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COMMON FIXED POINT FOR COMPATIBLE
MAPPINGS OF TYPE(a) ON INTUITIONISTIC FUZZY
METRIC SPACE WITH IMPLICIT RELATIONS

JONG SEO PARK

Abstract. In this paper, we will establish common fixed point for
compatible mappings of type(a) for four self mappings defined on
intuitionistic fuzzy metric space with implicit relations.

1. Introduction

Several authors([4], [5]) have introduced the basic concepts on fuzzy
metric spaces and fuzzy topological spaces induced by fuzzy metrics with
different ways. Grabiec[2] obtained the Banach contraction principle in
setting of fuzzy metric spaces. Also, I. Altun and D. Turkoglu[1] proved
some fixed theorems using implicit relations in fuzzy metric spaces.

Recently, Park et.al.[11] defined the intuitionistic fuzzy metric space,
and Park et.al.[7] proved a fixed point theorem of Banach for the con-
tractive mapping of a complete intuitionistic fuzzy metric space, and
Park and Kim[10] established common fixed point theorem for four self
maps in intuitionistic fuzzy metric space.

In this paper, we will obtain a unique common fixed point theorem for
compatible mappings of type(«) defined on intuitionistic fuzzy metric
space under implicit relations.

2. Preliminaries

We will give some definitions, properties of the intuitionistic fuzzy
metric space X as following :
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Let us recall (see [12]) that a continuous t—norm is a binary operation
1 [0,1] x [0,1] — [0, 1] which satisfies the following conditions:(a)* is
commutative and associative; (b)* is continuous; (c)a * 1 = a for all
a €10,1]; (d)axb < c¢*xd whenever a < ¢ and b <d (a,b,c,d € [0,1]).

Similarly, a continuous t—conorm is a binary operation ¢ : [0,1] X
[0,1] — [0, 1] which satisfies the following conditions: (a)o is commuta-
tive and associative; (b)o is continuous; (¢)a ¢ 0 = a for all a € [0, 1];
(d)aob > cod whenever a < cand b <d (a,b,c,d € [0,1]).

Definition 2.1. ([6])The 5—tuple (X, M, N, *,¢) is said to be an
intuitionistic fuzzy metric space if X is an arbitrary set, * is a continuous
t—norm, ¢ is a continuous t—conorm and M, N are fuzzy sets on X2 x
(0, 00) satisfying the following conditions; for all x,y, z € X, such that

(a)M(z,y,t) >0,

(b)M(z,y,t) =1 <=z =y,

()M (z,y,t) = M(y,z,1),

()M (z,,2)  M(y, 2,5) < Mz, 2,t + ),
(e)M(z,y,-) : (0,00) — (0,1] is continuous,
(F)N(z,y,t) >0,

(g)N(:E)y’t) =0<=ux= Y,

()N (z,y,t) = N(y,z,1),

()N (z,y,t) o N(y, 2,8) > N(x,2,t + s),
()N (z,y,-) : (0,00) — (0,1] is continuous.

Note that (M, N) is called an intuitionistic fuzzy metric on X. The
functions M(x,y,t) and N(x,y,t) denote the degree of nearness and the
degree of non-nearness between x and y with respect to ¢, respectively.

Lemma 2.2. ([8])For all z,y € X, M(x,y,-) is nondecreasing on
(0,00) and N(z,y,-) is nonincreasing on (0, 0).

Definition 2.3. ([10]) Let X be an intuitionistic fuzzy metric space.

(a) {zy} is said to be convergent to a point x € X if, for any 0 <
€ < 1 and t > 0, there exists ng € N such that M(x,,z,t) > 1 — ¢,
N(xp,z,t) < e for all n > ng.

(b) {xy} is called a Cauchy sequence if for any 0 < e < 1 and ¢ > 0,
there exists ng € N such that M (z,, xm,t) > 1—€, N(xp, xm,t) < € for
all m,n > nyg.

(¢) X is complete if every Cauchy sequence converges in X.

Lemma 2.4. ([9])Let X be an intuitionistic fuzzy metric space. If
there exists a number k € (0,1) such that for all xz,y € X and t > 0,

M(:C? y? kt) 2 M(x7 y? t)? N(x? y? kt) S N(x? y? t)?
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then x = y.

Definition 2.5. ([9])Let A, B be mappings from intuitionistic fuzzy
metric space X into itself. The mappings are said to be compatible of

type(«) if
lim M(ABz,, BBx,,t) =1 and lim M(BAx,, AAz,,t) =1,
n—oo

lim N(ABzy, BBxy,t) =0 and lim N(BAz,, AAz,,t) =0

for all ¢ > 0, whenever {z,,} C X such that lim,_, Az, = lim,_, Bz,
= x for some x € X.

