
J. Korean Math. Soc. 47 (2010), No. 5, pp. 967–983
DOI 10.4134/JKMS.2010.47.5.967

REGULARITY OF SOAP FILM-LIKE SURFACES
SPANNING GRAPHS IN A RIEMANNIAN MANIFOLD

Robert Gulliver, Sung-Ho Park, Juncheol Pyo, and Keomkyo Seo

Abstract. Let M be an n-dimensional complete simply connected Rie-
mannian manifold with sectional curvature bounded above by a nonpos-
itive constant −κ2. Using the cone total curvature TC(Γ) of a graph
Γ which was introduced by Gulliver and Yamada [8], we prove that the
density at any point of a soap film-like surface Σ spanning a graph Γ ⊂ M
is less than or equal to 1

2π
{TC(Γ)− κ2Area(p××Γ)}. From this density

estimate we obtain the regularity theorems for soap film-like surfaces
spanning graphs with small total curvature. In particular, when n = 3,
this density estimate implies that if

TC(Γ) < 3.649π + κ2 inf
p∈M

Area(p××Γ),

then the only possible singularities of a piecewise smooth (M, 0, δ)-minim-
izing set Σ are the Y -singularity cone. In a manifold with sectional cur-
vature bounded above by b2 and diameter bounded by π/b, we obtain
similar results for any soap film-like surfaces spanning a graph with the
corresponding bound on cone total curvature.

1. Introduction

In 2002, Ekholm, White, and Wienholtz [6] ingeniously proved that in an
n-dimensional Euclidean space, classical minimal surfaces of arbitrary topolog-
ical type bounded by a Jordan curve with total curvature at most 4π must
be smoothly embedded. One year later, Choe and Gulliver [5] extended the
Ekholm-White-Wienholtz result to minimal surfaces in an n-dimensional com-
plete simply connected Riemannian manifold M with sectional curvature boun-
ded above by a nonpositive constant −κ2. More precisely, they proved that if
Γ is a Jordan curve in M with total curvature

TC(Γ) :=
∫

Γ

|~k|ds ≤ 4π + κ2 inf
p∈M

Area(p××Γ),
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then every branched minimal surface bounded by Γ is embedded. Here p××Γ is
the geodesic cone, which is the union of the geodesic segments pq from p to q
over all q ∈ Γ. Moreover they proved a similar theorem for minimal surfaces in
the hemisphere ([5]).

For nonclassical minimal surfaces, Ekholm, White, and Wienholtz also sho-
wed that for a given soap film-like surface Σ with a simple closed boundary
curve Γ and with density at least one at every point on the support of Σ \ Γ,
the condition TC(Γ) ≤ 3π implies that Σ is smooth in the interior. Recall that
the density of a surface Σ at a point p ∈ M is defined to be

Θ(Σ, p) = lim
ε→0

Area(Σ ∩Bε(p))
πε2

,

where Bε(p) is the geodesic ball of M with radius ε, centered at p. Recently,
Gulliver and Yamada [8] proved that similar regularity theorems hold for soap
film-like surfaces spanning graphs in Rn

A graph Γ is a finite union of closed arcs ai meeting at vertices qj , each of
which has valence at least 2. Here the valence of a vertex q is defined by the
number of times q occurs as an end point among all of the 1-simplices ai. We
assume that each ai is C2 and meets its end points with C1 smoothness. As in
[8], we define the contribution to cone total curvature tc(q) at a vertex q by

tc(q) := sup
e∈Tq(M),‖e‖=1

{ ∑
ak:q∈ak

(π

2
− ∠q(Tk(q), e)

)}
,

where ∠q(Tk(q), e) is the angle between the tangent vector Tk(q) pointing into
ak at q and the direction e. If Γ is a piecewise smooth Jordan curve, then
the contribution to cone total curvature tc(q) at q is nothing but the exterior
angle at the vertex q: in fact, the supremum is assumed for e in the shorter
great-circle arc of Sn−1 between the two tangent vectors at q. Define the cone
total curvature TC(Γ) of a graph Γ by

TC(Γ) :=
∫

Γreg
|−→k |ds +

∑

q∈V (Γ)

tc(q),

where V (Γ) := {vertices of Γ} and Γreg := Γ \ V (Γ) .
In soap film experiments, one can construct soap films spanning graphs

so that three surfaces meet along an edge or six surfaces meet at a point.
Indeed there are only two possible singularities on area-minimizing soap film-
like surfaces in R3 (see [2]). The tangent cone to a soap film-like surface Σ at
a singularity is an area-minimizing cone: either the Y -singularity cone, which
consists of three half-planes meeting at 120◦, or the T -singularity cone which
is spanned by the regular tetrahedron with vertex at its center of mass. We
will denote by CY = 3/2 the density at its vertex of the Y -singularity cone and
by CT = 3

π arccos(− 1
3 ) ≈ 1.8245 the density at its vertex of the T -singularity

cone.
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Introducing a notion of cone total curvature TC(Γ) for a graph Γ, that is, a
finite 1-dimensional curved polyhedron, Gulliver and Yamada proved that for
a soap film-like surface Σ spanning a graph Γ in Rn, if TC(Γ) ≤ 2πCY = 3π,
then Σ is an embedded smooth surface or a subset of the Y -singularity cone
with planar faces. Moreover they proved that if TC(Γ) ≤ 2πCT , then a soap
film-like surface Σ spanning Γ in R3 has possibly Y -singularities but no other
singularities unless it is a subset of the T -singularity cone with planar faces.
In this paper we extend the Gulliver-Yamada results to soap film-like surfaces
spanning graphs in an n-dimensional Riemannian manifold M with an upper
bound on sectional curvature.

