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INTERVAL-VALUED FUZZY IRRESOLUTE MAPPINGS
ON INTERVAL-VALUED FUZZY TOPOLOGICAL
SPACES

WoN KEUN MIN AND MYEONG HwAN KiMm

Abstract. We introduce the concepts of IVF irresolute mappings
and IVF irresolute open mappings, and investigate characteriza-
tions for such mappings on the interval-valued fuzzy topological
spaces.

1. Introduction

Zadeh [4] introduced the concept of fuzzy set and investigated basic
properties. Gorzalczany [1] introduced the concept of interval-valued
fuzzy set which is a generalization of fuzzy sets. In [3], Mondal and
Samanta introduced the concepts of interval-valued fuzzy topology, con-
tinuity and compactness and studied some topological properties. In
[2], Jun et al. introduced the concepts of IVF semiopen sets and IVF
semiopen mappings and studied some results about them.

In this paper, we introduce the concepts of IVF irresolute mappings
and IVF irresolute open mappings, and investigate characterizations for
such mappings.

2. Preliminaries

Let DJ0, 1] be the set of all closed subintervals of the interval [0, 1].
The elements of DI0, 1] are generally denoted by capital letters M, N, - - -
and note that M = [M*, MY], where M* and MY are the lower and the
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upper end points respectively. Especially, we denote 0 = [0,0],1 = [1, 1],
and a = [a,a] for a € (0,1). We also note that

(1) (YM,N € D[0,1])(M = N & M* = N, MU = NY).

(2) (VM,N € D[0,1))(M < N & M < Nt MY < NY).

For every M € DJ0,1], the complement of M, denoted by M€, is
defined by M¢=1—M = [1 — MY 1~ M¥*]. Let X be a nonempty set.
A mapping A : X — D[0, 1] is called an interval-valued fuzzy set (simply,
IVF set) in X. For each x € X, A(x) is a closed interval whose lower
and upper end points are denoted by A(z)” and A(x)Y, respectively.
For any [a,b] € D[0, 1], the IVF set whose value is the interval [a, b] for
all x € X is denoted by [a,b]. In particular, for any ¢ € [a,b], the IVF
set whose value is ¢ = [¢, ¢] for all x X is denoted by simply ¢. For a
point p € X and for [a,b] € DI[0,1] with b > 0, the IVF set which takes
the value [a,b] at p and O elsewhere in X is called an interval-valued
fuzzy point (simply, IVF point) and is denoted by [a, b],. In particular,
if b = a, then it is also denoted by a,. Denoted by DX the set of all IVF

sets in X.
For every A, B € DX, we define

A=B & (Vo € X)([A(2)]" = [B(2)]" and [A(2)]” = [B(z)]"),
ACB & (Vo e X)([A(x)] C [B(z)]* and [A(2)]Y C |
The complement A€ of A is defined by
4@ = 1— [A@)]Y and [A@)]V =1~ [A(2)]*
for all x € X.

For a family of IVF sets {A4; : i € J} where J is an index set, the
union G = U;cjA4; and F = N;cjA; are defined by

(Vo € X) ([G(2)]" = sup;e s[Ai(@)]", [G(2)]Y = supe s [Ai(2)]Y),

(Vo € X) ([F(z)]* = infies[Ai(2)]5, [F(2)]Y = infics[A:i(2)]Y), re-
spectively.

%
&
S

Let f: X — Y be a mapping and let A be an IVF set in X. Then
the image of A under f, denoted by f(A), is defined as follows

[F(A) ()] = { SUP )=y [A(@)]F, I [N y) #0, yeY

0, otherwise ,

[F(A))Y = { SUD )=y [A(@)]V, i TN (y) #0, y €Y

0, otherwise ,
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forally €Y.

Let B be an IVF set in Y. Then the inverse image of B under f,
denoted by f~!(B), is defined as follows

(Vo € X)(IFH(B)@)]" = [B(f @)™ [F1(B)(@)]” = [B(f(2))]").

