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YANG-MILLS CONNECTIONS ON CLOSED LIE
GROUPS

YONG-S00 Pyo, YOUNG-LIM SHIN, AND JOON-SIK PARK

Abstract. In this paper, we obtain a necessary and sufficient con-
dition for a left invariant connection in the tangent bundle over a
closed Lie group with a left invariant metric to be a Yang-Mills con-
nection. Moreover, we have a necessary and sufficient condition for
a left invariant connection with a torsion-free Weyl structure in the
tangent bundle over SU(2) with a left invariant Riemannian metric
g to be a Yang-Mills connection.

§1. Introduction

The problem of finding metrics and connections which are critical
points of some functional plays an important role in global analysis and
Riemannian geometry. A Yang-Mills connection is a critical point of the
Yang-Mills functional

(1) yMD) =5 [ IRPI v,

on the space €g of all connections in a smooth vector bundle E over a
closed (compact and connected) Riemannian manifold (M, g), where RP
is the curvature of D € €g. Equivalently, D is a Yang-Mills connection
if it satisfies the Yang-Mills equation (cf. [1, 7, 15])

(1.2) SpRP =0

(the Euler-Lagrange equations of the variational principle associated
with (1.1)).
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The purpose of this paper is to obtain a necessary and sufficient
condition for a left invariant connection in the tangent bundle over a
compact connected semisimple Lie group to be a Yang-Mills connection.

If D is a connection in a vector bundle E with bundle metric h over
a Riemannian manifold (M, g), then the connection D* given by

(1.3) h(D*xs,t) = X(h(s,t))—h(s,Dxt), (X e X(M), s,tel'(F))
is referred to conjugate (cf. [1, 9, 13, 14, 15]) to D.

Recently using the concept of conjugate connection, Park obtained
the following.

Theorem 1.1. [12] A connection D in a vector bundle E over a
closed Riemannian manifold (M,gq) is a Yang-Mills connection if and
only if the conjugate connection D* is a Yang-Mills connection.

The theory of Einstein-Weyl structures (cf. [3, 15, 16]) in the tan-
gent bundle over a closed Riemannian manifold (M, g) is a conformally
invariant generalization of the theory of Einstein structures. By virtue
of the above theorem, Park obtained the following.

Theorem 1.2. [13] Let D be a Yang-Mills connection, not necessarily
torsion free, with a Weyl structure (D, g,w) in the tangent bundle T M
over a closed Riemannian manifold (M,g). Then dw = 0.

The following lemma is well known.

Lemma 1.3. [5] A p-form w on G is left invariant if and only if, for
any choice of p left invariant vector fields X1, Xo,--- , X, the function
w(X1, Xo, -+, Xp) on G is a constant.

Using this lemma, Park obtained the following.

Theorem 1.4. [14] Let D be a left invariant Yang-Mills connection
with (not necessarily torsion-free) Weyl structure (D, g,w) in the tangent
bundle over a closed Lie group G with a left invariant Riemannian metric
g. Then, the 1-form w is also left invariant.

Theorem 1.5. [14] Let G be an n-dimensional (n > 3) closed semi-
simple Lie group, g the canonical metric on G and (D, g,w) a torsion-
free Weyl structure. Then D is a Yang-Mills connection if and only

(i) w=0, or

(ii) dw =0 and Hw||3 =1
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In the above theorem, the canonical metric (cf. [2, 4, 6, 8, 17]) on
a compact, connected and semisimple Lie group G is minus the Killing
form of the Lie algebra g of the group G.

In this paper, we obtain a necessary and sufficient condition for a
left invariant metric connection in the tangent bundle over a closed Lie
group with a left invariant metric to be a Yang-Mills connection (cf.
Theorem 3.3). And then, we get a necessary and sufficient condition
for a left invariant connection with a torsion-free Weyl structure in the
tangent bundle over SU(2) with a left invariant Riemannian metric to
be a Yang-Mills connection (cf. Theorem 4.5).

82. Yang-Mills connections in vector bundles

over a Riemannian manifold

Let E be a vector bundle, with bundle metric h, over an n-dimensional
closed Riemannian manifold (M, g). Let us have D € € and V the
Levi-Civita connection of (M, ¢g). The pair (D, V) induces a connection
in product bundles A\ TM* @ E, also denoted by D. Set AP(E) :=
(AP TM* ® E). We consider the differential operator

dp : AP(E) — APYY(E),

p+1

(dp@) (X1, X, -+, Xpi1) = D (=) (D, ) (X1, -+, Xy oo+, Xpra),
=1

p €AP(E), X; € X(M) (i=1,2,-- ,p+1),

defined by
dp(w®¢§) : =dw® &+ (—1)Pw A DE,
Dx(w®§):=(Vxw)®&+w® Dx&
forw e (NP TM*), £ € T(F) and X € X(M).

