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SURFACES WITH PLANAR LINES OF CURVATURE

DoNG-Soo Kim! aAND Young Ho Kim?

Abstract. We study surfaces in the 3-dimensional Euclidean space
with two family of planar lines of curvature. As a result, we estab-
lish some characterization theorems for such surfaces.

1. Introduction

Consider a smooth surface M in the Euclidean space E? with a unit
normal vector field U. Then on each tangent plane 7, M the shape
operator S is defined as follows:

S(v) = -V,U,

where V,U denotes the covariant derivative of U in the v direction.

For a unit vector u tangent to M at a point p, the number k(u) =
(S(u),u) is called the normal curvature of M in the u direction. The
maximum and minimum values of the normal curvature k(u) of M at
p are called the principal curvatures of M at p, and are denoted by ki
and k9. The directions in which these extreme values occur are called
principal directions of M at p.

A regular curve X in M is called a line of curvature provided that
the velocity X’ of X always points in a principal direction. Through
each non-umbilic point of M, there are exactly two lines of curvature,
which necessarily cut orthogonally across each other.
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The next theorem is useful to find lines of curvature on some classes
of surfaces:

Theorem of Joachimstahl. Suppose that M; and M intersect along
a regular curve X and make an angle 0(p), p € X. Assume that X is a
line of curvature of M;. Then X is a line of curvature of My if and only
if f(p) is constant.

Proof. See the proof of Theorem 9 in ([10], p. 296). O

Note that every regular curve on a plane is a line of curvature. Using
above theorem, it is easy to show the following: The meridians and
parallels on a surface of revolution are its lines of curvature.

For a plane curve X in a plane P, the cylinder M over X is a ruled
surface generated by a one-parameter family of straight lines through
each point X(s) which are orthogonal to the plane P. Theorem of
Joachimstahl also shows that the straight lines, and the intersection of
M and each plane parallel to the plane P are lines of curvature of M.

Hence we see that cylinders and surfaces of revolution satisfy the
following condition:

(C) Around each point p € M, there exists a local orthonormal
frame {E4, E2} whose integral curves are planar lines of curvature.

In this paper, we study smooth surfaces M in the Euclidean space E3
which satisfy the condition (C). As a result, we establish some charac-
terization theorems for such surfaces. Furthermore, we give a condition
for such a surface to be a surface of revolution.

2. Slant cylinders and generalized slant cylinders

For a fixed unit speed plane curve X (s) = (z(s),y(s),0), let T'(s) =
X'(s) and N(s) = (—=/(s),2'(s),0) denote the unit tangent and principal
normal vector, respectively. The curvature k(s) of X(s) is defined by
T'(s) = k(s)N(s) and we have T'(s) x N(s) = V, where V denotes the
unit vector (0,0,1). For a constant 0, we let Y'(s) = cos N (s) +sin V.
Then the ruled surface M defined by

(2.1) F(s,t) = X(s) + tY (s)

is regular at (s,t) where 1 — cos@r(s)t does not vanish. This ruled
surface M is called a slant cylinder over X (s). For the unit normal



Surfaces with planar lines of curvature 779

vector U = —sinON (s) + cos 8V, M satisfies
<FS7Ft> = 07 <F8t7U> =0.

This shows that the coordinates lines of F' are lines of curvature of M
with corresponding principal curvatures
—k(s)sinf

(2.2) ki(s,t) = 1—/-;((5))750050’ ka(s,t) =0,
respectively. Hence F'(s,t) is a principal curvature coordinate system
of the flat slant cylinder M ([6], p. 53). Since the coordinate lines of F’
are planar, it follows that the slant cylinder M satisfies the condition
(C). The slant cylinder with sinf = 0 or cosf = 0 is nothing but a
parametrization of either a plane or a usual cylinder.

In general, we consider another unit speed plane curve W(t) = (z(t),
w(t)). If welet Ys(t) = 2(t)N(s) +w(t)V, then the parametrized surface
defined by

(2.3) H(s,t) = X(s) + Ys(t)

is regular at (s,t) where 1 —rk(s)z(t) does not vanish. This parametrized
surface M is called a generalized slant cylinder over X (s). For the unit
normal vector U(s,t) = —w'(t)N(s) + 2/(¢t)V, M satisfies

(HS) Ht> = Oa <H5t7 U> = 0.