Definition 2.1 ([3]). A family 7 of IVF sets in X is called an
interval-valued fuzzy topology (simply, IVFT) on X if it satisfies:

(1) 0,1 €.

(2) AABet=ANBeT.

(3) Forie J, A; € 7= UjcjA; € 7.

Every member of 7 is called an IVF open set. An IVF set A is called
an IVF closed set if the complement of A is an IVF open set. And (X, 1)
is called an interval-valued fuzzy topological space (simply, IVFTS).

In an IVFTS (X, 7), for an IVF set A in X, the IVF closure and the
IVF interior of A, denoted by cl(A) and int(A), respectively, are defined
as

cl(A)=n{B e DX :B°c7and AC B},

int(A) =U{B € DX : Ber and B C A},
respectively [3].

Definition 2.2 ([2]). Let A be an IVF set in an IVFTS (X, 7). Then
A is said to be IVF semiopen if A C cl(int(A)). A is said to be IVF
semiclosed if the complement of A is IVF semiopen. Denote the set
of all IVF semiopen (resp., IVF semiclosed) sets by IVFSO(X) (resp.,
IVFSC(X)).

Definition 2.3 ([2, 3]). Let (X, 71) and (Y, 72) be two IVFTS’s. Then
f: X — Y is said to be continuous (resp., IVF semicontinuous) if for
every B € 19, f~1(B) is IVF open (resp., IVF semiopen).

Definition 2.4 ([2]). Let (X, 71) and (Y, 72) be two IVFTS’s. Then
f X — Y is said to be IVF open (resp., IVF semiopen) if for every
A e T, f(A) is IVF open (resp., IVF semiopen).
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3. IVF Irresolute Mappings

Definition 3.1. Let f : X — Y be a mapping between IVFTS’s
(X,71) and (Y, 72). Then f is said to be IVF irresolute if for every IVF
semiopen set U of Y, f~1(U) is IVF semiopen.

Every IVF irresolute mapping is IVF semicontinuous mapping but
the converse need not be true as seen in the next example.

Example 3.2. Let X = [0,1] and let A, B and C be IVF sets defined
as follows

Lz, 24] 0<z<i
PUYTs ooy 1 ¥
Alz)=4q [-32+ 13, —52+ 3], g§$§g,
B(z) = [%x, %],O <z<l1;
_ Brtgatgl 0<a<g,
cw={ {11 §205

Define IVF topologies 71 and 7 on X as follows
1 ={0,4,B,1}; 7 ={0,A4,1}

Note that the IVF set C' is IVF semiopen in (X, 72) but it is not an
IVF semiopen set in the IVFTS (X, 7). Hence we know that obviously
the identity mapping f : (X,71) — (X,72) is an IVF semicontinuous
mapping but it is not IVF irresolute.

IVF continuous = IVF semicontinuous < IVF irresolute

In an IVFTS (X, 7), for an IVF set A in X, the IVF semi-closure and

the IVF semi-interior of A, denoted by scl(A) and sint(A), respectively,
are defined as

scl(A) =n{B € DX : B € IVFSC(X) and A C B};
sint(A) = U{B € D* : B€ IVFSO(X) and B C A}.

Lemma 3.3. Let (X,7) be an IVFTS and A4 € DX.
(1) 1 — sint(A) = scl(1 — A).
(2) 1 —scl(A) = sint(1 — A).
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Theorem 3.4. Let f : X — Y be a mapping between IVFTS’s
(X,71) and (Y, 72). Then the following statements are equivalent:

(1) f is IVF irresolute.

(2) f71(B) is IVF semiclosed for each IVF semiclosed set B of Y.

(3) f(scl(A)) C scl(f(A)) for each A € DY.

(4) scl( YB)) C f~(scl(B)) for each B € DY.

(5) f~(sint(B)) C sint(f~*(B)) for each B € DY.

Proof. (1) < (2) From Definition 2.2, it is obvious.