Implicit relations on fuzzy metric spaces have been used in many
articles([1], [3] etc). Let ¥ = {¢pnr,¥n}, I = [0, 1], *,¢ be a continuous
t-norm, t-conorm and ¢z, N : I® — R be continuous functions. Now,
we consider the following conditions:

(I)¢ps is decreasing and vy is increasing in sixth variables.

(IDIf, for some k € (0,1), we have

t

Sarulht), v(t), o(0), ult), 1, u(3) * 0(5)) = 1,

U {alkt), y(t),y(t),2(0) 0.2(5) o y(3)) < 1

t t

or ¢M(u(kt),v(t),u(t),v(t),u(i) * U(i), 1) >1,

t t

U alk), y(t),2(0) y(1),2(3) 0 3(3).0) < 1

for any fixed ¢ > 0, any nondecreasing functions u,v : (0,00) — I with
0 < u(t),v(t) < 1, and any nonincreasing functions z,y : (0,00) — I
with 0 < z(t),y(t) < 1, then there exists h € (0,1) with u(ht) > v(t) *
u(t), x(ht) < y(t) o x(t).

(III)If, for some k € (0, 1), we have ¢ (u(kt), u(t), 1,1, u(t),u(t)) > 1
for any fixed ¢ > 0 and any nondecreasing function « : (0,00) — I, then
u(kt) > u(t). Also, if, for some k € (0, 1), we have ¢ (z(kt), z(t), 0,0, z(t),
x(t)) < 1 for any fixed ¢ > 0 and any nonincreasing function z : (0, c0) —
I, then x(kt) < x(t).

Example 2.6. Let a * b = min{a, b} and a ¢ b = max{a, b},

U1 T

¢M(u17"' 7u6) = min{ug,--- ;u6}7 ¢N(9€1,"' axG) = max{:t:g,--- 71'6}'
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Also, let ¢t > 0, 0 < u(t),v(t),z(t),y(t) < 1, k € (0,3) where u,v :
[0,00) — I are nondecreasing functions and x,y : [0,00) — I are nonin-
creasing functions. Now, suppose that

t t

Sar(ullt), o(®). o(t), u(t), Lu(3) < o(3) = 1,
U (o), (1), 5(0), 2(2),0,2(5) 0 () < 1.
then
), o0), o), ), ) =) = ot o
o o) 900, 0), (0, 0.0(3) o y(3)) = L <1

Thus, u(ht) > v(t) *u(t), x(ht) < y(t) o z(t). Suppose that ¢ > 0 is
fixed, u : (0,00) — [ is a nondecreasing, = : (0,00) — I nonincreasing
function and

¢M(u(kt),u(t),1,1,u(t),u(t)) = u<t) > 1,
e (k). (0),0,0,0(0), 1) = 25 <1

for k € (0,1). Then we have u(kt) > u(t) and z(kt) < z(t). Hence
¢M7¢N e v

3. Main Results

Now, we will prove some common fixed point theorem for four map-
pings on complete intuitionistic fuzzy metric space as follows:

Theorem 3.1. Let (X, M, N, *,¢) be a complete intuitionistic fuzzy
metric space with a*b = min{a, b}, aob = max{a, b} for all a,b € I and
A, B,S and T be mappings from X into itself satisfying the conditions:

(a)S(X) C B(X) and T(X) C A(X),

(b)one of the mappings A, B, S, T is continuous,

(c)A and S as well as B and T are compatible of type(a)
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(d)there exist k € (0,1) and ¢nr, N € ¥ such that

é M(Sz, Ty, kt), M(Az, By,t), M (Sz, Az, 1),
M M(Ty, By,t), M(Sx, By,t), M(Ty, Az,t)

( N(Sz,Ty, kt), N(Az, By,t), N(Sz, Az,t), >
¢N < 1a

>1

e i

N(Ty, By,t), N(Sz, By,t), N(Ty, Ax,t)

for all x,y € X and t > 0.
Then A, B,S and T have a unique common fixed point in X.

