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Abstract

In this paper, we investigate the existence and calculation of the expression of periodic solutions for fuzzy differential
equations with three types of forcing terms, by using Hukuhara derivative. In particular, Theorems 3.2, 4.2 and 5.2 are
the results of existences of periodic solutions for fuzzy differential equations I, I and III, respectively. These results will
help us to study phenomena with periodic peculiarity such as wave or sound.
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1. Introduction

The concept of fuzzy set was initiated by Zadeh via
membership function in 1965. Many authors have stud-
ied the fuzzy equations. Fuzzy differential equations are
a field of increasing interest, due to their applicability to
the analysis of phenomena where imprecision is inherent.
Diamond and Kloeden [2] proved the fuzzy optimal con-
trol for fuzzy system. Nieto et al. [9] proved the exis-
tence of solution for the initial value problems associated
to the fuzzy equations. Kwun et al. [4] proved nonlocal
controllability for the semilinear fuzzy integrodifferential
equations in n-dimensional fuzzy vector space. Our objec-
tive is also throughout the fuzzy systems, the situation is
vague and uncertain to enable them to solve mathematical
problems. But periodicity of solutions in the fuzzy case
is difficult to study, due to the behavior of the solutions
of fuzzy differential equations. So in this work, we were
to be used in various fields as we show that existence of
periodic solutions for fuzzy differential equations. Park et
al. [6] studied for the almost periodic solutions of fuzzy
systems. Bede and Gal [14] dealt with the almost periodic
fuzzy-number-valued functions. Rosana Rodriguez—Lo’pez
[13] proved the periodic boundary value problems for im-
pulsive fuzzy differential equations.

In this paper, we study the existence of periodic so-
lutions for the following fuzzy differential equations with
three type forcing term:
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u'(t) (t)u(t) +x, tel=][0,T],
(1.1) u(0) =
where T >0, ug € EY, M : I — E',u: I — E' and
* are ﬁrst type f(t), second type f(t,u(t)) and last type
fo (t,s,u(s))ds). We calculate the expression

of the perlodlc solutions for fuzzy differential equations by
using Hukuhara derivative.

2. Preliminaries

We consider E' the space of one-dimensional fuzzy
numbers u : R — [0,1], satisfying the following prop-
erties:

1. w is normal, i.e., there exists an ug € R such that

u(ty) = 1,

)s) =

2. u is fuzzy convex, ie., u(Mt + (1 — A
min{u(t),u(s)} forany t,s € R,0 < A < 1;
u(t

3. u(t) is upper semi-continuous,
limg . oou(ty) for any t, € R (k = 0
tk — to;

) >

..),

4. [u]® is compact.

The level sets of u, [u]* = {t € R : u(t) > a},a €
(0,1], and [u]® are nonempty compact convex sets in R
2D.

Definition 2.1. [15] Let u : I — E* be differentiable. De-
note u®(t) = [uf(t), u(t)], a € [0,1]. Then uf* and u&
are differentiable and [u/(¢)]* = [u;*(t), u,*(1)].

Definition 2.2. The metric d7 on E' is defined by

dp([u]®, [v]*) = max{[ui’ —of'[, Juy — o[}
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Definition 2.3. [2] The supremum metric ds on E' is
defined by

dw(uvv): sup dH([u]av[U]a)v

a€el0,1]

for all u,v € E' and is obviously a metric on E.

Definition 2.4. The supremum metric Hy on C1(I, E')
is defined by

Hl(uav): sup doo(u(t)’v(t))v
te[0,T]

for all u,v € E.

Definition 2.5. [2] A mapping u I — E'is
Hukuhara dif ferentiable at t € I if for some hy > 0
the Hukuhara differences

u(t + At) —g u(t), u(t) —g u(t — At)

exist in E' for all 0 < t < h and if there exists an
u'(t) € E* such that

lim  doo ((u(t + At) —

At—04

u(t))/At,u'(t)) =0
and

JJim - doc(u(t)

—g u(t — At))/At, ' (t)) = 0,

here u/(t) is called the Hukuhara derivative of u at t.
In view of the definition of the metric d, all the level set
mappings [u(-)]* are Hukuhara dif ferentiable at t with
Hukuhara derivatives [u/(¢)]* for each a € [0,1] when
u : I — E'is Hukuhara differentiable at ¢ with Hukuhara
derivative u'(t).