This shows that H(s,t) is a principal curvature coordinate system of M
with corresponding principal curvatures

—r(s)w'(t)
1 —k(s)z(t)

respectively, where k(t) = 2/(t)w” (t) — 2" (t)w'(t) denotes the curvature

of W (t). It is obvious that the coordinate lines of H are planar. Hence
we see that the generalized slant cylinder also satisfies the condition (C).

If W (t) is a straight line, then the generalized slant cylinder H (s, )
is nothing but a slant cylinder. Furthermore, we prove the following.

(2.4) ki (s,t) = a(s,t) = K(t),

Proposition 1. If a plane curve X(s) is a circle, then the generalized
slant cylinder M over X (s) is a surface of revolution.

Proof. Suppose that X (s) is a circle of radius r. Then it is straight-
forward to show that for each fixed t, s curve of the generalized slant
cylinder H defined in (2.4) is a circle of radius r — z(¢) with principal nor-
mal vector N(s). Hence the s curve through H(0,t) is a circle centered
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at
C(t) = H(0,t) + {r — z(t)} N(0) = X(0) + rN(0) + w(t)V,

which parametrizes a fixed straight line [ in the direction of V. Thus M
is a surface of revolution with axis [. O

Therefore the class of generalized slant cylinders contains both the
class of slant cylinders and the class of surfaces of revolution.

3. Some characterizations

Suppose that a smooth surface M in the Euclidean space E3 satisfies
the condition (C). If we let E5 = E1 x E9, then {E1, Eo, E3} is a principal
frame field on M (][9], p. 261). For the dual 1-forms 6,02 of E;, E5 the
connection forms are given by
(3.1) wiz = G161 + g2b, w13 = k161, w3 = kabha,

where g1, go are some functions and k1, ks denote the principal curvatures
in the direction of F1, Fs, respectively. Hence the covariant derivatives
of E;(i =1,2,3) with respect to E;(j = 1,2) are given by

(32) Vg Ei=gFE+kE3, Vg E=—-g1E1,VE E3s = -k E,

(3.3)  Ve,Ei =¢Ey,VE,Fy=—gF + koF3, Vg, E3 = —kyE»,

respectively.

From the Codazzi equations we have([9], p. 262)
(3.4) Ei(k2) = (k1 — k2)g2,
(35) Eg(kil) = (kl — kg)gl.

For the Gaussian curvature K of M the second structural equation
gives([9], p. 263)

(3.6) K = kiky = Ex(g1) — E1(g2) — 91 — 65

It follows from (3.2) that the integral curves of E; are planar if and only
if
(3.7) g1E1 (k1) — k1E1(g1) = 0.
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Similarly, we see that the integral curves of Fy are planar if and only if

(3.8) 92Fa(ka) — kaE(g2) = 0.

Furthermore, for each 7 = 1,2, the integral curves of F; lie on a plane
ViL normal to V;, which is given by

_ —k1Ey + g1 F3 Vo — koEy + g2 E3
NCEY B ViR +d

unless the denominators vanish. It is obvious from the condition (C)
that

(3.9) Vi

(3.10) Ve Vi=0,i=1,2.

First of all we prove the following:
Theorem 2. A flat surface M in the Euclidean space E? satisfies the
condition (C) if and only if it is locally a slant cylinder over a plane
curve.

Proof. Suppose that a flat surface M satisfies the condition (C). We
denote by P the set of planar points and by W = M — P the set of
parabolic points. Then P is closed and W is open in M. On a connected
component Wi of W, we may assume that k1 does not vanish. Hence ko
vanishes identically on Wj. By reversing the direction of E; if necessary,
we may assume that k; > 0. Hence (3.4) shows that g = 0. Thus it
follows from (3.3) that the Fy curve through a point p € W is an open
segment of a straight line, which parametrizes a unique asymptotic line
segment through p. Using (3.7), we see that g1 = h1k; for a function h;
satisfying E1(h1) = 0. Therefore we get from (3.5) and (3.6) that

91 = Bx(q1) = g5 + Eo(hn)ka,

which shows that h; is a constant c, that is, g1 = ck;. Thus we obtain
from (3.9) that

i —E2+CE3
Vite?

Since g2 = k2 = 0, (3.3) and (3.10) show that V; is a constant vector.
Hence every Ej curve lies in a plane Vﬁ.

We now prove Theorem 2 in the following procedures.
Step 1. Let ¢(p) be the maximal asymptotic line segment through a
point p € W. Then we have ¢(p) C W.

