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THE GENERALIZED ANALOGUE OF WIENER
MEASURE SPACE AND ITS PROPERTIES

KunN SIK Ryu

Abstract. In this note, we introduce the definition of the gener-
alized analogue of Wiener measure on the space C[a, b] of all real-
valued continuous functions on the closed interval [a, b], give several
examples of it and investigate some important properties of it - the
Fernique theorem and the existence theorem of scale-invariant mea-
surable subsets on C|a, b].

1. Preliminaries

In 1923, Wiener proved the existence theorem of the meaningly mea-
sure on the space Cyla,b], the space of all real-valued continuous func-
tions on a closed bounded interval [a, b] which vanish at a, the so-called
Wiener space in [9]. This is based on the properties of Brownian motion
of a single small particle. In 2002, the author and Dr. Im presented the
definition and properties of analogue of Wiener measure on the space
Cla, b], the space of all real-valued continuous functions on [a,b] in [3].
This is the theory of many particles, moving along the law of Brownian
motion.

In this note, we introduce the definition of the generalized analogue
of Wiener measure space, which is more generalized concept of Wiener
measure space and we give several examples. Furthermore, we inves-
tigate important theorems - the Fernique theorem on Cfa,b] and the
existence theorem of scale-invariant measurable subsets on C|a, b].

In this section, we give some notations, definitions and facts which
are needed to understand the subsequent sections.
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Let a and b be two real numbers with a < b. Let «, 5 : [a,b] — R be
two continuous functions such that ( is strictly increasing. Let ¢ be a
positive finite Borel measure on R.

For t = (tg,t1,ta, - ,tp) with a =tg <t; <ty <--- <t, <b,let

W (¢, 4; o, 3)
1

V@O T (B(1)) - Bltj-1)

1N (g~ alty) — (ujo1 — aftj-1)))?
e e ey R

j=1

and let Jz: Cla,b] — R""! be a function with J{z) = (z(to), z(t1), z(t2),

-, x(tyn)). For Borel subsets By, By, - - - , B, of R, the subset thl(]_[?zo
Bj) of Cl[a,b] is called an interval. Let Z be the set of all intervals. We
let

m@(thl(H Bj))
§=0
:/ |:/ W(t_;ﬁ7a)ﬁ) deL(Ul,UQ,"’ 7un)}d(p(u0)
Bo j=1Bj j=1
where my, is the Lebesgue measure on R.

Using the Chapman-Kolmogorov equation in [2], we can easily prove
the following theorem.

Theorem 1.1. m,, is well-defined on I.

By Theorem 2.1 and Theorem 5.1 in [6], the set B(Cla,b]) of all
Borel subsets in Cla,b] with the superemum norm, coincides with the
smallest o-algebra generated by Z and there exists a unique positive
measure w, on (Cla, b, B(C[a,b])) such that w,(I) = my(I) for all I in
Z. Here, w, is called the generalized analogue of Wiener measure on
(Cla,b],B(C|a,b])) associated with .

From the change of variable formula, we have the following theorem.
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Theorem 1.2. (The Wiener integration formula for wy,) If f : R"*1 —
R is a Borel measurable function, then the following equality holds ;

/ Flto), o(tr), - 2(tn)) dwg(z)
Cla,b]

é/ » flug,ut, -+ s un)W(E @, B) d(l | mp X @) ((ug, ug, -, un),
R" |
Jj=1

up),
where = means that if one side exists then both sides exist and the two
values are equal.

Now, we give several examples for our definitions.

Example 1.3. Let ¢ be a positive finite Borel measure on R.
(1) It is not hard to show that w, has no atom.

(2) we(Cla, b]) = (R).
(3) For a <t <b, let J; : Cla,b] — R be a function with Ji(z) = x(t).
Then for any Borel subset E in R,

wp (T (E))

1 o
== [ (e dmun)dotu)
where Ay, = /B(t) — B(a)E + a(t) — a(a) +up and xa,, is the charac-

teristic function with respect to Ay, .
(4) Suppose that f(u) = u is ¢-integrable. Then for a <t <'b,

| aduy@) = (aft) - ala)e(®) + [ udp(w)
Cla,b] R
If ¢ = ¢,, the Dirac measure at p, fC[a,b] z(t)dwy(z) = a(t) — ala) +

p and if ¢ has a normal distribution with mean m and variance o2,

fc[%b] z(t)dwy(z) = at) — ala) + m.
(5) Suppose that f(u) = u? is p-integrable. Then for a <t < b,