3. Existence of Periodic Solutions for Fuzzy
Differential Equations I

In this section we study the existence of fuzzy strong
solutions and periodic solutions for the following problem:

s {

where T > 0, up € EY, M : I — E',u: I — E' and
f: I — E' are continuous.

u'(t) = M(t)u(t) + f(t), telI=][0,T],
u(0) = uyg,

Definition 3.1. [3] The fuzzy process u : I — E'isa
fuzzy solution of equation (3.1) if and only if

(u*)(t) = min{ M (t)uf (t) + f*(£),1,j = I,r},
(

() (t) = max{M* (t)uf (t) + f7(t), 4,5 = L,r},
(u)(0) = ugy, (u7)(0) = ug,.

Theorem 3.2. For every uy € E', problem (3.1) has a
unique fuzzy solution u € C(I, E*).

Proof. Assume that the value ug and M(t), f(¢) are posi-
tive fuzzy numbers. From the definition of fuzzy solution,

(w™)(t) = M (t)u

F@) + @),

(u) () = MP @) (t) + [ (2)

and

t
(ug)(t) = ugels Mt (s)ds / el MEDIT o (5)ds,

0

rt [e% t "t «@
() (8) = eld MF Vg [ M g (5) s,

0

Let S(¢) is fuzzy number

[S@®) [S7(8), S (2)]

[ef[f lea(s)ds’ efof Mf(s)ds]

and S¢(t) (¢ = I,r) is continuous. That is, there exists
a constant ¢ > 0 such that |S{(t)] < cforall t € I.
The equation (3.1) is related to the following fuzzy inte-

gral equations;
/ S(t—s)

For each p(t) € C1(I, E1),t € I. Define

/St—s

Thus, (Ilp)(t) : I — C*(I,E") is continuous, and II :
CY(I,E') — CY(I,E"). It is obvious that fixed point of
II is solution for the problem (3.1). That is, the (3.1) has a
unique fuzzy solution v € C(I, E').

Now we show that w(t) is Hukuhara differentiable.
Let’'st € I, h > 0, forevery o € [0,1],

[u(t +h) =g w@®)]
h

1 t+h
= ug S (t + h) —l—/o St +h—s)ff(s)ds

(3.2) u(t) = uoS(t)

(Ip)(t) = uoS(t)

t
g SR (t) - / SE(t — )7 (s)ds,
t+h
ug, Sy (t+h) + /0 SH(t+h—s)fF(s)ds

50~ [ s 0570
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= [utse 057 ()

t+h
+/ St +h —t)S(t — s)f*(s)ds

t
+/ SP(t+h —16)SP(t —s)f*(s)ds
0
—ugySi(t / SP(t — s) fi*(s)ds,
ug, S2(6)S2 (h)

t+h

+/ St +h—t)SE(t— s)fr(s)ds

0
+/ St +h—1)Sr(t—s)f(s)ds

0

g, 82 (1) — / 82t — 5) 2 (s)ds
= ~[ugse st -
t+h
+52(h) / SE(t - 3) 7 (s)ds

+ / 8Pt — 5) e (s)ds(SP () — 1),
0
w52 (8)(S%(R) — 1)

t+h
AON R ERIACE
+ [ sete= e assy - 1)
= TSP () (S () — 1), S (0S5 (h) — 1)
t+h
+fsea [ see -
t+h
se(h) [ sz =957 (s)as)
+] [ sete= s as(spm -,
| sz 9pzssem -]}
0

The limits of these functions as h — 07, respectively,

i [y SE(0)SF (h) — 1), 52(0)(S2(8) — 1)

= [ug M (1) S (£), g, M (8) S (¢)],

t+h
tim  [7(h) /t SOt — 8) £ (s)ds,

h—0+ h

t+h
se(h) [ e - 9p7 (s)as)
= [fla(t>7f7(~x(t)]7
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P st st -,
[ sz epastsro )
0
= [ o) [ e,
M [t 9008

Therefore

lim [u(t +h) —
h—0t h

= [ugiMz )87 (1) + f2(0)
RMP) [P )5 (s)ds,
0
ug, ME (052 (6) + £7(1)
M) [ 87t 517 (s)ds]
0
= (M () + (1), ME (1) + £2(0).

