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PEBBLING EXPONENTS OF PATHS

JU Young KIM AND SUN AH KM

Abstract. A pebbling move on a connected graph G is taking two
pebbles off of one vertex and placing one of them on an adjacent
vertex. For a connected graph G, G (p > 1) is the graph obtained
from G by adding the edges (u,v) to G whenever 2 < dist(u,v) <p
in G. And the pebbling exponent of a graph G to be the least power
of p such that the pebbling number of G” is equal to the number of
vertices of G. We compute the pebbling number of fourth power of
paths so that the pebbling exponents of some paths are calculated.

I. Introduction

Pebbling in graphs was first considered by Chung[1]. Consider a con-
nected graph with a fixed number of pebbles distributed on its vertices.
A pebbling move consists of removing two pebbles from one vertex u
and then placing one pebble at an adjacent vertex v. We say that we
can pebble to a vertex v, the target vertex, if we can apply pebbling
moves repeatedly so that it is possible to reach a configuration with at
least one pebble at v. The pebbling number of a vertex v for a graph G,
denoted by f(G,v), is the smallest integer m which guarantees that any
starting pebble configuration with m pebbles allows pebbling to v. And
the pebbling number of G, denoted by f(G), as the maximum of f(G,v),
over all vertices v.

A graph G is called demonic if f(G) is equal to the number of its
vertices. If one pebble is placed on each vertex other than the vertex
v, then no pebble can be moved to v. Also, if w is at distance d from
v, and 2¢ — 1 pebbles are placed on w, then no pebble can be moved
to v. So it is clear [1] that f(G) > maz{|V(G)|,2"}, where |V (G)|
is the number of the vertices of G and D is the diameter of G. Let
G = (V(G),E(G)) be a connected graph. Then GP (p > 1) (the pth
power of 3) is the graph obtained from G by adding the edges (u,v) to
G whenever 2 < dist(u,v) < p in G. Hence G? = (V(G), E(G) U F(Q))
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where F(G) = {(u,v) : 2 < dist(u,v) <pin G}. f p=1,G' =G. In
[5], they proved f(Pary,2) = 2k +r where o <7 < 1. Let [V(G)| = n.
We know that if p is large enough (i.e., p > n — 1) then G? = K,.

In [6], the pebbling exponent of a graph G (denoted by e(G)) is defined
to be the least power of p such that f(GP) = |V (G)|.

In section 2, we calculate the pebbling number of the fourth power
of paths. Using the results in section 2, we give the pebbling exponent
of some paths in section 3.

2. The pebbling number of fourth power of P,

In [6], f(P,?) was calculated but the proof is too long. So that result
was reproved by more simple method in [7]. It is known that the pebbling
number f(P,) of the path P, with n vertices is 27! [1]. p(v) will denote
the number of pebbles at vertex v.

In [7], the following two lemmas were used to calculate f(P,?) and

F(P?).

Lemma 1. [7] Let P,? = z123 - - - 12, with n > 7. If p(z) is even
for each vertex x of the graph P,?, then 2l pebbles are sufficient to
pebble x1 or x,.

Lemma 2. [7] Let P,3 = x1---x, with n > 8. If p(z) is even for
each vertex = of P,3, then ol 51 pebbles are sufficient to pebble z1 or
Tp.

Similarly we can get the following lemma 3.

Lemma 3. Let P,* = 1 -z, with n > 2k > 8. If p(z;) is even for
each vertex x; of P,*, then ol 51 pebbles are sufficient to pebble x1 or
T

Proof. Let P,* = xy29---2, with 8 < 2k < n, p(z;) be even
for z;. Place ol 51 pebbles on P,*. By symmetry, we assume that
v = 21. Let p(z1) = 0. If [21] = ¢, we can write P,* as P,* =
TOk+1T0k+2 *** TIkT1h+1 " * T1k+kT2k+1 " T(1—1)kT(t—1)k+1 " * Tn Where (t—
1)k+1 < n < tk+1. By moving as many pebbles as possible from each
Tiktr 2 <17 < k+1) to xjpqq for j = 0,1,---,(t — 1), there can
be at least 2/~! pebbles at the vertices zopy121 S X1kl Slnce
TOk+1T1k+1 " " T(t—1)k+1 15 isomorphic to P and f(F) = 211 we can
put a pebble at x7.