Let dp be the formal adjoint of dp with respect to the L2-inner
product

(p,v) =/M <, > vy,
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for p,9p € AP(F). Here < , > is the bundle metric in AP TM* @ E
induced by the pair (g, h) and vy is the canonical volume form on (M, g).
The following identity is elementary, yet crucial (cf. [1, 2])

(21)  dpp= (1P dpe ) (p) = (1) (5 - dpe - %) ()
for any ¢ € APTY(E). Here, * : AY(E) — A" 9(E), (0 < g < n), is the
Hodge operator with respect to g. Let {e;}? ; be a local orthonormal
frame on (M, g). Note that (2.1) may also be written as (cf. [1, 2])
n
(2.2) (6p) (X1, -+, Xp) = =Y (Do) (es, X1, -+, Xp).
i=1
The connections D, D* € €g naturally induce connections, denoted
by the same symbols, in End(E) (:= F ® E*). Then, a straightforward
argument shows that D, D* € Q:End( ) are conjugate connections. Thus,
we find from (1.2) and (2.2) that the connection D in E is a Yang-Mills
connection if and only if (cf. [1, 12, 13])
n
(23)  OpRP)(X)s= — Y (DL RP)(en X).8) =0
i=1
for arbitrary given X € X(M) and s € I'(E).

83. Yang-Mills connections on compact connected Lie groups

Let G be an n-dimensional closed (compact and connected) Lie group,

g a left invariant Riemannian metric on G and {Y;}" ; an orthonormal
frame with respect to g such that each Y; is a left invariant vector field
on G. Let D be a left invariant connection in the tangent bundle over
(G,g) and V the Levi-Civita connection for g. Then D is a Yang-Mills
connection if and only if

n
(3.1) (6pRP)(Y))Yi = = > (D}, RP)(Y;,Y;)Yi, =0

i=1
for each j,k =1,2,--- ,n. If we put

DyY; = ZDUYk, D} Y = ZD*kYk,

(3.2)
inYj::ZrUYk, [V;,Y;] = ZCUYk,
k



Yang-Mills connections on closed Lie groups 655

then we get

* k
(3.3) D =-p}, TE-Th=cCt=-C

k _ J
jis Fij - _Fik'

Lemma 3.1(Green’s Theorem). Let (M,g) be an n-dimensional
compact connected Riemannian manifold and X € X(M). Then

/ traceVng(:/ Zg(veinei)vg) =0,
M M=

where {e;}_, is an (locally defined) orthonormal frame on (M, g).
From Lemma 3.1 and (3.3), we get

(3.4) > VyY;=0.
J

From (3.3), we have

RP(Y;,Y;)Yi : = ([Dy;, Dy;] — Dy, v;)) (Ye)

(3.5) = Z(Dé'ksz - Déijl - ijDlSk)Ys
l,s
From (3.3)-(3.5), we obtain
(3.6)
ZDY (RP(Y;,Y;)Y) = — Y _ DI (DDl — DYDYy — Cl, D}y )Y,
=1 l,l,S,t

ZRD vY iy ])Ykzou

ZRD(Yiainyj)Yk = ) T;(D}yDj, —Diy.Dj — C},Djj.)Ys,

Zfl i7l757t
ZRD (Y;,Y;)Dy,Yy = — > Di(D}, D, — DiD3, — CLD;,)Y,
i=1 i,0,8,t

By virtue of (3.1) and (3.6), we have
(OpRP) (Y)Y, = > {DI(D%Dl — D}.DY — Ci; Diy)

i,0,8,t
+ T, (D},D;, leDtl Ci:Djy)
— D}(D},Dj, — D}, D5, — C; Dj,)} Y,

(3.7)
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From (3.1) and (3.7), we obtain the following.

Proposition 3.2. Let D be a left invariant connection in the tangent
bundle over the Riemannian manifold (G,g). Then D is a Yang-Mills
connection if and only if

S {DL(DLD} ~ DDl — ClyDj) + T (DhDj — DDy — CLDf)
i,l,t=1
— Di(D D}y = Dy Djy = Ciy Djy)} = 0.

Suppose D is a left invariant metric connection in the tangent bundle
over (G, g). Then we have

(3.8) Dt = -DJ,
for each 7, j and k.

