fuzzy metric (M, N)). A sequence {z,} C X converges
to z if and only if M (z,,x,t) — 1, N(zp,x,t) — 0as
n — oo, for all ¢ > 0. It is called a Cauchy sequence
if forany 0 < € < 1 and ¢t > 0, there exists ng € N
such that M (2, T, t) > 1 — €, N(xp, 2m,t) < € for
any m,n > ng. The intuitionistic fuzzy metric space X
is said to be complete if every Cauchy sequence is conver-
gent. A subset A of X is said to be F-bounded if there
exists t > 0 and 0 < r < 1 such that M (z,y,t) > 1 —r,
N(z,y,t) < rforall z,y € A. The following lemma is
necessary for Lemma 2.3.

Lemma 2.2. Let X be an intuitionistic fuzzy metric space.
If we define E,. : X2 — RT U {0} by E,.(z,y) = inf{t >
0: M(z,y,t) >1—r,N(z,y,t) <r}forallr € (0,1)
and z,y € X. Then we have

(a)For all A € (0,1), there exists 7 € (0,1) such
that Ey\(z1,2,) < E.(r1,22) + E.(x9,23) + -+ +
E.(xp_1,2,) forall x1, 29, - ,z, € X.

(b){zp, }nen is convergent in intuitionistic fuzzy metric
space X. if and only if E,(z,,2z) — 0. Also, {z, }neN is
a Cauchy sequence iff it is a Cauchy sequence with F,..

Proof. (a)For any A € (0,1), we can findar € (0,1) such
that (1—7)*(1—r)%---x(1—7) > 1=\, roro---or < A
and so we have by triangular inequality,
M(z1, 2z, Br(z1,22) + - - + Ep(Tp—1,Tn) + nd)
> M(x1,x9, E.(x1,22) + §) *
ok M(xin — 1,2y, Br(Tp_1,T,) + 0)
>Q=—r)x1=r)x--x(1—r)>1=\
N(z1,2n, Er(z1,22) + - + Ep(Tp—1,2n) + 1)
< N(z1, 22, Er(21,29) + 9) ©
<o N(Tp—1, Tn, Br(Tpn_1,2n) + 0)
<roro---or<\

for all 6 > 0 which implies that E)(z1,z,) <
E.(z1,29)+ Er(z2,23)+ -+ Er(n—1,2,) +nd. Since

0 > 0 is arbitrary, we have E)(z1,2,) < E.(r1,22) +
ET‘(£27 Z'3) + -+ E’r'('rn—la xn)-

(b)Since M, N are continuous and E,.(z,y) = inf{t >
0 : M(z,y,t) > 1 —r, N(z,y,t) < r}, we have
M(zp,z, 1) >1—71, N(@p,z,p) <riff Bp(x,,z) < p
for all p > 0. O

Lemma 2.3. Let X be an intuitionistic fuzzy metric space.
If a sequence {x,,} C X is such that for any n € N,
M(zp, Tni1,t) > M(xo, 21, k"t),
N(Zn, Tny1,t) < N(wo, 21, k")

for all k& > 1, then the sequence {z,} C X is a Cauchy
sequence.

Proof. Forall r € (0,1) and x,,, 2,41 € X, we have for
allt > 0,

Er(anrl,.'l?n)
=inf{t : M(xpt1,2n,t) > 1 =71, N(@pi1,2pn,t) <7}
<inf{t: M(zg,z1,k"t) > 1—1r, N(xo,21,k"t) <7}

t
= inf{k—n s M(zo,21,t) > 1 =1, N(zo,x1,t) <7}

1
k—ninf{t : M(zg,21,t) > 1—71, N(xg,21,t) <7}
1
= kjEr(xo,xl)-
By Lemma 2.2, for all A € (0,1), there exists r € (0,1)
such that

E(2n, Tm)
é Er(mnamn+1) + -+ Er(xmfla xm)
1 1
< kanr(CL‘o,Cﬁ) et WET(:E[M 1)
m—1 1
= Er(xo,.’L‘l) Z E — 0.
Jj=n

Hence the sequence {z,, } is a Cauchy sequence in X. [

3. Some Properties of Compatible Mappings

Definition 3.1. [12]Let A, B be mappings from an intu-
itionistic fuzzy metric space X into itself. Then the map-
pings A and B are said to be compatible if for all £ > 0,

lim,, .o M(ABx,, BAx,,t) =1,

lim,, o, N(ABz,, BAz,,t) =0
whenever {z,} C X such that lim, ., Az, =
lim,,_, o Bz, = x for some x € X.