Let SΓ be the collection of all immersed images Σ = ∪Σi of a finite union of
C2-smooth open two-dimensional manifolds Σi with compact closure, of class
C1 up to the piecewise C1 boundary ∂Σi, so that Γ ⊂ ∪∂Σi. Throughout this
paper, we consider singular surfaces spanning an embedded graph Γ in the class
SΓ. In particular, Σ ∈ SΓ is a rectifiable varifold [1]. A surface Σ in SΓ is said
to be strongly stationary with respect to Γ if the first variation of the area of Σ is
at most equal to the integral over Γ of the length of the orthogonal component
of the variational vector field normal to Γ (see Definition 2.1 below and also [6],
[8]). Unfortunately one cannot distinguish the boundary of a singular surface
Σ ∈ SΓ from ∪∂Σi in a classical sense. Moreover the definition of boundary
motivated by Stokes’ Theorem [7] is no longer valid (other than modulo two)
because Σ is not orientable in general. Therefore we define the boundary of
Σ ∈ SΓ in variational terms (see Definition 2.2 below).

Let M be an n-dimensional complete simply connected Riemannian manifold
with sectional curvature bounded above by a nonpositive constant −κ2. We
shall prove that if Γ is an embedded graph in M with

TC(Γ) ≤ 3π + κ2
(

inf
p∈M

Area(p××Γ)
)
,

then a soap film-like surface Σ spanning Γ is an embedded surface or a sub-
set of the piecewise totally geodesic Y -singularity cone (Theorem 3.8). More
precisely, the infimum of Area(p××Γ) may be taken only over p in the geodesic
convex hull Conv(Γ) of Γ. Furthermore, we shall prove that if Γ is a graph in
M3 with

TC(Γ) ≤ 2πCT + κ2
(

inf
p∈Conv(Γ)

Area(p××Γ)
)
,

then the only possible singularities of a soap film-like surface Σ in M3 are the
Y -singularity cone or, in special cases, the T -singularity cone (Theorem 3.9).
Similar results for a manifold with bounded diameter, and the corresponding
positive upper bound on sectional curvature, will be demonstrated in Section 4.

The key steps of the proofs of our theorems are as follows. We first compare
the density Θ(Σ, p) of Σ in SΓ with the density Θ(p××Γ, p) of the cone p××Γ
for p ∈ Σ \ Γ. This is related to the monotonicity property of minimal sur-
faces. Next, we construct a certain 2-dimensional cone with constant curvature
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metric locally isometric to the simply connected space form M
2

of constant
sectional curvature, which corresponds to p××Γ in M . With comparison results
for geodesic curvature of cones and the Gauss-Bonnet Theorem for the cone,
we shall obtain the above theorems.

2. Preliminaries

Let Γ be a graph in an n-dimensional Riemannian manifold M , and let SΓ

be the class of singular surfaces as described in the introduction.

Definition 2.1 ([6]). A rectifiable varifold Σ in M is called strongly stationary
with respect to Γ if for all smooth variations φ : R×M → M with φ(0, x) ≡ x
we have

d

dt

∣∣∣
t=0

(
Area(φ(t,Σ)) + Area(φ([0, t]× Γ))

)
≥ 0.

Note that the strong stationarity of Σ implies that Σ ∈ SΓ is stationary. In
fact, the first variation formula for area [11] gives

d

dt

∣∣∣
t=0

Area(φ(t,Σ)) = −
∫

Σ

〈−→H,X⊥〉dA +
∫

∪∂Σi

∑

j∈J(p)

〈νj(p), X⊥(p)〉ds,

where
−→
H is a mean curvature vector of Σ; X⊥ is the normal component of the

variational vector field X = ∂φ
∂t (0, x); J(p) indexes the collection of surfaces

Σj which meet at a point p in ∪∂Σi; and νj(p) is the outward unit conormal
vector to ∂Σj along ∪∂Σi, where surfaces Σj meet for j ∈ J(p).

If we take the variational vector field X = ∂φ
∂t (0, x) to be supported in

M \ ∪∂Σi, then the stationarity of Σ implies that the mean curvature vector−→
H ≡ −→

0 on the interior of each Σi. Furthermore, if we choose X supported
away from Γ, then it follows that

νΣ(p) :=
∑

j∈J(p)⊂I

νΣj (p) =
−→
0(2.1)

for almost all p on ∪∂Σi \ Γ, since the choice of X is arbitrary along ∪∂Σi \ Γ.
We call the equation (2.1) the balancing of νΣi along the singular curves of Σ
away from Γ [8, p. 319].

It should be mentioned that the strong stationarity with respect to Γ for a
surface in SΓ is equivalent to stationarity in M \Γ plus the following boundary
condition.

Definition 2.2 ([6], [8]). Γ is said to be the variational boundary of a surface
Σ if there exists an H1 measurable vector field νΣ along Γ which is orthogonal
to Γ, with |νΣ| ≤ 1 a.e., such that for all smooth vector fields X defined on M ,

∫

Σ

divXT dA =
∫

Γ

〈X, νΣ〉 ds.
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Another good mathematical model for soap films is an (M, ε, δ)-minimal set,
as was introduced by F. Almgren [1].