The same behavior can be checked for the left-sided
Hukuhara quotients

u(®)]”

This proves that

i ([0 0]

(M @)y’ () + f7(8), M (#)u (8) + fﬁ‘(t)})

— O’
as h — 0T, uniformly in c, so that

u(t+h) —pg u(t)
(5

where, for t € I, u/(t) given levelwise by
[/ (1) = )+ S (), M () (E) + £ (2)]

is a fuzzy number. Thus u(t) is fuzzy strong solution of
equation (3.1).

(1) =0,

(M} (t)u

Now we study the existence of periodic solutions for
fuzzy differential equation (3.1). For this purpose, assume
that the following conditions hold.

(H1) For aconstant T' > 0,t € I = [0,T7,

f+T) = f(t), Puo = u(T).
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And we define a map P along the solution in such a way
that, for u(-, ¢) a solution of equation (3.1) with the initial

function ¢,
(33) P¢:UT(~7¢),¢EC([O,T],El),

and then examine whether the map P has a fixed point. We
note that a fixed point of P gives rise to periodic solutions.
Because if P¢ = ¢, then for the solution u(-) = u(-, @)
with ug(+, ¢) = ¢, we can define

(3.4) y(t) =u(t+1T).

Now, for ¢ > 0, we can use the known formulas[10]

(3.5) S(0)=1,5(t+s)=5(t)S(s),
to obtain
y(t) = ult+T)

4T
= S(t—i—T)uo—i—/ S(t+T —s)f(s)ds
0

= S)S(T)ug + /T S(t)S(T —
0
t+T
—|—/T S(t+T —s)f(s)ds

T)uo + /OT S(T — s)f(s)ds}

—|—/tS(t+T—s—T)f(s—|—T)ds
0

= St)u(T) +/O S(t—s)f(s)ds
= S(t)uo —|—/O S(t—s)f(s)ds

This implies that y is also a solution and yy = ur(¢)
P¢ = ¢. Then, the uniqueness implies that (u(t
T))y(t) = u(t), so that u(¢) is a periodic solution.

s)f(s)ds

— S()|s

4. Existence of Periodic Solutions for Fuzzy
Differential Equations IT

In this section we study the existence of fuzzy strong
solutions and periodic fuzzy solutions for the following
fuzzy differential equation:

w/(t) = M(t)u(t) + f(t u(t)),
(4.1) tel=10,T],

u(0) = uyp,

where T > 0, initial value uy € E', fuzzy coefficient
M :I— E'and f: I x E!' — E* satisfies a global Lip-
schitz condition, i.e., there exists a finite constant k; > 0
such that

dr([f(s,2(s)] [f (s, 9(s)]*) < knd ([2(s)]%, [y(5)]?)

for all z(s),y(s) € E*.

Definition 4.1. [3] The fuzzy process u : I — Elisa
fuzzy solution of equation (4.1) if and only if

(up®)(t) = min{ M (t)ug (t) + fi" (¢,

(
(") (t) = max{ M (t)u () + £ (t,
(u')(0) = ugy, (uy)(0) = g,

ui ()},
ui ()},

where 7,7 = [, r.

Theorem 4.2. For every uy € E', problem (4.1) has a
unique fuzzy strong solution v € C*(I, E').

Proof. Assume that the value ug and M(t), f(¢) are posi-
tive fuzzy numbers. From the definition of fuzzy solution,

(ur™)(t) = My (t)u

)+ S (8 ug (1)),

(u)(t) = M (t)u

O(t) + fo(, ul(t))
and
(u)(t) = ugyelo Mi*(s)ds
b e g ()
(up)(t) = ug‘fefot Mg (s)ds
+ /Ot el ME ()T po (g 40 (6))ds.

The equation (4.1) is related to the following fuzzy integral
equations;

(4.2) u(t) = upS(t) / S(t—s)f(s,u(s))ds

For each £(t) € C1(I, E'),t € I define

uo—i—/ S(t—s)f

Thus, (®€)(t) : I — CY(I,E?) is continuous, and @ :
CY(I,EY) — CY(I,E'). It is obvious that fixed point of
® is solution for the problem (4.1) [3]. That is, the (4.1)
has a unique fuzzy solution u € C(I, E*1).

Then, to be show w(¢) is fuzzy strong solution, we show
that u(t) is Hukuhara differentiable. Let’s t € I, h > 0, for
every a € [0,1],

(@€)(t) ,§(s))ds.