(3.11) Vi
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Proof. We parametrize ¢(p) by p + tEs(p). Since g; = cky, it follows
from (3.5) that % = cki. Hence we have ki (t) = 1,
vanish along ¢(p). This completes the proof. O

which cannot

For a point p in the boundary bd(WW) of the set W, we prove the
following.
Step 2. Let p € bd(W) C M. Then through p there passes a unique
open segment of straight line {(p) C M. Furthermore, ¢(p) C bd(W),
that is, bd(WW') consists of open segments of asymptotic lines.

Proof. Let p € bd(W). On a neighborhood O around p, let {Ey, Es}
be a principal orthonormal frame on O with principal curvatures k1, ko,
respectively, which appears in the condition (C). On O N W the Gauss-
ian curvature kjke vanishes everywhere, but k1 and ko does not vanish
simultaneously. Since p is a limit point of W, it is possible to choose a
sequence {p,} in O N W which converges to p as n — 0.

Without loss of generality, we may assume that there exists such
a sequence {p,} as above with ki(p,) # 0,n = 1,2,---. Then in a
neighborhood of p,, ky vanishes identically. Put ¢ : (=d1,61) x U — O
be the unique trajectory of Ey with ¢(0,¢) = ¢ in a neighborhood U
of p. Then ¢(t,py) is nothing but a parametrization of the asymptotic
line segment ¢(p,) through p,. This shows that Vg, Ea2(¢p(t,pn)) = 0
for each n = 1,2,--- and |t| < 0;. By letting n — oo, we see that
Vi, Ea(p(t,p)) = 0 for all ¢ with [¢t| < ;. Thus ¢(t, p) is an asymptotic
line segment through p in the direction of Es.

Suppose that there exists another sequence {g,} in O N W with
ka(qn) # 0,m = 1,2,---, which converges to p as n — oo. Then, as
before, we see that the unique trajectory ¥(t,q,) of Ey, |t| < d2, con-
verges to a line segment (¢, p) through p. For sufficiently large n, the
line segment ¢(t, p, ) through p,, should meet the line segment (¢, p) at a
point ¢ in O. This is a contradiction, because Step 1 shows that ¢(t, p,,)
and v (t,p) belong to the sets W and P, respectively. This contradic-
tion shows that for a sufficiently small neighborhood O of p, ki does
not vanish on O N W and the integral curve ¢(¢,p) of Eo is the unique
asymptotic line segment through p, which we will denote by ¢(p).

Next, we assert that every point of £(p) on M is a boundary point of
W. In fact, if ¢ € ¢(p), there exists a sequence g, = ¢(t,p,) in W with
pn — P, and hence ¢, — ¢ as n — oco. Thus ¢ belongs to the closure of
W. Assume that ¢ does not belong to bd(W). Then ¢ € W. Since £(p)
is the unique asymptotic line segment through ¢ € W, we get p € W,
which is a contradiction. O
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Note that each connected component of int(P) is an open part of a
plane.

Now we give a proof of Theorem 2. It suffices to show that the
theorem holds in a neighborhood of a point p € bd(W). Let p be a
point in the boundary of W, and {Fj, E2} an orthonormal frame in a
neighborhood of p as in the proof of Step 2. Without loss of generality,
we may assume that the line segment £(p) is in the direction of F5. Then
the proof of Step 2 shows that there exists a neighborhood O of p such
that Vg, Es = 0 and ki does not vanish on O N W. It follows from
the condition (C) that for the constant vector V; in (3.11), every Ej
curve on O N int(P) parametrizes an open segment of the straight line
Vit Nint(P) which is orthogonal to £(p). Every E curve on O Nint(P)
is also an open segment of a straight line which is parallel to ¢(p).

Let X(s) denote an Ej curve through p which lies in the plane Vi*
and N(s) = Vi x Ej(s) the principal normal. It follows from Theorem
of Joachimstahl that (E3, V1) is constant along X (s), hence we have for
a constant 6, Ea(s) = cosON(s) + sinfV;. Hence O is an open part of
the following slant cylinder:

F(s,t) = X(s) 4+ tEa(s).
This completes the proof of Theorem 2. O

Example 1 in ([4], p.409) describes a flat surface which satisfies the
condition (C). It is locally(but not globally) an open part of a slant
cylinder.

Now, suppose that a non-flat surface M satisfies the condition (C).
Then by reversing the unit vector Ej(hence F3 = E; x Fs is also re-
versed) if necessary, we may assume that k1 > 0, ks # 0. It follows from
(3.7) and (3.8) that

We prove the following :

Theorem 3 Suppose that a non-flat surface M satisfies the condition
(C). Then every Ey curve is a geodesic(that is, go = 0) if and only if it
is a generalized slant cylinder over an F; curve. In either case, we have

(3.13) Eo(hy) = (1 + h3)ks.