Definition 2.3 ([1]). Let ε be a function ε(r) = Crα for some 0 ≤ C < ∞,
0 < α < 1/3 and δ > 0. Σ ⊂ M is said to be an (M, ε, δ)-minimal set with
respect to Γ ⊂ M if Σ is an m-dimensional rectifiable set and if, for every
Lipschitz mapping φ : M → M with the diameter r = diam(W ∪ φ(W )) < δ,

Hm(Σ ∩W ) ≤ (1 + ε(r))Hm(φ(Σ ∩W )),

where W = {x : φ(x) 6= x}.
The following theorems for soap film-like surfaces in R3 are due to Jean

Taylor.

Theorem 2.4 ([12]). The tangent cone of an (M, 0, δ)-minimal set Σ at p ∈
Σ \ Γ is area minimizing with respect to the intersection with the unit sphere
at p; Moreover, the plane, the Y -cone and the T -cone are the only possibilities
for minimizing cones.

Theorem 2.5 ([12]). An (M, ε, δ)-minimal set with respect to Γ consists of
C1,α surfaces meeting smoothly in threes at 120◦ angles along smooth curves,
with these curves meeting in fours at angles of arccos(−1/3), away from Γ.

It was later proved by Kinderlehrer, Nirenberg, and Spruck that the surfaces
which comprise Σ are as smooth as the ambient manifold [9].

3. Regularity of soap film-like surfaces in negatively curved spaces

Let M be an n-dimensional complete simply connected Riemannian manifold
with sectional curvature bounded above by a nonpositive constant −κ2. In
this section we shall derive regularity theorems for soap film-like surfaces in
M . The key step in the extension of the theorems to the variable curvature
ambient space is to carry the data of p××Γ over to the simply connected space
form M of constant sectional curvature −κ2, where κ ≥ 0. To do this we
construct a constant curvature metric on p××Γ. For the sake of clarity, we give
the definition as follows.

Definition 3.1 ([3], [5]). Let Γ be an immersed piecewise C1 curve in M . Let
ĝ be a new metric on p××Γ with constant Gauss curvature −κ2, such that the
distance from p remains the same as in the original metric g, and so does the
arclength element of Γ.

We shall construct the new metric ĝ explicitly, and then extend Definition 3.1
to the case, where Γ is a graph. Assuming for the moment that Γ is a curve and
that ĝ exists, one can see from the above definition that every geodesic from
p under g remains a geodesic of equal length under ĝ, the length of any arc of
Γ remains the same, and the angles between the tangent vector to Γ and the
geodesic from p remain unchanged. Given a cone C := p××Γ, we shall denote
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by Ĉ the two-dimensional Riemannian manifold (C, ĝ), which will be singular
at p.

Let r(s) be the distance in C from p to the corresponding point of Γ for
an arc-length parameter s of Γ. Then choose a point p̂ ∈ H2(−κ2), and let a
curve Γ̂ locally isometric to Γ be traced out in H2(−κ2) so that the distance
from p̂ equals r(s). Γ̂ will close up, to form Γ̂ as a simply closed curve, in
some Riemannian covering space M̂2 of H2(−κ2) \ p̂. Then Ĉ can be written
as p̂××Γ̂ in M̂ , along with the metric of M̂ , which is singular at p̂ (see [3] for
more details).

To prove the next proposition, we need the following well-known fact due to
Euler (see [10]).

Lemma 3.2 (Euler). For a connected graph Γ with even valence at each vertex,
there is a continuous mapping of the circle to Γ which traverses each edge
exactly once.

Let Γ′ be the double covering of the graph Γ = ∪m
i=1ci. By Lemma 3.2,

we may choose an ordering for each edge such that Γ′ is a piecewise smooth
immersion of S1. In other words, Γ′ = ∪2m

j=1c
′
j , where each ci arises twice as

one of the c′j for i = 1, . . . , m. Then Definition 3.1 may be applied to Γ′, to
construct a metric ĝ of constant Gauss curvature on the disk C ′ = p××Γ′. Then
each smooth surface Ai = p××ci of the cone C = p××Γ is covered by two smooth
“fans” p××c′j and p××c′k of C ′ (1 ≤ j, k ≤ 2m). But c′j and c′k are copies of
the arc ci of Γ, so p××c′j is isometric to p××c′k using the metric ĝ of constant
Gauss curvature for both. Thus, p××ci inherits the metric ĝ from either p××c′j
or p××c′k, to form the singular cone Ĉ with constant Gauss curvature on the
interior of p××ci, 1 ≤ i ≤ m, and with a singular curve pq for each vertex q of
Γ. This completes the extension of Definition 3.1 for any graph Γ.

Proposition 3.3. Let M be an n-dimensional simply connected Riemannian
manifold with sectional curvature KM ≤ −κ2 ≤ 0, and let Σ ∈ SΓ be a strongly
stationary surface in M . Then we have, for p ∈ Σ \ Γ,

Θ(Σ, p) < Θ(Ĉ, p),

unless Σ is a cone over p with totally geodesic faces of constant curvature −κ2.

Proof. First let us assume K̂ ≡ −κ2 < 0; the case κ = 0 will be treated simi-
larly. Denote r(x) := dist(p, x), the distance function in M from p ∈ M . Let
G(r(x)) := log tanh(κr(x)/2) be the Green’s function for the two-dimensional
hyperbolic plane H2(−κ2) with Gauss curvature −κ2. On an immersed minimal
surface Σi in M , it follows from [5] that

4ΣG(r) = 2κ2 cosh κr

sinh2 κr
(1− |∇Σir|2) ≥ 0.(3.1)
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Recall that Σ = ∪i∈IΣi and each Σi is an immersed minimal surface. Integrat-
ing (3.1) over Σi \Bε(p) gives

0 ≤
∫

Σi\Bε(p)

4Σi
G dA =

∫

∂(Σi\Bε(p))

κ

sinhκr

∂r

∂νΣi

ds.