(2) = (3) Let A be any IVF set in X. Since scl(f(A)) is an IVF semi-
closed set containing f(A), by (2), f (scl (f(A))) is IVF semiclosed and
)

A C [ (scl(f(A))). So SCl( C scl(f~H(scl(f(A))) = f~H(scl(f(A)))-
It implies f(scl(A)) C scl(f(A)).

(3) = (4) Let B be any IVF set in Y. From (3), it follows that
F(scl(F(B))) C scl(f(f}(B))) C sel(B). Hence scl(f\(B)) C
11 (sel(B)).

(4) = (5) For any IVF set B of Y, from (4), it follows

7 (sint(B) = 1 — (f~\(sel(1 - B)))

C1-—scd(f~'(1-B))

= sint(f~1(B)).
Hence f~!(sint(B)) C sint(f~1(B)).

(5) = (1) Let V be any IVF semiopen set in Y. By (5),
FHV) = [ (sint(V) C sint(f7H(V)).
So f~1(V) is an IVF semiopen set, and hence f is IVF irresolute.
0

Theorem 3.5. Let f : X — Y be a bijective mapping between
IVFTS’s (X, 71) and (Y,72). Then f is IVF irresolute if and only if
sint(f(A)) C f(sint(A)) for each A € DX,

Proof. Let f be IVF irresolute. Then for any IVF set A of X,
f1(sint(f(A))) is IVF semiopen. From Theorem 3.4 and injectivity
of f, it follows f~!(sint(f(A))) C sint(f~1(f(A))) = sint(A). Since f
is surjective, sint(f(A)) = f(f~ 1 (sint(f(A)))) C f(sint(A)).

For the converse, let B be any IVF semiopen set of Y. From hypoth-
esis and surjectivity of f, it follows

f(sint(f71(B))) 2 sint(f(f~1(B))) = sint(B) = B.
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Since f is injective, sint(f~1(B))) 2 f~1(B), and so f~1(B) is IVF
semiopen. Hence f is IVF irresolute. O

Definition 3.6. Let (X, 7) be an IVFTS. An IVF set A in X is said
to be IVF semicompact if for every IVF semiopen cover A = {A; €
DX : A; € 1)i € J} of A, there exists Jy = {1,2,---,n} C J such that
A g UjEJ()Aj-

Theorem 3.7. Let f : (X,7) — (Y, 72) be IVF irresolute on two

IVFTS’s. If A is an IVF semicompact set, then f(A) is also IVF semi-
compact.

Proof. Let {B; € DY : B; € 79, i € J} be an IVF semiopen cover of
f(A)in Y. Then {f~(B;) : i € J} is an IVF semiopen cover of A in X.
By definition of IVF semicompactness, there exists Jy = {1,2,--- ,n} C
J such that A C Uje g, (f~1(By)). So

F(A) € f(Yjen (fH(B))))
= Ujesn f(f7H(B)))
C Ujes,Bj.
Hence f(A) is IVF semicompact. O

An IVF set A in an IVF topological space X is said to be IVFEF compact
[3] if every IVF open cover A = {4; : i € J} of A has a finite IVF
subcover.

Theorem 3.8. Let f : (X,71) — (Y,72) be IVF semicontinuous
on two IVFTS’s. If A is an IVF semicompact set, then f(A) is IVF
compact.

Proof. 1t is easily proved from the definition of IVF semicontinuity
and Theorem 3.7. O

Definition 3.9. Let (X, 7;) and (Y, 72) be two IVFTS’s. Then f :
X — Y is called an IVF irresolute open (resp., IVF irresolute closed
mapping if for every IVF semiopen (resp., IVF semiclosed) set A of X,
f(A) is IVF semiopen (resp., IVF semiclosed) in Y.

Every IVF irresolute open (resp., IVF irresolute closed) mapping is
IVF semiopen (resp., IVF semiclosed) but the converse need not be true.