Theorem 4. [6] f(Poryr2) =2 +7r when 0 < r < 1.
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Theorem 5. [7] f(P,3) =nif 1 <n < 7. Forn > 8,
2l5) 41 if n=0 (mod 3)

fPA =425 42 if n=1 (mod3)

ol51H1 if n=2 (mod 3)

Above two theorems can be restated as followings.
Theorem 4'. f(P,?) = 2" 1 47 when 0<r<1

Theorem 5'. f(Pf)zQWTfW +7 when 0<r <2
n>8 and n—2=r (mod 3)

First, we note that f(Pn4) =n for 1 <n < 13. The reason for that is
as follows. We proceed by induction on n. Clearly, the result is correct
if 1 < n < 5. Suppose that for all n’ with 5 < n’ < n < 13 we have
f(Py*) =n/. We will show that f(P,*) = n. Place n pebbles at the
vertices of P,* = x129 - 1, (the edges between x; and x;4 are implied
for (1 < i < 9) and assume first that v # x; or x,. Let v = z; with
2 <i<mn—1. We see that if the subgraph z; ---z; = P;* contains at
least ¢ pebbles and so we are done by induction. Otherwise the subgraph
T2y, = P,_;_1* contains at least (n — i — 1) pebbles and so we are
done by induction. Therefore, we may assume that v = x; or z,. By
symmetry, we may assume that v = x1. Suppose that ¥2_,p(z;) > 1.
Let p(x;) > 1 for some 2 < i < 5. Then we can put one more pebble at x;
by using the remaining (n—1) pebbles on the subgraph z - - -, = P,,_14
by induction. Since dist(z1,x;) = 1, we are done by moving a pebble
at z1 from z;. Otherwise ¥?_,p(z;) = 0. Then %I ¢p(z;) = n. For
6 < n <9 there are at least two pairs on the subgraph x¢ - - - x,,. Using
these two pairs on that subgraph we can put two pebbles at x5 and so
we are done because dist(x1,z5) = 1. For 10 < n < 13 the subgraph
Tg- - - Ty contains at least 4 pairs which are used to put two pebbles at
r5. And we are done.

Next, we show that f(Py?) = 24, f(Pi5?) =24 +1, f(Pi?) =2 +2
and f(P7%) =2 +3.

(a) We show that f(Pyy?) = 2%,

First, we will show that f(P144) > 24, Let P144 = T1T2 - T14 (the
edges between x; and ;44 are implied for 1 < ¢ < 10) and place
(24 — 1) pebbles at x14. Then no pebble can be moved to x; be-
cause dist(ry,214) = 4, therefore f(Pyu*) > 2% Place 2% pebbles at
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the vertices of Piy* = z129 - - 214. By symmetry, we may assume that
our target vertex is v = x1,29, - ,xs, or zg. If ¥9_p(x;) > 9, then
we are done because the subgraph z1---xg is isomorphic to Py* and
f(PyY) =9. If ©2_ p(x;) = 8, then E}ilop(xj) = 8. By moving as many
pebbles as possible from z1g, 211, - ,T13 or x14 to xg, we see that the
subgraph z; - - - 29 = Py? contains at least 9 pebbles. So we are done. If
¥ _p(z;) <7, then E}ilop(wj) > 9 and there are at least 4 pairs on the
subgraph xg - - - 214 = Ps*. By Lemma 3, We can put 4 pebbles at zg by
moving 4 pairs on the subgraph xg-- 214 = Ps* to z9. So we are done
because dist(zy,z9) < 2 for 1 <k <9.

(b) We show that f(P15%) = 2%+ 1.