Write Γ = ∪m
j=1cj . For a sufficiently small ε > 0, let Cε := C \ Bε(p) =

(p××Γ) \Bε(p) and Σi,ε := Σi \Bε(p). The divergence theorem yields

0 ≤
∫

Σi,ε

4Σi,ε
GdA =

∫

∂Σi,ε

κ

sinhκr

∂r

∂νΣi,ε

ds.

Each boundary ∂Σi,ε consists of three parts

∂Σi,ε = (∂Σi ∩ Γ) ∪ (∂Bε(p) ∩ Σi) ∪ (∂Σi \ (Γ ∪Bε(p))).

Summing over i ∈ I, we get

0 ≤
∫

Γ

κ

sinhκr

∂r

∂νΣ
ds +

∫

Σ∩∂Bε(p)

κ

sinh κε

∂r

∂νΣ
ds

+
∑

i∈I

∫

∂Σi\(Γ∪Bε(p))

κ

sinhκr

∂r

∂νΣi

ds,

where νΣ is the outward unit conormal along the ∂Σε. Since Σ ∈ SΓ, the last
term vanishes by the balancing condition (2.1). Along Σ ∩ ∂Bε(p), ∂r

∂νΣ
→ −1

uniformly as ε → 0 and hence the second term converges to

lim
ε→0

−κ
Length(Σ ∩ ∂Bε(p))

sinhκε
= −2πΘ(Σ, p).

Therefore we obtain

(3.2) 2πΘ(Σ, p) ≤
∫

Γ

κ

sinh κr

∂r

∂νΣ
ds.

We repeat the same argument for Ĉ = p̂××Γ̂ with Ĉ instead of Σ and Aj =
p̂××ĉj instead of Σi. Thus the cone Ĉ is the union of Aj , 1 ≤ j ≤ m. Since the
Green’s function G(r) on Aj satisfies [5, Lemma 3]

4Aj G(r) = 2κ2 cosh κr

sinh2 κr
(1− |∇Nr|2),

it follows that 4 bCG(r) = 0. Applying the divergence theorem, we get

0 =
∫

Aj\Bε(p)

4 bCG dA =
∫

∂(Aj\Bε(p))

κ

sinhκr

∂r

∂ν bC
ds.

Each boundary ∂(Aj \Bε(p)) consists of three parts:

∂(Aj \Bε(p)) = (∂Aj ∩ Γ) ∪ (∂Bε(p) ∩Aj) ∪ (∂Aj \ (Γ ∪Bε(p))).
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Summing the above equation over j = 1, . . . , m, we obtain

0 =
∫
bΓ

κ

sinhκr

∂r

∂νC
ds +

∫
bC∩∂Bε(p)

κ

sinh κε

∂r

∂ν bC
ds

+
∑

j

∫

bp××(∂ bcj)\Bε(p)

κ

sinhκr

∂r

∂νAj

ds,

where ν bC = νAj
along ∂Aj and νAj

is the outward unit conormal vector along
the boundary ∂Aj . Since the conormal vector νAj

and ∇r are perpendicular
along p̂××(∂ĉj), the last term vanishes. As ε → 0, the second term converges to

lim
ε→0

−κ
Length(Ĉ ∩Bε(p))

sinhκε
= −2πΘ(Ĉ, p).

Hence we have

2πΘ(Ĉ, p) =
∫
bΓ

κ

sinhκr

∂r

∂ν bC
ds.(3.3)

On the other hand, from the definition of Ĉ it is easy to see that
∂r

∂νC
=

∂r

∂ν bC
.(3.4)

Since ∂r
∂νC

≥ ∂r
∂νΣ

almost everywhere along Γ, the inequality (3.2) and the
equations (3.3), (3.4) imply that

2πΘ(Σ, p) ≤
∫

Γ

κ

sinhκr

∂r

∂νΣ
ds ≤

∫
bΓ

κ

sinhκr

∂r

∂ν bC
ds = 2πΘ(Ĉ, p).

If equality holds, then4ΣG(r) ≡ 0, which requires |∇Σr| ≡ 1. This can happen
only when Σ is totally geodesic. Similarly, using G(r) = log r, we can prove
the case where κ = 0. ¤

The following proposition was stated, but not proved, in Remark 3 of [5].
The version we will need in this section already appears as Proposition 4 of
that paper; in the following section, we shall require this more general version.

Proposition 3.4. Let g and ĝ be two continuous, piecewise C2 metrics on the
two-dimensional disk C, possibly singular at a certain point p ∈ C, such that
the geodesics through p (the “radial” geodesics) with respect to g and ĝ are the
same, with the same arc-length parameter along each radial geodesic. Assume
that the arc length along the Lipschitz continuous boundary Γ = ∂C is the same
with respect to both metrics. For both metrics, assume there are no conjugate
points along any radial geodesic. If the Gauss curvatures satisfy K̂ ≥ K at
each point of C, then the inward geodesic curvatures satisfy k̂ ≤ k at each point
of Γ.