Proof. Let z be an arbitrary point of X. From (a), we can construct
a sequence a sequence {y,} C X as follows: yop+1 = Szo, = Bropt1
and yopt2 = Txont1 = Azxopye for alln =0,1,2,---. Then, by (d), we
have, for any ¢ > 0,

(b M(S$Q7L7Tx2n+1akt)vM(AxQHaBx2n+17t)aM(SxanAx2nat)7 >1
M M(Tx2n+17Bx2n+17t)vM(SIanBIQn—i-lyt)aM(Tx2n+1;A$2n7t) -

w ( N(Sl‘2n7T$2n+17 kt>7N<Ax2n7 B.’I;2n+1,t)7N(Sl‘2n,A$2n,t>7 >
N

<1
N(Tl‘gn+1, B$2n+1, t), N(ngn, B.Z‘Qn_H, t), N(T.Z‘Qn+1, Axgn, t)

= 4

>1

(TxQTL-‘rla SJUQH, t)7 17 M(T$27L+1, S‘rQTL) %) * M(SJ:Qn, TxQn—l’ % ’

N(SxQ’ru Tm2n+l7 kt)v N(T',I:anla S$2n7 t)a N(SxQ’rH Txanla t)7 <1
N(Txan41,S%2n,1),0, N(Tx2n41, ST2n, 5) © N(Swon, Txon-1,5) ) =

M(SZCQTH T$2n+17 kt>7 M(Tx2n—17 SmQTL, t)7 M(sz»,“ Tan—la t)7

By (II), we have
M(Sxzopn, Txont1, ht) > M (Sxon, Txon—1,t) * M (Sxon, TTont1,t),
N(Szopn, Txont1, ht) < N(Sxopn, Txon—1,t) © N(Sxon, TTont1,t)
and so,
M (y2n+1, Yont2, ht) = M(Yon+1, Y2n, t) * M(Yont1, Yont2 t),
<

N(Yon+1, Yant2, ht) < N(y2n+1,Y2n,t) © N(Y2n+1, Y2nt2, t)
which implies that

M (Y2n+1.Yont2, ht) > M (Y2ni1,Y2n,t), N(Y2nt1, Yont2, bt) < N(Yoni1, Yon,t)
Also, by (IT), we have

M (Yon+1, Yon, ht) > M (yon, Yon—1,t), N(Y2n+1,Y2n, ht) < N(Yon, Yon—1,1t).

Therefore, we have, for all m =1,2,--- , and t > 0,

M (Ymt1s Yms2, ht) > M (Yo, Yms15)s N Ymtts Yms2, i) < N(Ymy Yms1,t)-



668 Jong Seo Park

To prove that {y,} is a Cauchy sequence. First, we show that, for any
0O<A<landt >0,

(1) M (Yn+1, Yntm+1,t) > 1 =X, N(Ynt1, Untm+1,1) <A

for all n > ng and m € N. Inductively, by above equation, we have, as
n — 00

t t
M(yn+17yn+27t) > M(ynayn-‘rla E ERREER > M(ylay27 ﬁ) - 17

t t
N(yn+17 yn+2at) < N(ynvyn+17 E Soeeeees < N(y17y27 ﬁ) — 0.

Hence, we can choose ng € N such that for all n > ng,

M(Ynt1,Ynt2:t) > 1= A, N(Yn41, Ynt2,t) <A
Thus (3.1) is true for m = 1. Suppose that (3.1) is true for some m € N.
Then, for m + 1 € N, we have
t

t
M (Ynt1; Yntm2,t) > M(Ynt1, Yntmt1, 5) * M (Yntm+1, Yntm+2, 5) >1-=A

t

t
N(Wn+1, Yn+m+2,t) < N(Ynt1, Yn+m+1, 5) O N(Yntm+1, Yntm+2, 5) <A

Hence (3.1) is true for m + 1 € N. Therefore {y,} is Cauchy sequence
in X. Since X is complete, {y,} converges to a point z € X. Since
{Azonia}, {Bxant1}, {Szon} and {Tx2n41} C {yn}, we have

lim Azopyo = lim Bxop+1 = lim Sxo, = lim Tzo,1q = x.
n—oo n—oo n—oo n—oo

Now, suppose that A is continuous. Then lim,, .., ASxs, = Az. Also,
since A, S are compatible of type(a), lim, o SAxs, = Az. Using (d),
we have, for any ¢ > 0,

d) M(SAxQHaTx2n+1;kt)7M(AAx2n)Bx2n+17t)7M(SAxQHaAAx2n7t)7 >1
M M(Tl‘gn+1,Bl‘2n+1,t), (SAQ:Qn,B.TQnJ,_l,t),M(T.I'Qn_l,_l,AA.TQn,t) ’