[u(t + h) —
h

u(®)]*
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1
= 5 [usSe(t+ )
t+h
+/ SP(t+h —s)f(s,ui(s))ds
0

/Sl (t— 8)f(s, uf'(s))ds,

—ug S (t
uOTS;‘X( + h‘)
t+h
+/ St +h—s)f(s,u(s))ds
50— [ 80— 017 )]

fll[uozsl (t)Sr(h)

t+h
+/t SP(t+h —t)S;(t — s) i (s,ui*(s))ds
+/ SP(t+h —t)SP(t— 8)f (s, uf*(s))ds

0

—ug Sy (t) _/0 SP(t = s)f (s, u'(s))ds,
ug, Sy (£) Sy (h)
t+h
+/0 SE(t+h—1)S2(t — 5) [ (s,u8(s))ds
+/0 St +h—t)Se(t— s)ft(s,ux(s))ds
S5 (8) / §2 (8 = 5) 2 (5, g (5))ds]
= - [ugse st -
t+h
+S7(h )/ SP(t = s) f (5,47 (s))ds

[ St sas(st ) - 1),
w3 7 (3 () - 1)

t+h
82 [ 82 9)f2 (s (s)ds
0
+ / SOt — 5) (s, ul(s))ds(S2 () — 1)
0
= gSE ST (1)~ 1), w20 (S3(R) 1)
t+h
+[spn / SP(t — 5) e (s, uf () ds,
t+h
52 (k) / St~ 5) £ (5.0 ())ds]
| [ et =9 eDastse ) - .

/ LSt — s,
0

uy (s))ds(S;* (h)

188

o))

The limits of these functions as h — 07, respectively,

G SF (OS] ()~ 1),

ugy Sy (8) (S5 (k) = 1)]
= [ug M7 (1) S (8), g, M (8) S ()],

lim
h—0+

t+h
tim, [ [ 7= )i (s, ()

h—0+ h

t+h
s [ e (=) 2 (st ()]
— R (0), £ (U (),

1 ¢
lim 7 / SP(t — s) f(s,ui(s))ds(S;(h) — 1),

h—0t
/ St —s)f(s

= [ [ sp - s s

0

e (s))ds(S2 () — 1)

M) [ 8200 )5 v )

Therefore

L [ult 4 B) (e
h—0t h

= [W6ME @) () + £ (8 ()
R [ it - 95
0
g, ME ()52 (1) + 2 (1,0 ()
M) [ 52— )2 (o))

[ () + f7(E ug (1)),
M (#)ugt () + £ (8wt (1))

The same behavior can be checked for the left-sided
Hukuhara quotients

[u(t)

ui'(s))ds,

= [M(t)u

—m u(t —h)"
h

, h>0.

This proves that

dH({[u(t+h)h—

HI (G ug (), My (Hug (E) + [ (2 U?(t))])

— 0,

WO g ey 1)

as h — 0T, uniformly in c, so that

i (u(t + h)h—H u(t) ’ u'(t)) 0,
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where, for t € I, u/(t) given levelwise by

W' = 1 @)+ f7 (' (1)),
M () (t) + £ (8, ug (1))

is a fuzzy number. Thus u(t) is fuzzy strong solution of
equation (4.1).

Now we study the periodic solutions for the fuzzy dif-
ferential equation (4.1). For this purpose, assume that the
following conditions hold.

(H2) For a constant T > 0,t € I = [0, 7],

(M (t)u

f(t+T7$):f(t,

Then by (3.4)-(3.5) and (H2), the following to obtain

x), Pug = u(T).

y(t) = ult+T)

t+T
= S(t+T)uo+/0 St+T —s)f(s,u(s))ds

T
= S()S(T)uo + /0 S(1)S(T —

t+T
+/T S(t+T — s)f(s,u(s))ds

s)f(s,u(s))ds
T
— St)[sr)ue +/O S(T — ) f(s, u(s))ds
+/tS(t+TsT)f(s+T,u(s+T))ds
0
= S)u(T) +/ S(t—s)f(s,u(s))ds
0
= S(t)ug + /0 S(t—s)f(s,u(s))ds.

This implies that y is also a solution and yo = ur(¢)
P¢ = ¢. Then, the uniqueness implies that (u(t
T))y(t) = u(t), so that u(¢) is a periodic solutions.

+

5. Existence of Periodic Solutions for Fuzzy
Differential Equations III

In this section we study the existence of fuzzy strong
solutions and periodic solutions for the following fuzzy dif-
ferential equation with forcing term with memory.