Proof. As in Proposition 4 of [5], we consider normal Jacobi fields V and V̂
along a unit-speed geodesic γ(t) from p = γ(0) to q ∈ Γ, such that V (p) =
V̂ (p) = 0 and V (q) = V̂ (q). This construction is possible since there are
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no conjugate points along γ for either metric. Write f(t) = |V (γ(t))|g and
f̂(t) = |V̂ (γ(t))|bg: both are positive except at t = 0. At q ∈ Γ, the metrics are
the same, so we have |V (q)|g = |V̂ (q)|bg = 1. Then the inward curvatures k0

and k̂0 of the geodesic circle centered at p satisfy

k0(γ(t)) =
f ′(t)
f(t)

and k̂0(γ(t)) =
f̂ ′(t)

f̂(t)
.

The Jacobi equation f ′′(t) + K(γ(t))f(t) = 0 implies the Riccati equation
k′0 + k2

0 = −K, and similarly k̂′0 + k̂2
0 = −K̂. Since K ≤ K̂, these imply

(k0 − k̂0)′ + (k0 + k̂0)(k0 − k̂0) ≥ 0,

with k0 − k̂0 → 0 at the point γ(t) as t → 0. Therefore k0 ≥ k̂0 everywhere
along γ. Observe that the angles formed by Γ and γ with respect to g and ĝ

are the same. It now follows that the inward geodesic curvatures k and k̂ of Γ
with respect to g and ĝ satisfy k̂ ≤ k (see the proof of Proposition 4 of [5]). ¤

Proposition 3.5 ([5, Proposition 5]). Let Γ be a C2 curve in M and let C be
the cone p××Γ. If Ĉ is the cone C equipped with the constant curvature metric
ĝ, as in Definition 3.1 above, then Θ(C, p) ≤ Θ(Ĉ, p) and Area(C) ≤ Area(Ĉ).

Now we prove the following Gauss-Bonnet formula for two-dimensional cones
in a nonpositively curved manifold.

Proposition 3.6 (Gauss-Bonnet formula). Let p be a point in M \ Γ for a
graph Γ with edges c1, . . . , cm. Let Ĉ = (C, ĝ) for C = p××Γ. Then we have

2πΘ(Ĉ, p) + κ2Area(Ĉ) = −
m∑

i=1

∫

bci

k̂ ds +
m∑

i=1

∑

j=0,1

(π

2
− ∠qi

j
(Ti(qi

j), qi
jp)

)
,

where k̂ is the geodesic curvature of Γ in Ĉ and ∠qi
j
(Ti(qi

j), qi
jp) is the angle at

qi
j between the tangent vector Ti(qi

j) to ci and the geodesic qi
jp.

Proof. Suppose first that Γ is a smooth closed curve in Mn but not necessarily
simple, and p is a point of Mn \ Γ. Choose a sufficiently small ε > 0 such that
Bε(p) does not intersect Γ. Let A = Ĉ \ Bε(p) be the annular region between
Γ and ∂Bε(p) ∩ Ĉ. The Gauss-Bonnet formula says that

∫

A

K̂ dA−
∫

Γ

−→
k · νC ds−

∫

∂Bε(p)∩(p××Γ)

−→
k · ν bC ds = 2π χ(A),

where χ(A) is the Euler characteristic of A and K̂ = −κ2 is the intrinsic Gauss
curvature of Ĉ. Since A is an immersed annulus, we have χ(A) = 0. Along
∂Bε(p) ∩ Ĉ, we have ν bC = −∇r and

−→
k · ν bC ≡ k̂0(ε), where k0(ε) = κ cot κε
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is its geodesic curvature, as in Proposition 3.4, and r is the distance from p̂ in
M . Note that

lim
ε→0

∫

∂Bε(p)∩ bC

−→
k · ν bC = lim

ε→0
k̂0(ε) Length(∂Bε(p) ∩ Ĉ)

= 2πΘ(Ĉ, p).

Letting ε → 0, we get

(3.5) −κ2Area(Ĉ)−
∫

Γ

−→
k · ν bC − 2πΘ(Ĉ, p) = 0.

Finally, in the general case of a graph Γ ⊂ Mn, we apply Lemma 3.2 to show
that the double cover of Γ can be considered as a piecewise smooth immersion
Γ′ of S1.

Since Γ′ is a piecewise-smooth immersion of the circle, we may apply equa-
tion (3.5) to Γ′, and conclude that

κ2Area(Ĉ ′) +
∫

Γ′

−→
k · νC ds + 2πΘ(Ĉ ′, p) = 0.

Let qi
0, qi

1 be the end points of the smooth segment ci for i = 1, . . . , m. We
denote qi

j ∼ qk
` if they represent the same point of M where ci and ck meet.

Denote A′j = p̂××c′j with the metric of constant curvature. Then we see that
Ĉ ′ = ∪2m

j=1A
′
j = p̂××Γ′.

Similar arguments as in the above smooth case show that
(3.6)

2πΘ(Ĉ ′, p) = −κ2Area(A)−
m∑

i=1

∫

ci

−→
k · νci ds +

m∑

i=1

∑

`=0,1

(
π

2
−∠qi

`
(Ti(qi

`), qi
`p)).