Definition 3.2. [12]Let A, B be mappings from an intu-
itionistic fuzzy metric space X into itself. Then the map-

pings are said to be weak-compatible if Az = Bx implies
ABzx = BAx.
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Remark 3.3. Let (A, B) be pair of self mappings of intu-
itionistic fuzzy metric space X. Then (A, B) is commuting
implies (A, B) is compatible. Also, (A, B) is compatible
implies (A, B) is weak-compatible but the converse is not
true.

Example 3.4. Let (X, d) be the metric space with X =
[0,2]. Denote a x b = ab and a ¢ b = max{a, b} for all
a,b € [0,1] and let My, Ny be fuzzy sets on X2 x (0, 00)
defined as follows :

d(z,y)

My(z,y,t) = +dzy)

=——- N, t
t+d(l‘,y)’ d(x7ya )

Then (M, Ng) is an intuitionistic fuzzy metric on X and
(X, My, Ng, *,¢) is an intuitionistic fuzzy metric space.
Define self mappings A, B on X by

0ifo<z<1

A(X =
(X) Tif1<a<2
2
20 ifx =1
B(X) = 3 .
) T otherwise
Then A1 = Bl = 2. Also, AB1 = BAl = 1 and

AB2 = BA2 = 2. Thus (4, B) is weak compatible.
Again, define Ax,, =1 — 4% and Bx,, =1 — ﬁ. Then
lim,, o Az, = 1, lim,, o Bz, = 1, but (A, B) is not

compatible.

Definition 3.5. [10]Let A, B be mappings from intuition-
istic fuzzy metric space X into itself. Then the mappings
A, B are said to be compatible of type(«) if for all ¢ > 0,

lim M(ABz,, BBz,,t) =1,

:1132 N(ABz,, BBz,,t) =0
and
nh—>Holo M(BAzx,, AAx,,t) =1,
lim N(BAz,, AAx,,t) =0
n—00
whenever {x,} is a sequence in X such that

lim,, o Az, =lim,_.o Br, =z € X.

Definition 3.6. [10]Let A, B be mappings from intuition-
istic fuzzy metric space X into itself. Then the mappings
A, B are said to be compatible of type(S3) if for all £ > 0,

lim M(AAz,, BBx,,t) =1,

n— oo

lim N(AAx,, BBx,,t) =0

n—oo

whenever {x,} is a sequence in X such that

lim,, o Az, =lim,, .o Br, =z € X.

196

Proposition 3.7. Let X be an intuitionistic fuzzy metric
space with t x ¢t > t,t ot < tforallt € [0,1] and A, B be
continuous mappings from X into itself. Then

(a)A and B are compatible if and only if they are com-
patible of type(a)

(b)A and B are compatible if and only if they are com-
patible of type(3)

(c)A and B are compatible of type(a) if and only if they
are compatible of type(()

Definition 3.8. Let A, B be mappings from intuitionistic
fuzzy metric space X into itself. Then the mappings A, B
are said to be compatible of type(]) if for all £ > 0,

lim M(ABz,,x,t) < M(Bz,x,t),

lim N(ABz,,z,t) > N(Bz,z,t)
whenever {z,} is a sequence in X such that

lim,, o Az, =lim, ., Bz, =z € X.

Definition 3.9. Let A, B be mappings from intuitionistic
fuzzy metric space X into itself. Then the mappings A, B
are said to be compatible of type(Il) if and only if B, A are
said to be compatible of type(l).

Proposition 3.10. Let X be an intuitionistic fuzzy
metric space. Suppose that A, B are compatible of
type(I)(respectively, (I1)) and Ax = Bz for some x € X.
Then for all ¢ > 0,

M (Axz, BBx,t) > M(Ax, ABz,t),

N(Az, BBz,t) < N(Az, ABx,t)
(respectively, M (Bx, AAz,t) > M(Bxz, BAz,t),
N(Bz,AAx,t) < N(Bx, BAz,t)).

4. Main Results

Theorem 4.1. Let X be an intuitionistic fuzzy metric space
withtxt > tandtot < tforallt € [0,1]. Let A, B, S
and T be self mappings of a complete intuitionistic fuzzy
metric space satisfying
@A(X) CT(X), B(X) C S(X),
(b)There exists a constant k& € (0, ) such that for all
z,y € X,a€(0,2)and ¢t > 0,
M(Az, By, kt)
> min{M (Sx,Ty,t), M(Ax, Sz,t), M(By,Ty,t),
M(Az, Ty, at), M(By, Sz, (2 — a)t)},
N(Az, By, kt)
< max{N(Sz,Ty,t), N(Az, Sz,t), N(By,Ty,t),
N(Az,Ty,at), N(By, Sz, (2 — a)t)}.