First, we will show that f(P154) > 2441, Let P154 = X1x2 - I15 (the
edges between z; and z;,4 are implied for 1 < i < 11) and place (2* —1)
pebbles at x15 and one pebble at x14. Then no pebble can be moved
to z1. Place (2* + 1) pebbles at the vertices of Pis* = x129---215. By
symmetry, we may assume that our target vertexisv = x1,x3,--- , g, or
zg. If 29_ p(z;) > 9, then we are done because the subgraph z; - - - zg is
isomorphic to Py* and f(Py*) = 9. If ©2_ p(z;) = 8, then Ejlilp(a:j) =9.
By moving as many pebbles as possible from x1g, - , 214 or z15 to xg,
we see that the subgraph z - - - 9 = Py* contains at least 9 pebbles and
we are done. If X9_ p(z;) < 7, then E}ilop(%’) > 10 and there are at
least 4 pairs on the subgraph zg - - - 215 = P;*. By Lemma 3, we can put
4 pebbles at 9 by moving 4 pairs on the subgraph zg - -- 215 = Pr*. So
we are done because dist(rg,xg) <2 for 1 <k <9.

(c) The proof of f(Pig?) =2+ 2 or f(Pi7*) = 2* + 3 are similar to
those of f(P4?) = 2% or f(Pi5%) =24 + 1.

Theorem 6. For n > 14, f(Pn4) — ol*3'] + 7 where 0 < r < 3 and
n—2=r (mod 4).

Proof. First, we will show that f(P,*) > 2" Tl 4 3forn—2=3
(mod 4). Let P,* = zyxo---z, (the edges between z; and x;,4 are
implied for 1 < i <n —4) and place (2[%1] — 1) pebbles at z,, and one
pebble at each x; with j =n —3,n —2, and n — 1. It is easy to see that
a pebble can not be moved to x1, therefore f(P,*) > ol "7 1 4 3.

Since the diameter of P,* is [272] for n — 2 = 0 (mod 4), we have
F(PY) > 2l
Similarly, f(P,%) > o' T yrforn—2=r (mod 4), r =1 or 2.
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We proceed by induction on n. We have already showed that our
theorem is correct if n=14, 15, 16, or 17.

Case (a) r = 0.

Suppose that for all n’ with n’ < n and n’ —2 =0 (mod 4) we have
F(Pu) = 271, We will show that f(P,4) = 2/"7']. Let n = 41 + 2
for some | > 4. Then [272] = [ + 1. Place 2[717_1](: 2+1) pebbles at
the vertices of P,* = z129 - - - z,,. Let v be the target vertex. Then there
are the following three possible cases (a.1), (a.2) and (a.3).

(a.l) v # X1, , T4, Tp—3,"** ,Tp_1 O Tp.

Let P4 be the subgraph x5 - - - x,, and P be the subgraph x1 - - - x,,_4.
Then both P4 and Pg are isomorphic to P,_4*. It is easy to see that Py

or Pp contains at least 2[%] pebbles. By induction we are done.

(a.2) v =1 or Ty,

By symmetry we assume that v = z1. Suppose that E?ZQp(xi) = 0.
Then there are 21 pebbles on the subgraph xs - - - ,, which is isomor-
phic to P,_4*. By induction we can put two pebbles at x5 using 2 - 2!
pebbles on the subgraph zs---x,. Because dist(x1,x4) = 1, we are
done. Otherwise X} ,p(z;) > 1. Let j = mino<;<5{é | p(x;) > 1}. For
p(x;) > 2, we are done. Let p(z;) = 1. Then there are 2/~ pairs on
(=gt > 9l = 9. 91-1, By using
these 2!~! pairs on that subgraph we can put one more pebble at x; and
we are done.

(a.3) v = x9, X3, T4, Tp_3, Tp_2, OT Tp_1.

By symmetry we assume that v = x, for 2 < k < 4. If p(z1) > 2,
then we can put a pebble at xj because dist(x1,xr) = 1. Otherwise
p(z1) <1 and then X7 _pp(x;) > 271 — 1. Since (2! —1) — (n — 1) =
(241 —1) — (4l +1) = 241 — 41 — 2 > 2!71 for | > 4, there are 272 pairs
on the subgraph zs - -+, = P,_;*. By Lemma 3, we can ;()ut )a pebble
=

the subgraph z; - - - x,, because

at zj by using 2/=2 pairs on the subgraph zs - - - z,, with ol

Case (b) r=L1.