Proof. Suppose that go vanishes identically on M. Then from (3.3)
we get

(3.14) Vi, B1 =0,V Ey = koFs, Vi, By = —kyEs,
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Furthermore, (3.13) follows from (3.5), (3.6) and (3.12). Since M is
non-flat, it follows from (3.9) that

_ —Ey+MhE;3
V/1+ hi
which shows that V7, V5 are orthogonal to each other. By differentiating
V1 in (3.15) with respect to Eb, (3.14) shows that
(1+h)*?V 5, Vi =ga(1+ W) Er + ha{Ea(ln) — (1 + hi)k2} En
+{Ea(h1) — (1 + hi)k2} Es.
Together with (3.10), (3.13) and (3.16) show that V; is a constant vector.
We denote by X(s) an Ej curve. Then X(s) lies on a plane Vit
perpendicular to V3 and N(s) = Vi x FEj(s) is the principal normal
to X(s). Note that for each s, the Ey curve through X (s) lies in the

plane V-, Since Vi~ is orthogonal to Va(s) = Fj(s), it is spanned by
{N(s),V1}. Thus we see that

(3.17) H(s,t) = X(s) + 2(s,t)N(s) + w(s, )1

(3.15) Wi , Vo= Ejy,

(3.16)

is a parametrization of the surface M, where z(s,t) and w(s,t) are some
functions which satisfy

(3.18) 2(s,0) = w(s,0) = 0,2 + w = 1.

Now we show that z(s,t),w(s,t) can be chosen so that they depend
only on t. For this purpose, first of all we assert that for any (so, o),
we(so,to) # 0. Otherwise, differentiating the last equation in (3.18) with
respect to t, we have z,(sg,t9) = 0. Hence we get at (so, to)

(3.19) koE3 = Vg, Ey = Hy = wy Vi,

where the first equality follows from (3.14). Since M is non-flat, k2(so, o)
# 0. Thus (3.19) shows that

Vi = £E35(s0, to),
which contradicts to (3.15). This contradiction implies that wy(sg, tg) #
0.

Note that the E; curve through H(sp,tp) is contained in the plane
Vit through H(so,to). Hence it follows from (3.17) that the Ej curve is
contained in the set {H(s,t)|w(s,t) = w(sp,t0)}. Since wy(so,to) # 0,
we see that

(3.20) Xio(s) = H(s, f(s)),
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is a reparametrization of the E; curve through H(so,tp), where f(s)
satisfies

(3.21) f(s0) = to,w(s, f(s)) = w(so, to).
By differentiating (3.20) with respect to s, (3.17) and (3.21) show that

(3:22)  Xj (s) ={1—k(s)z(s, f(5))} Er(s) + {d%Z(S, f(s))}N(s).

On the other hand, it follows from (3.20) that X (s) is proportional to
E1(s, f(s)). Furthermore, the first equation in (3.14) shows that E; is
parallel along t—curve of H so that we have Ei(s, f(s)) = Ei(s,0) =
E1(s). Hence it follows from (3.21) and (3.22) that

(3.23) z(s, f(s)) = z(so0, to).
Thus we have

oy Xal9) =X e SEING) +uls, SV
’ = X(s) + 2(s0,to) N (s) + w(so, to) V4,

where the second equality follows from (3.21) and (3.23). Since t¢ is

arbitrary, if we let z(t) = z(so,t), w(t) = w(so,t), then (3.24) implies

that

H(s,t) = X(s) 4+ z(t)N(s) + w(t)V1

is a reparametrization of M. This shows that M is a generalized slant
cylinder over an E; curve X(s).

Finally, suppose that M is a generalized slant cylinder over an F;
curve X (s) of which parametrization H(s,t) is given in (2.3). Then
every Fs curve is a t—curve of H. Since Hy is orthogonal to H; and Hg,
every t curve of H is a geodesic of M, that is, g» vanishes identically.
Together with (3.16), constancy of V' = Vj shows that (3.13) holds. This
completes the proof. O

There exist surfaces in the Euclidean space E? which satisfy the con-
dition (C), but not an open part of a generalized slant cylinder. For
example, the Enneper’s minimal surface and the family of associated
Bonnet surfaces are cases of these kinds([1], [3], [8]).
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4. Linear Weingarten surfaces with planar lines of curva-
ture

Suppose that a non-flat and non-minimal linear Weingarten surface
M in the Euclidean space [E? satisfies the condition (C). Hence we have
ko = aki+b, k1 # 0, ky # 0, where a, b are constant with (a+1)?+b% # 0
and a® + b? # 0. Furthermore we assume that A/ has no umbilic points,
that is, k1 # ko. By reversing the unit vector Ej(hence E3 = E; X Es is
also reversed) if necessary, we assume that k; > 0.