Indeed, the last term is equal to the sum over vertices of the sum of the
exterior angles of the piecewise smooth curve Γ′ at the vertex qi

1 ∼ qk
0 . To see

this, suppose that ci and ck are the consecutive edges in Γ joined at qi
1 ∼ qk

0 ;
then (π

2
− ∠qi

1
(Ti(qi

1), qi
1p)

)
+

(π

2
− ∠qk

0
(Tk(qk

0 ), qk
0p)

)

= π −
(
∠qi

1
(Ti(qi

1), qi
1p) + ∠qk

0
(Tk(qk

0 ), qk
0p)

)

= π − ∠qi
1
(Ti(qi

1), Tk(qk
0 )),

which is the exterior angle between ci and ck at qi
1 ∼ qk

0 , relative to the constant-
curvature cone Ĉ ′.

Therefore

2πΘ(Ĉ ′, p) = − κ2Area(Ĉ ′)−
2m∑

i=1

∫

c′i

−→
k · νbc′i ds

+
2m∑

i=1

∑

j=0,1

(π

2
− ∠qi

j
(Ti(qi

j), qi
jp)

)
.

(3.7)
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For the edges ci1 and ci2 which represent the same edge ci of Γ, we have
∫

bci

−→
k · ν bCds =

∫

bci1

−→
k · ν bCds =

∫

bci2

−→
k · ν bCds.

We also note that the exterior angle appears twice and

Area(p̂××Γ̂′) = 2Area(p̂××Γ̂).

Therefore by dividing both sides of equation (3.7) by two, we obtain

2πΘ(Ĉ, p) + κ2Area(Ĉ) = −
m∑

i=1

∫

bci

−→
k · νbci

ds

+
m∑

i=1

∑

j=0,1

(π

2
− ∠qi

j
(Ti(qi

j), qi
jp)

)
,

which completes the proof. ¤

Definition 3.7. Define the minimum cone area A(Γ) of a graph Γ ⊂ M as

A(Γ) := inf
p∈Conv(Γ)

Area(p××Γ).

Theorem 3.8. Let M be an n-dimensional complete simply connected Rie-
mannian manifold whose sectional curvature is bounded above by a nonpositive
constant −κ2. Let Γ be a graph in M with TC(Γ) ≤ 3π + κ2A(Γ) and let
Σ ∈ SΓ be a strongly stationary surface with respect to Γ in M . Then Σ is
either an embedded surface or a subset of the Y -singularity cone with totally
geodesic faces having constant Gauss curvature −κ2.

Proof. For a point p on Σ \ Γ, Proposition 3.3 says that

2πΘ(Σ, p) ≤ 2πΘ(Ĉ, p).

Applying Proposition 3.4, Proposition 3.5, and Proposition 3.6, we have

2πΘ(Ĉ, p) = − κ2Area(Ĉ)−
∫

Γ

k̂ ds +
m∑

i=1

∑

j=0,1

(π

2
− ∠qi

j
(Ti(qi

j), qi
jp)

)

≤ − κ2Area(p××Γ)−
∫

Γ

k ds +
m∑

i=1

∑

j=0,1

(π

2
− ∠qi

j
(Ti(qi

j), qi
jp)

)

≤ TC(Γ)− κ2Area(p××Γ).

Therefore the assumption on the cone total curvature of Γ implies that

2πΘ(Σ, p) ≤ 3π.

If Θ(Σ, p) < 3
2 for any p ∈ Σ \ Γ, then Σ is an embedded surface. Otherwise,

we have Θ(Σ, p) = 3
2 which means that Σ is a cone with vertex p and totally

geodesic faces. Since the only stationary cone with density 3
2 is the Y -cone, Σ

is a subset of the Y -cone. ¤
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Theorem 3.9. Let M3 be a 3-dimensional complete simply connected Rie-
mannian manifold whose sectional curvature is bounded above by a nonpositive
constant −κ2. Let Σ ∈ SΓ be embedded as an (M, 0, δ)-minimizing set with
respect to a graph Γ in M3. If TC(Γ) ≤ 2πCT + κ2A(Γ), then Σ can have
only Y singularities unless Σ is a subset of the T stationary cone with totally
geodesic faces.

Proof. As in the proof of the above theorem, we can see that at p ∈ Σ \ Γ

2πΘ(Σ, p) ≤ 2πΘ(Ĉ, p)
≤ TC(Γ)− κ2Area(p××Γ) ≤ 2πCT .

By Theorem 2.4, we see that for p ∈ Σ \ Γ, if Θ(Σ, p) = 1, then Σ is a plane.
If Θ(Σ, p) = 3

2 , then Σ is a subset of the Y -cone. If Θ(Σ, p) = CT , then Σ is a
subset of the T -cone. ¤

4. Regularity of soap film-like surfaces in spaces with
bounded diameter

Let Mn be a simply-connected Riemannian manifold with diameter ≤ π
b and

sectional curvatures KM ≤ b2, where b > 0. Recall that any two points of M
are connected by a unique geodesic in M . As in Section 3, we may define the
convex hull Conv(S) of a subset S of M . It is not difficult to see that Conv(S)
is the intersection of closed geodesically convex sets containing S, and it follows
that if Σ ∈ SΓ is strongly stationary with respect to a graph Γ in Mn, then
Σ ⊂ Conv(Γ).

Definition 4.1. Let ĝ be a new metric on C = p××Γ with constant Gauss
curvature b2 such that the distance from p remains the same as in the original
metric g, and so does the arclength element of Γ.

As in Section 3, every geodesic from p under g remains a geodesic of equal
length under ĝ, the length of any arc of Γ remains the same, and the angles
between the tangent vector to Γ and the geodesic from p remain unchanged.
Ĉ = (C, ĝ) may be constructed as in Section 3, with the two-dimensional sphere
of radius 1/b replacing H2(−κ2).