/ z(t)*dw,(z)
Cla,b]
= (B(t1) = Bla) + (a(t) — a(a))*)p(R) + 2(a(t) — a(a)) /Rudw(u)
u?do(u).
+/R dip(u)
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If ¢ = 0, then

/ z(t)?dwy, ()
Cla,b]
= B(t) = Bla) + (a(t) — a(a))? + 2(a(t) — ala))p + p°

and if ¢ has a normal distribution with mean m and variance o2, then

/ 2(8)2dw, ()
Cla,b]
= B(t) — B(a) + (a(t) — a(a))? + 2m(a(t) — ala)) + m? + 0.

(6) Suppose that f(u) = u? is p-integrable and a < t; < to < b. Then
/ £(tr)(t)dwy ()
Cla,b]
= (B(t) = B(a) + (altz) — a(tr))(a(t) — ala)) + (a(t) — a(a))*)p(R)
+(a(t2) + a(tr) — 2a(a))/ udp(u) + / uldo(u).
R R

(7) For a <t} <ty <t3 <ty <bandk; and ko in R, using the change
of variable formula,

P(R)w,({z in Cla,b] | x(t2) —x(t1) < ki and x(ts) — x(t3) < ka})
=we({z in Cla,b] [ 2(t2) —x(tr) < k1})
X we({z in Cla,b] | x(ts) — x(tz3) < ka}).
Hence, if ¢ is a probability measure on R, then x(to) — x(t1) and z(t4) —
x(t3) are stochastically independent.
(8) Let F(yp) be the Fourier transform of a measure ¢ on R, that is,
[F(@)](€) = [gexp{iu}tdp(u). Then for a <t <b,
| exfiat)}du(z)
Cla,b]
1
= exp{—5&*(B(t) - A(a)) + i€ (a(t) — a(a) HF(2)]()-

If ¢ has a normal distribution with mean m and variance o then
| ewliat}don(o)
Cla,b]

= exp{=3E(3(t) — A(a) + o) + ila(t) — ala) + m)},
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so Ji(x) = x(t) has a normal distribution with mean «o(t) — a(a) + m
and variance 3(t) — B(a) + o>.

2. Fernique’s Theorem for the generalized analogue of Wiener
measure

In 1970, Skorokhod proved that there is a positive real number p; such
that [; exp{p1||z| }dw(x) is finite in [5] and at the same time, Fernique
showed independently that there is a positive real number ps such that
Jg exp{p2||z||*}dw(z) is finite in [4], where (B,w) is an abstract Wiener
measure space and || - || is a measurable norm in (B,w). These two
theorems play a very important role in the theory of abstract Wiener
space. In 2009, the author proved that for 1 < d < 2, there is a positive
real number p such that fO[o,l} exp{p||z||*}dw,(z) is finite where w,, is
the analogue of Wiener measure on C10, 1] in [7].

In this section, we will prove that for 1 < d < 2, there is a positive real
number p such that | Clab exp{p||z| % }dw, () is finite under the certain
conditions where w, is the generalized analogue of Wiener measure on
Cla,b].

Throughout in this section, let ¢ be a probability Borel measure on
R and let a be non-increasing.

From the definition of median, directly we obtain the following lemma.

Lemma 2.1. Let X(z) = x(t) — z(s) for x in C[a,b] where a <
s < t < b. Then the median med(X) of X is a(t) — a(s), that is,
wy({z in Cla,b] | X(2) > a(t)—a(s)}) > 1 andwy({z in Cla,b] | X(z)
<alt) —a()}) > .

Now, we prove the theorem, which is a key role theorem in this sec-
tion.

Theorem 2.2. For M > 0,
we({z in Cla,b] | |z —z(a)|lcc 2 M + afa) — a(b)})