(5.1)
u'(t) = M(t)u(t)
+f(t,u(t), fo (t,s,u(s))ds), t €I =10,T],
u(0) = up,
where T > 0, ug € E', and M : I — E', f :

IXE'xE'—-E', g:IxIxE'—E".
Assume that the following hypotheses :

(H3) The function f : I x E* x E* — E! satisfies a
global Lipschitz condition
dr ([f(s,21(5),y1(s))]%, [f (s, 22(s), y2(5))]%)
< ka(du([z1(s)]%, [22(s)]%)
Fdu ([y1(s)]% [y2(s)]")),
for all z;(-),y;(-) € E', (i = 1,2) and a finite positive
constant ko > 0.

(H4) The function g : I x I x B! — FE! satisfies a
global Lipschitz condition
t

dH<[/Otg(t,s,x(s))ds]a, [/0 g(t,s,y(s))ds}a)
<t [ a1 b

for all z(-),y(-) € E*, and a finite positive constant k3 >
0.

Definition 5.1. [3] The fuzzy process u : I — E!
is a fuzzy solution of equation (5.1) if and only if, for
1,7 =17,

() (1) = min{ M (0)u (1)

A, [ o s, (s))ds)),
— max{ M2 (t)us (t)

IRTION) ISR
() (0) =y, (u2)(0) =

Theorem 5.2. Let T' > 0, and hypotheses (H3)-(HS) hold.
Then, for every ug € E', problem (5.1) has a unique fuzzy
strong solution u € C*(I, E1).

o\ﬁ

(™) (t)

«
Ug,.-

Proof. Assume that the value ug and M(t), f(¢) are posi-
tive fuzzy numbers. From the definition of fuzzy solution,

() (t) = M (t)up (t)
+f (t uy'( / g7 (t, s, u'(s ))d5)7
() (t) = M (t)uy (t)

+fo (tu

/ (t,s,uf(s))ds)

t
(uf') () = uyelo M (s +/ el M (r)dr
0

and

O‘(s,u?(s),/ gf‘(s,a,uf‘(a))da)ds,
0

¢
(u2)(t) = ugels M7 s / oJ ! Mz (ryar

0

X f (s,uf(s), /S 9 (s, 0, u‘r"(a))do)ds.
0

189
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The equation (5.1) is related to the following fuzzy integral
equations;

u(t) =ueSEt)+ [ Sit—ys)
o 00

X f(s,u(s),/os g(s,7’,u(7’))d7’>ds

For each ((t) € C*(I, E'),t € I define

@) = swu+ [ s
xf(s, C(s), /0 (s, 7, g(T))dT)ds.

Thus, (U¢)(t) : I — CY(I, E') is continuous, and ¥ :
CY(I,EY) — CY(I,E"). It is obvious that fixed point of
W is solution for the problem (5.1) [3].

Then, to be show u(t) is fuzzy strong solution, we show
u(t) is Hukuhara differentiable. Let’s t € I, h > 0, for ev-
ery a € [0,1],

[ult +h) =g w®)]”
h

1 t+h
:E[uS‘ZSZO‘(t—Fh)—&-/O Sp(t+h—s)

<7 (s (o), [ gt (s, mp ()i ) ds
0
t
—ug SR (t) - / Se(t—s)
x ff (S,uf(s),/ g1 (s, T, u}"(T))dT)ds,
0
t+h
uS SO (t+ h) + /0 SO(t+h — s)
X [ (s,uf(s),/‘ g(s, T, u‘;‘(T))dT)ds
0
t
5,550 - [ s(e-)
0

X f (s,uf(s),/o gf‘(s,T,uf‘(T))dT)ds}

190

= - [usse s - 1)
t+h
+57(h) / St — s)
x fr (s, uj'(s), /OS g1 (s, T, uf‘(T))dT) ds
(8P — 1) / Se(t — 5)

< (5.0t o), [ o (oo (n)ar) s,
g, S2(0(S2 () 1)