Proposition 4.2. Let Σ ∈ SΓ be a strongly stationary surface in Mn and let
p be a point in Σ \ Γ. Then

Θ(Σ, p) < Θ(Ĉ, p),

unless Σ is a cone over p with totally geodesic faces and constant Gauss cur-
vature b2.

Proof. The proof involves computations analogous to Proposition 3.3 on Σ and
on Ĉ, related to the well-known monotonicity inequality.
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Let G(r(x)) = log tan(br(x)/2) be the Green’s function of the two-dimen-
sional sphere of constant curvature b2, where r(x) is the distance from p in Mn.
On an immersed minimal surface Σi in M , it follows from [4] that

4ΣiG(r) = 2
b2 cos br

sin2 br
(1− |∇Σir|2) ≥ 0.(4.1)

Recall that Σ = ∪i∈IΣi ∈ SΓ and each Σi is minimal. Integrating (4.1) over
each Σi \Bε(p) for sufficiently small ε > 0 gives

0 ≤
∫

Σi\Bε(p)

4Σi
GdA =

∫

∂(Σi\Bε(p))

b

sin br

∂r

∂νΣi

ds.

Since ∂(Σi \Bε(p)) = (∂Σi ∩Γ)∪ (∂Bε(p)∩Σi)∪ (∂Σi \ (Γ∪Bε(p))), summing
over i gives

0 ≤
∫

Γ

b

sin br

∂r

∂νΣ
ds +

∫

Σ∩∂Bε(p)

b

sin bε

∂r

∂νΣ
ds

+
∑

i∈I

∫

∂Σi\(Γ∪Bε(p))

b

sin br

∂r

∂νΣi

ds.

Applying the balancing condition (2.1) at each point p ∈ ∂Σi \ Γ, one can see
that the last term vanishes.

Since along Σ ∩ ∂Bε(p), ∂r
∂νΣ

→ −1 uniformly as ε → 0, the second term
converges to

lim
ε→0

−bLength(Σ ∩ ∂Bε(p))
sin bε

= −2πΘ(Σ, p).

Hence we have

(4.2) 2π Θ(Σ, p) ≤
∫

Γ

b

sin br

∂r

∂νΣ
ds.

Similarly, one can estimate the density Θ(Ĉ, p) at p of the cone p××Γ with
the metric ĝ of constant Gauss curvature b2. Because Γ = ∪m

j=1cj , where each
arc cj is C2 and C1 up to the end points, the cone C = p××Γ can be represented
as

C = p××Γ = ∪Aj = ∪(Aj ∪ ∂Aj),

where Aj = p××cj is a C2 surface, C1 up to its boundary, possibly not immersed.

Write Ĉ = ∪Âj . On each Âj , it follows from [4] that the Green’s function G(r)
is harmonic because

4 bCG(r) = 2
b2 cos br

sin2 br
(1− |∇ bCr|2) = 0.(4.3)

The divergence theorem yields

0 =
∫

Aj\Bε(p)

4 bCGdA =
∫

∂(Aj\Bε(p))

b

sin br

∂r

∂ν bC
ds.(4.4)

As before, each boundary ∂(Aj \Bε(p)) consists of three parts.
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Summing the above equation (4.4) over j = 1, . . . , m, since ν bC = νC along
Γ, we have

0 =
∫

Γ

b

sin br

∂r

∂ν bC
ds +

∫

C∩∂Bε(p)

b

sin bε

∂r

∂ν bC
ds

+
∑

j

∫

(p××∂cj)\Bε(p)

b

sin br

∂r

∂ν bAj

ds,

where νAj denotes the outward unit conormal vector along the boundary ∂Aj

and νC(q) is defined to be
∑m

j=1{νAj
(q) : q ∈ ∂Aj}. Note that along p××(∂cj),

the conormal vector ν bAj
and ∇r are perpendicular, i.e. ∂r

∂ν bAj

≡ 0. Hence the

last term vanishes in the above equation. Since ∂r
∂ν bC

→ 1 as ε → 0 along
C ∩ ∂Bε(p) and hence

−bLength(C ∩Bε(p))
sin bε

→ −2π Θ(C, p),

one can see that the second term converges to −2πΘ(C, p). Therefore we have

(4.5) 2πΘ(C, p) =
∫

Γ

b

sin br

∂r

∂νC
ds.

Since ∂r
∂νC

≥ ∂r
∂νΣ

almost everywhere along Γ, it follows from (4.2) and (4.5)
that

2πΘ(Σ, p) ≤
∫

Γ

b

sin br

∂r

∂νΣ
ds ≤

∫

Γ

b

sin br

∂r

∂νC
ds = 2πΘ(C, p).

If equality holds, then ∆ΣG ≡ 0. So we should have |∇Σr| ≡ 1 by (4.3), which
can happen only when Σ is totally geodesic; and 4ΣG ≡ 0 [4]. ¤

We prove the following Gauss-Bonnet formula for singular two-dimensional
cones in Mn.

Proposition 4.3 (Gauss-Bonnet formula). Let p be a point of Mn \ Γ for a
graph Γ = ∪ci. Let Ĉ = (C, ĝ) for C = p××Γ. Then we have

2πΘ(Ĉ, p) = b2Area(Ĉ)−
m∑

i=1

∫

ci

−→
k · νcids +

m∑

i=1

∑

j=0,1

(
π

2
− ∠qi

j
(Ti(qi

j), qi
jp)),

where
−→
k is the curvature vector of ci in Ĉ, νci is the outward unit conormal

vector to p××Γ along ci, ∠qi
j
(Ti(qi

j), qi
jp) is the angle at qi

j between the tangent

vector Ti(qi
j) to ci and the geodesic qi

jp.