If the mappings A, B, S and 7" satisfy any one of the fol-
lowing conditions:
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(c)The pair (A, S) and (B, T') are compatible of type(I) ~ Suppose that the condition (c) is satisfied and T is continu-
and S or T is continuous. ous. Then we have lim,, o, TTx2,+1 = Tz and
(d)The pair (A,S) and (B,T) are compatible of

type(Il) and A or B is continuous. lim M(BTxoni1,2,t) < M(T2,2,),

Then A, B, S and T have a unique common fixed point lim N(BTz2n11,2,t) > N(Tz,z,t).
in X. e

Now, for @ = 1, letting * = 9, y = TTo,41 in
Proof. Let 7o € X be arbitrary point. Since A(X) C  condition (b), we obtain

T(X)and B(X) C S(X), there exist x1, z2 € X such that
Axg = Tx1, Br; = Sxy. We can construct the sequences M(Azy,, BTx2y41, kt)
{zn}, {yn} C X such that yo, 11 = Bropi1 = Swonqo, > min{ M (Son, TTT2n11,t), M(Azoy, Son, 1),

Yon = Ao, = 1Tﬂ$2n+1, forn :.0, L, % o Thin by = M(BTz2n+41, TTx2n41,t), M(Ax2n, TTT2041,1),
1 —qgandq € (3,1], using (b) with 2 = zan,y = Tant1,
M(BTzap41, S$2n7t)}7

M (Yan, Yan+1, kt) N(Axop, BTx, 41, kt)

= M (Azap, Broyy1, kt) < max{N(Szon, TTx2n+1,t), N(AZ2n, S2n,t),

> min{M (Sxon, Txont1,t), M(Axon, Sxon,t), N(BTxont1, TTx2n41,t), N(Axon, TTXon11,1t),
M (Bxapt1, Txant1,t), M(Axan, Txant1, (1 — q)t), N(BTxon11,S%an,t)}.

M(Ban1, Szan, (1+¢)1)} Letting n — oo, since

. . t
2 M(me Yon+1, qt) nh—>ngo M(BTx2n+17 TZ7 t) Z nh—>ngo M<BTm2n+17 2, 5)7
...... . . ;
> ]\/‘/(yo’yhkint)7 nlirrgo N(BT2n+1,Tz,t) < nlirgo N(BTx2n+1,z,§).
N(y2n, Y2n+1, kt) Hence
= N(Azy, Bropi1, kt) "

M(z, im BTxzony1,kt) > M(z, lim BTz , =),
SmaX{N(ngn,Tm2n+1,t),N(Aatgn,Sacgn,t), ( n—oo 2l ) ( n—oo n+l 2)

t
N(Bx2n+1a Tm2n+17 t)v N(A.’Egn, Tx2n+1v (]- - q)t)7 ]\/v(Z7 lim BTI2n+17 k‘t) < ZV(Z7 lim BT.Z‘Qn+1, 5)
n— 00 n— 00

N(BI2n+1,SI’2n,(1 +q)t)} . ) o .
which is a contradiction for compatible of type(I). It fol-

lows that lim,, —,oc BT 2,41 = 2. Therefore, we have

...... 1= lim M(z, BTzant1,kt) < M(Tz,z,t),

< N(yo, Y1, kjint) 0= nh_)ngo N(z, BTxop41,kt) > N(Tz, z,t).
Now, setting 2n = m and for any p € N, Hence Tz = z.
Again, letting x = 9, and y = z in condition (b), we
M (Y Ymtps kt) have for all e =1,
t t
> M(yma Ym+1, I;) koeeox M(ym+p—17 Ym+p I;)v M(Ax2nv Bz, kt)
> min{M (Sxo,,Tz,t), M(Axgy,, Stop,t),
N(yvm Ym+p, kt)
" " M(Bz,Tz,t), M(Azxay,, Tz, t), M(Bz, Stan, t)},
< NYm» Ym+1, 5) OO N(Ymip—1:Ymtps 5) N(Awg,, Bz, kt)