M
w < N(SAx2n7Tx2n+1; kt)7 N(AAx2n7Bx2’n+17t)7 N(SA*TQTL; AA$2n7t)7 >
N

<
N(Txon+1, Brony1,t), N(SAzay,, Bronii,t), N(Txoni1, AAxay, t) 1

and then letting n — oo, ¢ps, YN are continuous, we have

& M(Ax,xz, kt), M(Az, x,t), M (Azx, x,t), -1
M M(z,z,t), M(Az,z,t), M(x,x,t) =7

” N(Ax,z,kt), N(Ax,z,t), N(Az, x,t), <1
M\ N(z,z,t), N(Az,2,t), N(z,2,1) -

Therefore, by (IIT), we have
M(Azx,x,kt) > M(Azx,x,t), N(Az,z, kt) < N(Ax,z,t).
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Hence Az = x from Lemma 2.4. Also, we have, by (d),

é ( M(Sx, Txopy1, kt), M(Azx, Bropt,t), M(Axz, Sz, t), ) -1
M M(Tl‘gn+1, B1‘2n+1, t), M(Sl‘, Bl‘zn+1, t), M(T$2n+1, AQS‘, t) -7

" ( N(Sz,Trapt1, kt), N(Az, Bropi1,t), N(Ax, Sx,t), > <1
N N(Tﬂ?gn+1,B$2n+1,t),N(Sx,B$2n+1,t),N(T$2n+1,A$,t) -

and, let n — oo, we get

n < M(Sx,z, kt), 1, M (z, Sx,t), > >,

1,M(Sz,z,t),1
N(Sz,z,kt),0, N(x, Sz,t),
¥N ( 0, N(Sz,z,t),0 =1
On the other hand, since
t t
M(Sx,z,t) > M(Sz,x, 5) = M(Sz,x, 5) * 1,
t t
N(Sz,z,t) < N(Sz,x, 5) = N(Sz,z, 5) o0,

¢ 1s nonincreasing and 1y is nondecreasing in the fifth variable, we
have, for any ¢t > 0,

é M(Sx,z,kt), 1, M (z, Sx,t), -1
M\ 1, M(Sz,2,t) % 1,1 =

N(Sz,z,kt),0, N(x, Sz,t), <1
VN 0, N(Sz,x,t) 00,0 =

which implies that Sz = x. Since S(X) C B(X), there exists a point
y € X such that By = z. Using (d), we have

M(Sxz, Ty, kt), M(Az, By,t), M(Sxz, Ax,t),
Pu M(Ty, By,t), M(Sz, By,t), M(Ty, Az, 1)
_ M(x, Ty, kt), 1,1,
—W( M(Ty, z,1),1, M(Ty, z,t) ) 2 1L,
" N(Sz,Ty,kt), N(Az, By,t), N(Sz, Az,t),
N Ty, By,t), N(Sxz, By,t), N(Ty, Az, t)

N(
N(;Uvavkt)aOaOa
= <
wN < N(Ty,w,t),O,N(Ty,a:,t) > =1

which implies that x = T'y. Since By = Ty = x and B, T are compatible
of type(a), we have TTy = BTy. Hence Tx = TTy = BTy = Bu.



670 Jong Seo Park

Therefore, from (d), we have, for any t > 0,
é M(Sz,Tx,kt), M(Az, Bx,t), M(Sz, Az,t),
M\ M(Tz, Bx,t), M(Sz, Bx t),M( Az, t)

—o M(z,Tx, kt), M(x,Tz,t), 51
“OMA\ 1, M (2, T, t),1, M(x, Ta;t ’

N(Sz, Tz, kt), N(Ax, Bz,t), N(Sz, Az,t),
1/’N< N(Tz, Bx,t), N(Sx, Bz, t), N(Tx, Az, ) >

) N(z, Tz, kt), N(x,Tx,t),0, <1
N 0,N(z, Tz, t),0,N(z, Tz, t) ) =

From (III), we have
M(x,Tx,kt) > M (z,Tz,t), N(z,Tz,kt) < N(z,Tz,t).

Therefore, we have x = Tx = Bx. Hence X is a common fixed point of
A, B, S and T. The same result holds if we assume that B is continuous
insead of A.

Now, suppose that S is continuous. Then lim, .. SAxo, = St.