From (3.4), (3.5) and (3.6) we obtain

(41) CLEl(]Cl) = {(1 — a)k:l — b}gg,
(4.2) Eg(k‘l) = {(1 — a)kl — b}gl,
(4.3) k1(aky +b) = Ea(g1) — Er(g2) — 9§ — g5.

By differentiating (4.1) and (4.2) with respect to E2, F1, respectively,
we obtain

(4.4) aBaEy (k1) = (1 —a){(1 —a)ks —b}g1g2 + {(1 — a)k1 — b} E2(g2),

(4.5) aE1Ea(k1) = (1—a){(1 —a)k1 —b}g192 +a{(1 —a)ki —b}E1(g1).
On the other hand, from (3.2), (3.3), (4.1) and (4.2) we have
a{EyFE1 (k1) — E1E2(k1)} =a{V g, E1(k1) — Vg, Ea(k1)}
=a{g2E2(k1) + g1 E1 (k1) }
=(a+ 1){(1 — a)ki — b}g192.
Hence (4.4) and (4.5) show that

(4.6) Es(g2) — aFE1(g1) = (a + 1)g192.

1) First, we consider the case a # 0. It follows from (3.12) that g; =
hik1, g2 = ho(aki+b) for some functions satisfying Ey(hy) = FEa(ha) = 0.
Substituting these into (4.6), we get

(4.7) hihg{a(a + 1)k? + 2bk; — b*} = 0.

Suppose that hihs # 0 on an open set W. Then (4.7) shows that k;
is a root of a nontrivial polynomial of degree 1 or 2. Hence kq(and
hence k9)is constant. This shows that W is an open part of either
a circular cylinder(flat) or a sphere(umbilic)([C]), which contradicts to
the hypotheses. Thus hjhs(hence g1g2) vanishes identically on M.
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Since M is non-flat, (4.3) shows that g1, g2 cannot vanish simultane-
ously on an open set. Hence we may assume that Wy = {p € M|g1(p) #
0} is nonempty. Since gy vanishes identically on Wj, Theorem 3 shows
that W is a generalized slant cylinder over an E; curve X (s). It follows
from (4.1) and (4.6) that

(4.8) El(kl) = E1 (gl) =0.

Since X" (s) = Vg, E1 = g1 F2 + k1 F3, (4.8) shows that the plane curve
X (s) has nonzero constant curvature y/k? + g7. Hence X (s) is a circle.
It follows from Proposition 1 that W7 is a surface of revolution and each

parallel(that is, Ey curve) on W lies on a plane Vf‘, where V) is given
by

_ —Ey+hE3

4.9 Vi =
(4.9) Y

It follows from (4.8) that g; is constant on each parallel. Hence the
closure Wy of Wy C M has boundary bd(W1)(if any) consisting of open
segments of parallels which lie on some planes VIL.

Now suppose that Wy = {p € M|g2(p) # 0} is nonempty. Then, as
before, it follows from Proposition 1 and Theorem 3 that W5 is a surface
of revolution and each parallel(that is, F5 curve) on W» lies on a plane
Vst where V3 is given by

_ —FE1 +heEs

4.10 Vy =
(4.10) 2 V1+h3

For a point p € bd(W3), the parallel C(p) through p on Wy is also a
parallel on Wy. This implies that C(p) lies on both Vi and V-, which
shows that V; is parallel to V2. But from (4.9) and (4.10) we see that
V1 cannot be parallel to V. This contradiction shows that Ws is empty,
and hence M is a surface of revolution.

2) Finally, we consider the case a = 0. Then we have ko = b(# 0).
Hence, (3.4) shows that g2 vanishes identically. It follows from (3.3) that
every Ey curve Y (t) is a circle of radius 1/|b|. Thus Theorem 3 shows
that M is a tube along an Ej curve X (s).