+S%(h) /Hh St —s)
X f <8, us(s), /OS g (s, T, uf(T))dT) ds
s -1 [0
x i (s, us(s), /OS g (s, T, u?(T))dT) ds]
= ST (ST () ~ 1), w257 (R) ~ 1)
t+h
+fsem [ see-s)
< (s.u (). [ of (s, ()ar) s,
t+h ’
se(w) [ sz
X fi (s, us(s), /OS g (s, T, u?(T))dT) ds]
s - [ see-9
x ff (s, uf'(s), /OS g (s, T, u?(T))dT) ds,
<Sf(h>—1>/0tss<t—s>
X f (s, u(s), /OS g (s, T, uf(T))dT) ds} }
The limits of these functions as h — 0%, respectively,

lim ~[ug,SP (1) (SE (h) — 1),

h—0+ h
ug, Sy () (57 (h) = 1)]
= [ugp M (£) S (2), ug, M ()7 (1)),

1 t+h
Jim 2[se [ spe—s)
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x f (s,ulo‘(s), /s g9 (s, T, u?(7))d7>ds,
t+h ’
sz [ sz
X f (s,uﬁ‘(s), /OS gl (s, T, u?(7))d7>d8}
ROy Set )
x fi (s,u?(s),/o 97 (s, T, uf‘(T))dT)ds,
we [z

<2 (s.u2(o), [ g (s yar)as],

lim —
h—0+ h

Sl _1/Sl t_S

< (5.0 0), [ o oo (r)ar) s,

(Sx(h)—1) / St —s)

< (s (o), [ 2 smuz(r)yr) ]
= [ (. [ o saionas),

t
etz [ gt uz(o)s)|
0
Therefore

g [ B) = u(®))”
h—0+ h
[uli ()57 (2), ug. M (8)S7 (t)]

Ml /Sl t_S

g (st (0) [ ot (7 ()i,
0 | st s)
x fi (s,u;’(s), /OS 9 (s, T, u;"(T))dT)ds]
H ([ oo )as),

o (o). [ 2tz )0s)]

= [, My (1) S5 (1)

1 (g o), /Ot o7 (b5, ()ds)

+M(t) /0lt SP(t—s)

g (st (s) [ ot (7 (7)) .
g, ME(0)S2()
(

1
fe (@), [ sz (9)ds)

warz(e) [ spe-s)
< (s (o) [ a2 smuz(r)dr) ]
= [ (1)
i (o ), [ o s ()d5),
M (2 (1)

+f2 (b us ), /0 7 (1.5, uf (s))ds )|

The same behavior can be checked for the left-sided
Hukuhara quotients. This proves that

i ( { [u(t + h)]; u(t)]a}

My (b )
i (10 ), [ o s ()5),
MO ()us (b)

T T

#2 (0s), [ g8 sz 6)s)]) —o.

)

as h — 0T, uniformly in c, so that

i (u(t + h)h—H u(t) ’ u’(t)) o0,

where, for t € I, u/(t) given levelwise by
[ (1))
¢
@)+ 7 (v o), [ o esaps)ds).
0

MO0+ 57 (150, [ e,

is a fuzzy number. Thus u(t) is fuzzy strong solution of
equation (5.1).

Now we study the periodic solutions for the fuzzy dif-
ferential equation (5.1). For this purpose, assume that the
following conditions hold.

(H5) For a constant T > 0,t € I = [0,T],x,y € E',
ft+T,x,y) = f(t,z,y), gt +t,s+T,x) = g(t,s,z),
Pugy = u(T).

191



International Journal of Fuzzy Logic and Intelligent Systems, vol. 10, no. 3, September 2010

Then by (3.4)-(3.5) and (H5), the following to obtain
y(t) = u(t +T)
t+T
:S(t+T)uo+/ St+T-—s)
0

X f(&U(S),/OSQ(S,T,U(T))dT)dS

— S(1)S(T)up + ' SH)S(T — s)

X f(s,u(s),/os g(s,T,u(T))dT)ds

T
-l-/ St+T —s)

T

X f(s,u(s),/oS g(S,T,u(T))dT)dS
= 5(0)[S(T)uo + /O Csr s

X f(&u(s),/os g(S,T,’LL(T))dT)dS}

+/O St+T—-s-T)
X f(s—f—T,u(s—l—T),
s+T
/ g(s+ T, T,u(T))dT)dS
0

= S(t)u(T) +/0 S(t—s)

X f(s,y(s)7/os g(s,7,y(7))d7>ds
= S(t)uo + /Ot S(t—s)

X f(s,y(s)7/Osg(s,r,y(r))dT)ds.

This implies that y is also a solution and yy = ur(¢)
P¢p = ¢. Then, the uniqueness implies that (u(t
T))y(t) = u(t), so that u(¢) is a periodic solutions.
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