From (3.8) and Proposition 3.2, we obtain the following.

Theorem 3.3. Let D be a left invariant metric connection in the
tangent bundle over the Riemannian manifold (G, g). Then, a necessary
and sufficient condition for D to be a Yang-Mills connection is

n

Z {Di, (Dl D} — ijDltk) - 2D§sD£kD§'l

ilt=1
l l l k l l
+F§j(DtkDfl Dy, Dy — Cy Dyy) — Dy (D D3y — ;D) } = 0.

If a torsion-free affine connection D in the tangent bundle over a
Riemannian manifold (M, g) satisfies Dg = w ® g for a 1-form w on
M, then (D, g,w) is called a torsion-free Weyl structure. Recently, Park
obtained the following.

Theorem 3.4. [14] Let G be an n-dimensional (n > 3) closed semi-
simple Lie group, g a left invariant Riemannian metric induced from the
Killing form of the Lie algebra g of G and (D, g,w) a torsion-free Weyl
structure. Then D is a Yang-Mills connection if and only

(i) w=0, or

(i) dw =0 and |Jwl|? = L.
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§4. Yang-Mills connections on SU(2)
Let su(2) be the Lie algebra of all left invariant vector fields on SU (2).
The Killing form B of the simple Lie algebra su(2) satisfies
B(X,Y)=4Trace(XY), (X,Y €su(2)).
We define an inner product <, >¢ on su(2) by
<X,Y >0:=-B(X,Y), (X,Y €su(2).

Then the inner product < , >( determines a left invariant metric gg on
M. The following lemma is well known (cf. [10, 18, 19] ).

Lemma 4.1. Let g be an arbitrary left invariant Riemannian metric
on SU(2) and let < , > be an inner product on su(2) defined by

<X,V > = ge(Xe,Ye), (X,Y €5u(2)),

where e is the identity matriz of SU(2). Then there exists an orthonor-
mal basis { X1, Xo, X3} of su(2) with respect to < , >¢ such that

(4 1) [XlaXQ] == %Xi% [X27X3] = %Xla
(X3, X1] = %X% < X;, Xj >=d;5a4,

where a;(i = 1,2,3) are positive constant real numbers determined by
the given left invariant Riemannian metric g on SU(2).

We fix an orthonormal basis { X1, X2, X3} of su(2) with respect to go
with the property (4.1) in Lemma 4.1 and denote by g(4, 44,45) the left
invariant Riemannian metric on SU(2) which is determined by positive
real numbers aj,as,a3 in Lemma 4.1. Moreover, we normalize left in-
variant Riemannian metrics on SU(2) by putting a3 = 1. We denote by
9(a1,a2,1) OF SIMPlY g(q, 4,), the left invariant Riemannian metric which
is determined by positive real numbers a1, a2, a3 = 1.

In general, the Riemannian connection V for the Riemannian metric
g on a Riemannian manifold (M, g) is given by

(4.2) 29(VxY,Z) =Xg(Y,Z)+Yg(X,Z) - Zg(X,Y)
—9(X,[Y, Z]) —g(Y, [X, Z]) + 9(Z,[X,Y])

for X,Y,Z € X(M), and the curvature tensor field R is

(4.3) R(X,)Y)=[Vx,Vy] = Vixy, (X,Y €X(M)).
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For the orthonormal basis {X1, X2, X3} of su(2) with respect to <
, >0= —B in Lemma 4.1, if we put
1 1
Yii=—=X1, Yoi=—
NG Vaz
then {Y1, Y5, Y3} is an orthonormal frame of (M, g< > := g(a;,a,))- From
(4.1) we have

Xo, Y3:=Xj,

a a
Yo, Vo Vs= Yy, [vavi]= Y2y,

(4.4) [V1,Y3] = V24, V2a1

1
\/2a1a2

Assume D is a left invariant Yang-Mills connection with torsion-free
Weyl structure (D, g4, ,a,), w) in the tangent bundle over (SU(2), 9(a, ,a2))-
Then dw = 0 by Theorem 1.2. We obtain from (3.2)

dw(Y;, Yj) = Yi(w(¥j)) = Yj(w(¥i)) — w([Yi, Y])

3 n
=— Z ijw(Yk) =— Z C’fjwk =0.
k=1 k=1

By virtue of (4.4) and (4.5), we get

(4.5)

w=0.

So D is a metric connection. Moreover since D is a torsion-free Weyl

structure, D is V a Levi-Civita connection for the metric g(g, 4,)-

Summing up these facts, we get the following.