Suppose that for all n’ with n’ < n and n’ —2 = 1 (mod 4) we
have f(P,*) = ol ™71 + 1. We will show that f(P,*) = 2" 1 + 1. Let
n = 4143 for some [ > 4. Then [21] = [+1. Place 2[7%1]—1—1(: 2+111)
pebbles at the vertices of P,* = z129- - - x,. Let v be the target vertex.
Then there are the following three possible cases (b.1), (b.2) and (b.3).

(b.1) v#x1, -+ ,T4,Tp-3,  * ,Tp—1 O Tp.

This case can be proved by the same way to (a.l).

(b.2) v =21 or .
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By symmetry we assume that v = z;. Suppose that X ,p(z;) = 0.
Then there are (2! + 1) pebbles on the subgraph x5 - - -z, which is
isomorphic to P, _4*. Since (2171 4+1)—(n—4) = (21T 1 4+1)— (4l —1) > 2!
for | > 4, there are 2/=! pairs on the subgraph x5 - - - z,, and so we can put
a pebble at x5 using these 2! =1 pairs on that subgraph with (%} =1
by Lemma 3. And we put one more pebble at x5 using the remaining
(Ql + 1) pebbles on the subgraph x5 - -z, = P,_,;* by induction. Since
dist(x1,z5) = 1, we can put a pebble at x.

(b.3) v = x2,x3, T4, Tp—2, Tn_1, O Tp.

By symmetry we assume that v = x for 2 < k < 4. If p(z1) > 2,
then we can put a pebble at zj because of dist(x1,x) = 1. Otherwise
p(z1) < 1. Then there are at least 21+1 pebbles on the subgraph s - - -z,
which is isomorphic to P,_1*. Then by Case (a) we can put a pebble at
T

Case (c) r = 2.

Suppose that for all n’ with n’ < n and n’ — 2 = 2 (mod 4) we
have f(P,*) = ol ™51 + 2. We will show that f(P,*) = 2" 1 4+ 2. Let
n = 4144 for some [ > 4. Then [21] = [+1. Place 2l 1 o(= 2+14.2)
pebbles at the vertices of P,* = z129- - x,. Let v be the target vertex.
Then there are the following three possible cases (c.1), (¢.2) and (c.3).

(cl)v#x, -+ ,T4,Tn-3, " ,Tp—1 OT Tp.

This case can be proved by the same way to (a.1)

(c.2) v =11 or .

By symmetry we assume that v = z1. If E?‘:Qp(l'i) = 0, then there
are (2l+1 + 2) pebbles on the subgraph x5 - - - x,, which is isomorphic to
P,_4* Since (274! +2) — (n —4) > 2! for [ > 4, there are 2!~! pairs
on the subgraph x5 - - - x, and so we can put a pebble at x5 using these
2/=1 pairs on that subgraph with [%} = [ by Lemma 3. And we
put one more pebble at x5 using the remaining (2! + 2) pebbles on the
subgraph z5 - - - x, = P,_4* by induction. Since dist(x1,z5) = 1, we can
put a pebble at x7.

(c.3) v = x2,23, T4, Tpn—3, Tn—2, O Tp_1.

By symmetry we assume that v = x for 2 < k < 4. If E;’:lp(a:j) >4,
then we are done. Otherwise E?zlp(mj) < 3 and X7 _sp(z;) > (21 +
2) — 3(= 2+ — 1). Since (ww > 2! for [ > 4, there are

2!=1 pairs on the subgraph zs - - -z, = P,_4* with [%} = and so
we can put a pebble at x5 using these 2/~1 pairs on that subgraph by

Lemma 3. And we can put one more pebble at x5 using the remaining
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(2l + 2) pebbles on the subgraph x5 - - -z, = P,_,* by induction. Since
dist(zy,z5) = 1 for 2 < k < 4, we are done.

Case (d) r = 3.

The proof is similar to Case(c).

3. The exponents of Paths
Using Theorem 6 we can get the following Theorem 7.

Theorem 7.

2 if n<6

3 if 7T<n<10
4 if 11<n<13
5 if 14<n<21

For 2 < k < n, consider the set

E:{k:|2(nT71]+r§n where 0<r<k-—1
and n—2=r (mod k)}

Conjecture. ¢(P,) = minkE.
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