< max{N(Sza,,Tz,t), N(Aza,, Sxon,t),

Hence by Lemma 2.3, {y,} is a Cauchy sequence in X N(Bz,Tz,t), N(Awzn, Tz, 1), N(Bz, San, )}

which is complete. Let lim,,_, y,, = z. Then we have and so we have for n — oo,

Jim o, = lim Awgy, = lim Tz, M (Bz, z,kt) > M(Bz, z,1),
= lim yony1 = lim Bxa,i1 N(Bz,z,kt) < N(Bz,z,t)
= lm Swy,pn = 2. which implies that Bz = z.
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Also, since B(X) C S(X), there exist w € X such
that Sw = 2z = Bz. So, we have forov = 1,
M(Aw, Bz, kt)
> min{M (Sw, Tz, t), M(Aw, Sw,t), M(Bz,Tz,t),
M(Aw,Tz,t), M(Bz, Sw,t)},
N(Aw, Bz, kt)
< max{N(Sw,Tz,t), N(Aw, Sw,t), N(Bz,Tz,t),
N(Aw,Tz,t), N(Bz, Sw,t)}.

Therefore
M(Aw, z, kt) > M(z, Aw, t),
N(Aw, z,kt) < N(z, Aw,t)
which implies that Aw = z. Since (A, S) is compatible of
type(I) and Aw = Sw = z, we have by Proposition 3.10,
M(Aw, SSw,t) > M(Aw, ASw, t),
N(Aw, SSw,t) < N(Aw, ASw,t)
and so
M(z,Sz,t) > M(z, Az,t),
N(z,S8z,t) < N(z, Az,t).
Also, we have for o = 1,
M(Az, Bz, kt)
> min{M(Sz,Tz,t), M(Az,Sz,t), M(Bz,Tz,t),
M(Az,Tz,t), M(Bz,Sz,t)},
N(Az, Bz, kt)
<max{N(Sz,Tzt), N(Az,Sz,t), N(Bz,Tzt),
N(Az,Tz,t), N(Bz,Sz,t)}}.
Since

t
M(Az,Sz,t) > M(z, Az, 5),

N(Az,Sz,t) < N(z, Az, %),
therefore
M(Az, z, kt)
> min{M (Az, z, %), M(Az, z, %), M(Az, z,

t
5)7

M(z, Az, ), M(z, Az, )}
> M(z, Az, ),
N(Az, z, kt)

t t t
< max{N(A4z, z, 5), N(Az, z, 5), N(Az,z,

2)
t t
N(Z, AZ7 5)? N(Z,AZ, 5)}

< N(z, Az, %)
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So Az =z Thus Az = Bz=Sz=Tz=~zand zisa
common fixed point of the self-mappings A, B, S and 7.
Furthermore, if u be another fixed point of A, B, S and
T, then we have fora = 1,
M (z,u, kt) = M(Az, Bu, kt)
> min{M (Sz,Tu,t), M(Az, Sz,t), M(Bu,Tu,t),
M(Az,Tu,t), M(Bu, Sz,1t)},
N(z,u,kt) = N(Az, Bu, kt)
< max{N(Sz,Tu,t), N(Az, Sz,t), N(Bu, Tu,t),
N(Az,Tu,t), N(Bu, Sz,t)}.

Therefore

M(z,u, kt)
N(z,u, kt)

M(Z,’U,,t),

>
< N(z,u,t).

Hence z = u. O

Example 4.2. Let (X, d) be the metric space with X =
[0, 1]. Denote a b = min{a, b} and a ©b = max{a, b} for
alla,b € [0, 1] and let My, N, be fuzzy sets on X2 x (0, o)
defined as follows :

Mg(x,y,t) = T d@y)
d(x,y
Ny(z,y,t) = M

Then (Mg, Ng) is an intuitionistic fuzzy metric on X and
(X, Mgy, Ng, *,0) is an intuitionistic fuzzy metric space.
Define self mappings A, B, S and T by
A(X)
B(X)

S(X) 1 if x is rational
) 0 xisirrational’

=1
=1

T(X) =zl
If we define {z,,} C X by z, = 1 — 1, then we have for
lim,,— oo Axy, = limy, oo Sy, =1,

lim M(SAx,,1,t) < M(Al,1,t) =1,

n—oo

lim N(SAz,,1,t) > N(A1,1,t) = 0.

n—oo

Also, for lim,, _,oc Bz, = lim,,—oo Tz, = 1,

lim M(TBx,,1,t) < M(B1,1,t) =1,

n—oo

lim N(TBx,,1,t) > N(B1,1,t) = 0.
n—oo

Therefore, (A, S) and (B,T) are compatible of type(I)
and A, B are continuous mappings. Then all the condi-
tions of Theorem 4.1 are satisfied and 1 is a unique com-
mon fixed point of A, B, S and 7" on X.
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