Proposition 4.2. Let D be a left invariant Yang-Mills connection
with torsion-free Weyl structure (D, g,w) in the tangent bundle over
(SU(2),9(ay,a2))- Then, if D is a Yang-Mills connection, D coincides
with the Levi-Civita connection V for the metric g4, a,)-

For V the Levi-Civita connection for the metric gy, 4,) on SU(2), we
obtain from (4.2) and (4.4)
(4.6)
Vv, Ys = c‘l(—al +ao + 1)Y3, Vy, Y1 = c_l(—al +ao — 1)YE>,,
VY2Y3 = Cil(al —az + 1)Y1, VY3Y2 = Cil(—al — a9 + 1)Y1,
Vy, Y1 = ¢ Hay + ag — 1)Ya, Vy, Y3 = ¢ Hay —az — 1)Ya,
Vyi Y1 = Vy, Yo = Vy Y3 =0,
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where ¢ := /8ajas. Furthermore, by the help of (4.3), (4.4) and (4.6)
we get

[ R(Y1,Y2)Y1 = ¢ {3 — 2(a1 + az) — (a1 — az)?}Ya,
R(Y1,Y2)Ys = ¢ 2{=3 + 2(a1 + az) + (a1 — a2)?} Y1,
R(Y1,Y3)Y1 = ¢ {3a2? — 2(1 + a1)az — (1 — a1)?}Ys,

(4.7) R(Y1,Y3)Ys = ¢ ?{—3a2? + 2(1 + a1)az + (1 — a1)?} Y7,
R(Yg, Y3)Y2 = 672{30,12 — 2(@2 + 1)a1 — (a2 — 1)2}1/3,
R(Y2,Y3)Y3 = ¢ 2{—3a1? + 2(az + 1)a1 + (ag — 1)2}Y2,
R(Y1,Y2)Ys = R(Y2,Y3)Y1 = R(Y3,Y1)Ys = 0.

In order to analyze

3
(6w RY) (Y)Y = = > _(Vy,RY)(Y;, )Yy
i=1

3
== {Vn(RY(Y;,Y))Yi) — RY(Vy, Y., Y;)Ys
=1

— RY(Y;, Vy,Y))Yi — RY(Y;,Y;)Vy, Y3},
From (4.6) and (4.7), we obtain the following.
Lemma 4.3. On (SU(2),9(g, 4.)), we have

OvRV)(Y))Y: = 0 (i=1,2,3),

(0w RV)(Y1)Ys = 4c3{2a1% — (ag + 1)a1? — a2® + a2? + az — 1}Y3,
(0w RV)(Y1)Ys = —4c3{2a1> — (ag + 1)a1? — a2® + az? + ag — 1}Y5,
(OvRV)(Y2)Y1 = 4c3{a1® — a1? + (a2? — 1)a; — 2a23 + ax? + 1}Y3,
(0w RV)(Y2)Ys = —4c3{a1® — a1? + (a2? — 1)ay — 2a2® + ax® + 1}Y7,
(0w RV)(Y3)Y1 = —4c 3{a1® — aza1? — (a2 — 1)ay + a2® + ag — 2}Y5,
(OvRV)(Y3)Ys = 4c3{a1® — asa1? — (a2? — 1)ay + a2® + az — 2} Y1,

where ¢ = v/8ayas.

By virtue of (3.1), (4.8) and Lemma 4.3, we get the fact that V is a
Yang-Mills connections if and only if a; and ag satisfy the following two
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equations

(4.9) ar1® —a? + (a22 —1)a; — 2a9° + a2 +1=0
and

(4.10) a1 — asai® — (CL22 —1Day + as® +as —2 = 0.

Subtracting (4.10) from (4.9), we obtain
(CLQ — 1){&12 + 2(&2 + 1)(11 — 3(122 — 2a9 — 3} =0.

Hence we have

(4.11) ap=1 or a;=—-ay—1+2vVas2+as+ 1.
By the help of (4.9), (4.11) and the fact that a; > 0 and az > 0, we get

a; =ag = 1.

Thus, we obtain the following.

Proposition 4.4. Let V be the Levi-Civita connection for the metric
Y(ar,az) on SU(2). Then V is a Yang-Mills connections if and only if
a] = ag = 1.

Therfore, by virtue of propositions 4.2 and 4.4, we have the following.

Theorem 4.5. Let D be a left invariant Yang-Mills connection with
torsion-free. Weyl structure (D, g(q, a0),w) in the tangent bundle over
(SU(2), 9(ar,a0))- Then, D is a Yang-Mills connection if and only if
D=V anda; =as =1.
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