Proof. Similar arguments as in the proof of Proposition 3.6 give the desired
result. ¤

As a consequence of the density comparison (Proposition 4.2) and the Gauss-
Bonnet Theorem for two-dimensional cones in Mn (Proposition 4.3), there
follows:
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Theorem 4.4. Let Mn be a manifold with KM ≤ b2 and diameter ≤ π
b . Let Γ

be a graph in Mn and let Σ ∈ SΓ be a strongly stationary surface with respect
to Γ in Mn. Then for p ∈ Mn we have

2πΘ(Σ, p) ≤ TC(Γ) + b2Area(p××Γ).

Definition 4.5. Define the maximum cone area A(Γ) of a graph Γ ⊂ Mn as

A(Γ) := sup
p∈Conv(Γ)

Area(p××Γ).

Now we state and prove the regularity theorems for soap film-like surfaces
spanning graphs with small cone total curvature in a manifold of bounded
diameter.

Theorem 4.6. Let Mn be a manifold with KM ≤ b2 and diameter ≤ π
b , and

let Γ be a graph with cone total curvature TC(Γ) ≤ 3π − b2A(Γ). Let Σ ∈ SΓ

be a strongly stationary surface with respect to Γ in Mn. Then Σ is either
an embedded surface or a subset of the Y -singular cone formed by three totally
geodesic surfaces of constant Gauss curvature b2.

Proof. At p ∈ Σ \ Γ, we have

2πΘ(Σ, p) ≤ 2πΘ(p××Γ, p) ≤ TC(Γ) + b2Area(p××Γ) ≤ 3π.

If Θ(Σ, p) < 3
2 , then Σ is an embedded surface. Otherwise, Θ(Σ, p) = 3

2 which
means that Σ is a cone with vertex p and totally geodesic faces. Since the only
stationary cone with density 3

2 is the Y -cone, Σ is a subset of the Y -cone. ¤

Given a strongly stationary surface Σ in SΓ, we have seen that the first
nontrivial upper bound for the density of Σ, other than 1, is 3/2. In order to
find a larger upper bound for density, we consider the case of ambient dimension
n = 3. Note that the tangent cone of a strongly stationary soap film-like surface
in M3 is exactly the same as in Euclidean space R3. Since there are only three
area minimizing cones in R3 [2], the only possible candidate for a larger bound
for density is the T -singularity cone.

Theorem 4.7. Let Mn be a manifold with KM ≤ b2 and diameter ≤ π
b . Let

Γ be a graph in M3 with TC(Γ) ≤ 2πCT − b2A(Γ) and let Σ ∈ SΓ be embedded
as an (M, 0, δ)-minimizing set with respect to Γ. Then Σ can have only Y
singularities unless Σ is a subset of the T stationary cone with totally geodesic
faces.

Proof. For any point p ∈ Σ \ Γ we have

2πΘ(Σ, p) ≤ 2πΘ(p××Γ, p) ≤ TC(Γ) + b2Area(p××Γ) ≤ 2πCT .

It follows from Theorem 2.4 that the tangent cone of an (M, 0, δ)-minimal
set Σ at p is area-minimizing with respect to the intersection with the unit
sphere centered at p, and that the plane, the Y -cone and the T -cone are the
only possibility for a area-minimizing tangent cone. Hence for p ∈ Σ \ Γ, if
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Θ(Σ, p) = 1, then Σ is a plane. If Θ(Σ, p) = 3
2 , then Σ is the Y -cone. Moreover

if Θ(Σ, p) = CT , then Σ is the T -cone. ¤
Remark. We do not know whether in general an (M, 0, δ)-minimizing set with
respect to a graph is an element of the class SΓ or not. Note that an (M, 0, δ)-
minimal set Σ in SΓ with variational boundary Γ is strongly stationary with
respect to Γ. However the converse is not true in general. For instance, consider
the cone over the 1-skeleton Γ of the cube. It is strongly stationary with respect
to Γ, but not an (M, 0, δ)-minimal set (see [12]).

For our final theorem, we return to the context of minimal branched immer-
sions of surfaces, as treated in [6] and in [5]. Note that the density of such a
surface Σ in Mn must be an integer ≥ 1 at each point. At a branch point,
the density is ≥ 2; at a point p ∈ M of self-intersection, the density Θ(Σ, p)
equals the number of pieces of surface which intersect at p. In the same spirit
as the theorems above, which refer to CY = 3

2 and CT ≈ 1.8245, we may define
CX = 2, the minimum density at a self-intersection point or branch point of a
branched immersion.

Theorem 4.8. Let Mn be a manifold with KM ≤ b2 and diameter ≤ π
b . Let

Γ be a simple closed curve in M3 with TC(Γ) < 2πCX − b2A(Γ), and let Σ be
a branched immersion of a compact surface into Mn with boundary Γ. Then Σ
is embedded.

The proof is analogous to the proofs of Theorems 4.6 and 4.7, showing that
the density of Σ at any point of the convex hull of Γ is less than two. This
result is Theorem 1 of [5] in the specific case where M is the n-dimensional
hemisphere of constant sectional curvature b2.
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