Example 3.10. Consider the identity mapping f : (X, m2) — (X, 71)
in Example 3.2. Then f is an IVF semiopen mapping but not IVF
irresolute open.
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Theorem 3.11. Let f : X — Y be a mapping on IVFTS’s (X, 1)
and (Y, 72). The the following are equivalent:

(1) f is IVF irresolute open.

(2) f(sint(A)) C Sint(f(A)) for A € DX.

(3) sint(f~1(B)) C f~(sint(B)) for B € DY

(4) For B € DY and each IVF semiclosed set A of X with f~1(B) C
A, there exists an IVF semiclosed set C' of Y such that B C C and
7H(C) € A

Proof. (1) = (2) For A € DX,
f(sint(A)) = f(U{Be DX : BC A, B e IVFSO(X)})
= U{f(B) € D" : f(B) C f(A), f(B) € IVFSO(Y)}
CU{U e DY :UC f(A),U e IVFSO(Y)}
= sint(f(A)).
Hence f(sint(A)) C sint(f(A)).
(2) = (3) For B € DY, from (2), we have

f(sint(f~1(B))) C sint(f(f~'(B))) C sint(B).
Hence sint(f~Y(B)) C f~(sint(B)).

(3) = (4) Let A be an IVF semiclosed set of X with f~1(B) C A
for B € DY. Since1— A C1— fB) = f"(1 - B) and sint(1 —
A) =1- A Csint(f~1(1 - B)). By(3) 1-ACsint(f~'(1 - B)) C
f~(sint(1 - B)). Thus A D 1— (f~(sint(1 - B))) = f~1(1 — sint(1 —
B)) = f~1(scl(B)). Now set C = scl(B). Then C is an IVF semiclosed
set of Y such that B C C and f~1(C) C A.

(4) = (1) Let A be an IVF semiopen set of X. Then f~1(1— f(A)) =
1— f5f(4) €1—- A and 1 — A is IVF semiclosed. By (4), there
exists an IVF semiclosed set C € DY such that 1 — f(4) C C and
S7HC) C1—A. Tt implies 1 — C C f(A) and f(A) C f(1— fHC)) =
Fa-cpci-c

Hence f(A) is an IVF semiopen set in Y.

O

Theorem 3.12. Let f : X — Y be a mapping on IVFTS’s (X, 1)
and (Y, 72). The the following are equivalent:

(1) f is IVF irresolute closed.

(2) scl(f(A)) C f(scl(A)) for A € DX,
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Proof. (1) = (2) For A € DX,
f(scl(A) = f("{Be DX :AC B,BecIVFSC(X)})
=N{f(B) € D" : f(A) C f(B), f(B) € IVFSC(Y)}
DN{FeDY:f(A)CFFelIVFSC(Y)}
— scl(f(A)).
Hence scl(f(A)) C f(scl(A)).
(2) = (1) Let A be an IVF semiclosed set in X. Then by (2),

scl(f(A)) € f(scl(A)) = f(A).
It implies f(A) is IVF semiclosed, and so f is IVF irresolute closed. [J

Theorem 3.13. Let f : X — Y be a bijective mapping between
IVFTS’s (X, 1) and (Y, 72). Then

(1) f is IVF irresolute closed.

(2) scl(f(A)) C f(scl(A)) for A € DX,

(3) f~Y(scl(B)) C scl(f~1(B)) for each B € DY.

Proof. 1t is sufficient to show that (2) is equivalent to (3).
(2) = (3) For B € DY, since f is surjective,

sel(B) = scl(f(f~\(B))) € f(scl(f~"(B))).

From injectivity of f,

FH(sel(B) € f7H(f(sel(f7H(B)))) = sel(f~H(B)).

(3) = (2) Conversely, let A € D¥X. Then from hypothesis and injec-
tivity of f, f~1(scl(f(A))) C scl(f~1(f(A))) = scl(A) Since f is surjec-
tive, f(scl(A)) D f(f~Y(scl(f(A)))) = scl(f(A)). Hence the statement
(2) is obtained.

]
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