Since A, S are compatible of type(«), lim,,—,oo ASxa, = Sz. Using (d),
we have for any t > 0,

(551327“ Tl‘gn+1, kt) (AS.’L‘QTH B$2n+17 t), M(SS$27“ AS:EQH, t),
¢M ( (T$2n+1,Bl'2n+1, ) (SSIQn,B$2n+1, ),M(T$2n+1,AS.’£2n,t) )

(SS$2n7T1‘2n+1,k}t) (ASJ)QTL,BZ‘Q»,H_l, ),N(SSJ?Qn,ASZ‘Qn,t),
wN ( N(Tl‘gn_;,_l, Bl‘gn_;_l, ), (SSIQn, B$2n+1, ), N(T£E2n+1, ASJ?Qn, t) )

and then by n — oo, since ¢y, ¥y € ¥ are continuous, we have

S < M(Sz,x, kt), M(Sz,x,t), 1, ) > 1,

>1

- )

<1

i )

1, M(Sx,z,t), M(Sz,x,t)

N(Sz,x,kt), N(Sz,x,t),0,
vN ( 0, N(Sz,z,t), N(Sz,x,t) =1

Thus, we have, from (III),
M(Sz,z,kt) > M (Sx,z,t), N(Sz,z,kt) < N(Sz,z,t).

Hence Sx = x. Since S(X) C B(X), there exists a point z € X such
that Bz = x. Using (d), we have

& M(SSxon, Tz, kt), M(ASxay, Bz, t), M (SSxay,, ASxap,t), -1
M M(Tz,Bz,t), M(SSxay, Bz,t), M(Tz, ASxop, t) =7

" N(SSxon, Tz, kt), N(ASxon, Bz, t), N(SSxzay,, ASxaopn, t), <1
N\ N(Tz Bz,t), N(SSxon, Bz,t), N(Tz, ASxap, t) -
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letting n — oo, we get

M(z, Tz, kt), 1,1,
¢M( M(x,Tz,t),1, M(x,Tz,t) > =1

N(x,Tz,kt),0,0,
VN ( N(x,Tz,t) yN(z,Tz,1t) ) <1

which implies that x = T'z. Since Bz = Tz = x and B, T are compatible
of type(a), we have TBz = BBz and so Tx = TBz = BBz = Bxz. Thus,

we have

é M(Sxon, Tx, kt), M (Azay, Bz, t), M (Sxap, Axop, t), >
M M(Tz, Bx,t), M(Sxo,, Bx,t), M(Tz, Azay, t) -

<1

— )

" N(Szop, Tz, kt), N(Axay,, Bz, t), N(Szay, Azop, ),
N N(Txz,Bz,t), N(Sxop, Bx,t), N(Tx, Axon, t)

letting n — oo,
é M(x,Tx,kt), M (z,Tz,t),1, -1
M\ 1, M(x, Tz, t), M(z, Tx,t) =7
" N(z,Tz,kt), N(z,Tx,t),0 <1
N\ 0,N(z,Tx,t),N(z,Tx,t) ==

Thus, x = T'x = Bz. Since T'(X) C A(X), there exists w € X such that
Aw = z. Thus, from (d),

M(Tz,Bx,t), M(Sw, Bx,t), M(Tx, Aw, t)
B (Sw,z, kt), 1, M (Sw, x,t),
_¢M<1M(wat)1 =1
” N(Sw,Tx,kt), N(Aw, Bx,t), N(Sw, Aw, t),
N (T;U,Bx,t) N(Sw, Bz, t), N(Tz, Aw t)

_ N(Sw,a:,kt)ONSwa:t
=N 0, N(Sw,z,t),0

St < MESw,Tm,kt),M(Aw,Ba: , 1), M (Sw, Aw, t), )

Hence we have x = Sw = Aw. Also, since A,S are compatible of
type(a), x = Sz = SAw = AAw = Az. Hence z is a common fixed
point of A, B, S and T. The same result holds if we assume that T is
continuous instead of S.
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Finally, suppose that A, B, S and T have another common fixed point
Then we have, for any ¢t > 0,

Tu, Bu,t), M(Sx, Bu,t), M(Tu, Az,t)

B M(x,u, kt), M(x,u,t),1,
_ng( 1, M(z,u,t), M(x,u,t) Z 1,
” N(Sz,Tu,kt), N(Ax, Bu,t), N(Sz, Az,t),
N\ N(Tu, Bu,t), N(Sz, Bu,t), N(Tu, Az, )

_,lp N(:L" u7 kt)7N(:B7 u7 t)’O’ < 1
N0, N(z,u,t), N(z,u, t) -

M(Sz,Tu, kt), M(Ax, Bu,t), M (Sz, Az, 1),

erefore, from (III), z = u. This completes the proof. O
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