788 Dong-Soo Kim! and Young Ho Kim?

5. Weingarten surfaces with planar lines of curvature

Suppose that a non-flat surface M satisfying the condition (C) also
satisfies the Weingarten condition:

(W) ko = f(k1),

for some polynomial function f(z) of degree n(> 2) in x. Furthermore
we assume that M has no umbilic points. As in Section 4, we may
assume that k = k; > 0. From (3.4), (3.5) and (3.6) we obtain

(5.1) f(F)EL(k) = {k — f(k)}g2,
(5.2) Ea(k) = {k — f(k)}a1,
(5.3) kf(k) = Ex(g1) — E1(g2) — g7 — 95-

By differentiating (5.1) and (5.2) with respect to Fa, Eq, respectively,

we obtain
(5.4) f'(k){E2Er(k) — E1Ea(K)}

={k — f(R)H—1"(k)Er(k) g1 + E2(g2) — f'(k)E1(g1)}-
On the other hand, from (3.2), (3.3), (5.1) and (5.2) we have

f'(R{E2E1(k) — E1Ea(k)} = (k){VE, B1(k) — Vi, Ea(k)}
(5.5) =f'(k){g2E2(k) + g1 E1(k)}
={f'(k) + 1}{k — f(k)}g192.

Hence (5.4) and (5.5) show that

(5.6) Es(g2) — f'(k)E1(g1) = f"(k)E1(k)gr + {f'(k) + 1} 9192
It follows from (3.12) that g1 = hik, g2 = haf(k) for some functions
hi and hg satisfying F4(h1) = E2(he) = 0. Substituting these into (5.6),
we get
(5.7)
haha[{k — fR)HS" (R)Ef (k) — ' (k)*k + f(k)} + {f' (k) + 1}k f (k)] = 0.
Suppose that hjhy # 0 on an open set W. Then (5.7) shows that
k = ki is a root of some nontrivial polynomial of degree 3n — 1. Hence
k = ki (and hence ks )is constant there. Thus W is an open part of either
a circular cylinder(flat) or a sphere(umbilic)([2]). This contradiction
shows that hjho(and hence g;g2) vanishes identically on M. Hence we
can proceed as in Section 4 to conclude that M is a surface of revolution.
Summarizing the results in Section 4 and 5, we establish the following.
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Theorem 4 Let M be a non-flat and non-minimal surface without um-
bilic points which satisfies the condition (C). Suppose that M is a Wein-
garten surface with

(W) ko = f(k1),

where f is a polynomial of degree n(> 1). Then M is a surface of
revolution.

It is well-known that every surface of revolution is a Weingarten sur-
face ([7], pp. 91-92). According to H. Hopf([5]), surfaces of revolution
satisfying ko = aki(a € R) are classified in ([7], pp. 92-93).

References

[1] R. L. Bryant, Surfaces of mean curvature one in hyperbolic space, Théorie
des variétés minimales et applications (Palaiseau, 1983-1984), Astérisque 154-
155(1987), 321-347.

[2] B. -Y. Chen, Geometry of submanifolds, Pure and Applied Mathematics, No.
22, Marcel Dekker Inc., New York, 1973.

[3] G. Darboux, Lecons sur la théorie générale des surfaces I, II, Editions Jacques
Gabay, Sceaux, 1993.

[4] M. P. do Carmo, Differential geometry of curves and surfaces, Prentice-Hall,
Englewood Cliffs, NJ., 1976.

[5] H. Hopf, Uber Flachen mit einer Relation zwischen den Hauptkrummungen,
Math. Nachr. 4(1951), 232-249.

[6] W. Klingenberg, A course in differential geometry, Springer-Verlag, New York
Inc., 1983.

[7] W. Kiihnel, Differential geometry: curves-surfaces-manifolds, Student Mathe-
matical Library, 16, Amer. Math. Soc., Providence, RI., 2002.

[8] J. C. C. Nitsche, Lectures on minimal surfaces. Vol. 1. Introduction, fundamen-
tals, geometry and basic boundary value problems. Translated from the German
by Jerry M. Feinberg, Cambridge University Press, Cambridge, 1989.

[9] B. O’Neill, Elementary differential geometry(2nd ed.), Academic Press, San
Diego, CA., 1997.

[10] M. Spivak, A comprehensive introduction to differential geometry Vol. III, Pub-
lish or Perish Inc., Wilmington, Del., 1979.

Department of Mathematics,

Chonnam National University,

Kwangju 500-757, Korea

E-mail: dosokim@chonnam.chonnam.ac.kr



790 Dong-Soo Kim! and Young Ho Kim?

Department of Mathematics,
Kyungpook National University,
Taegu 702-701, Korea

E-mail: yhkim@knu.ac.kr