(a) (M +aa) — a(b)?
¢M+a o 250 - @)
Proof. Let (t,) be a dense sequence in [a, b]. For a natural number n,
let Sy, () = max{x(tx)—x(a)|l <k <n}and S(z) =sup{z(t,)—z(a)|n

is a natural number } for x in Ca,b]. Then (S,,) converges to S w,-a.e..
Let us relabel t1,t2, -+ ,t, as Ty,1,Tn,2, -, Tn,n such that 7,9 = a <
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Tnl < Tpo < -+ < Tpp < b. For two natural numbers n and j with
1<j<n,let X, (z) =2(7n;) — (Tnj—1) and Sy j(x) = > 7_; Xn k()
for z in C[a,b]. Then S, j(x) = x(7n;) — x(a) for x in Cla,b] and from
(7) in Example 1.3, X;, 1, Xpn 2, -+, Xp; are stochastically independent.
By Lemma 2.1, med(Sp,j — Snn) = a(7n,j) — a(Tnn) and max{S, x(x) —
med(Sy k(x) — Spp(x))]1 <k <n} >max{S,,(z)]1 <k <n}—ala)+
a(b) for = in Cla,b]. So, for M > 0,

we({z in Cla,b] | sup{z(t) —z(a)la <t <b} > M + a(a) — a(b)})

D Jim wo({z in Cla,b] | max{S,r(z)|1 <k <n}>M+ aa)

n—oo

—a(b)})

2
i lim ww({x in Cla,b] | max{S,i(z) — med(Syr(z) — Spn(z))}

n—oo

> M})

(<) 2 hm ww({x in Cla,b]|Syn(z)) > M})

Q2T / /WM 2e(B(rn0) — Hl)]

— oTnn) — (up —

( (Tn n) - ﬂ(a))

@ \f T / / exp{_f}dm( )dio(uo)
© \/E/A exp{—%}dmL(U)
@ \/5A1exp{—f;2}-

Step (1) come from the property of measure. By the inequality max{S, x
() — med(Sup(x) — Sun@)l < k < n} > max{Suu(@|l < k <
n} — a(a) + a(b) for z in Cla, b], we obtain Step (2). We have Step (3)
by Levy’s inequality in [8]. Using Theorem 1.2 in above, we obtain Step

4). Putti A, = M—a(rn,n)+a(a) dov= u1 —a(Tn,n)—(uo—a(a)) h
(4). Putting T o)l ndv (st o have

Step (5). Letting A = %, Step (6) results from the continuity

of a and 3. Step (7) holds because A > 0 and [° exp{—%}dmL(v) <
A7 [ exp{—%}dmL(v) =A! exp{—A;}. In the essentially similar
manner, one can prove that w,({z in Cla,b] | inf{z(t) — z(a)la <

exp{— a(a)))” dmp (u1)de(ug)
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t<b} < —(M+a(a) —ad)}) < \/%A_l exp{—A;}, so, from two our
inequalities, we can obtain a given inequality. ]

Theorem 2.3. If 0 < d < 2, then for all positive real number p,
fc[a,b] exp{p||z — x(a)Hgo}dw@(ac) is finite and for 0 < p < Wl_ﬁ(a)),
fC[a,b] exp{p|lx — x(a)Hgo} dw,(x) is finite.

<

Proof. For any non-negative integer n, let A, = {z in Cla,b] | n
—a(b).

|lt—z(a)||cc < n+1}. Let N be a natural number with N > a(a)
Then, by Theorem 2.2,

/ exp{pllz — 2(a)|1& }dwy ()
Cla,b]

N-1

< exp{p(n+1)%}

n=0

+3 explp(n+ D i Clat] | o - 2(@)] > n))
N1
<3 efpin+ 1)%)

n=0
2(8(b) — B(a) "
oA S oo 1 )

From the root test, if 0 < d < 2 then for all positive real number p,
the right-side term in above converges and if d = 2 then for 0 < p <
W—ﬁ(a))’ the right-side term in above converges. O

Using the inequalities (|a|+ [b])? < 2971 (Ja|? + [b|%) for 1 < d < 2 and
(la] + b)) < 2(|a|? + |b]?), we can prove the following theorem which is
a main theorem in this section.

Theorem 2.4. (Fernique’s theorem for the generalized analogue of
Wiener measure) If 1 < d < 2 and [ exp{2%p|u|?}dip(u) is finite then
fC[a,b] exp{p||z||% }dw, () is finite and if p < 72(6(13)1—5(@) and [, exp{4p|u|?}
do(u) is finite then fc[a y expip |z]|% }dwy(z) is finite.
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3. Scale-invariant measurable subsets in the generalized ana-
logue of Wiener measure space

In 1979, Johnson and Skoug presented a nice paper related to the
scale-invariant measurable subsets of the concrete Wiener space in [1].
This was contributed the big development of the theories of Wiener
process.

In this section, we establish the existence theorem of scale-invariant
measurable subsets of the generalized analogue of Wiener space.

Throughout in this section, let ¢ be a probability Borel measure on
R.

For t(n) = (to,t1,to, -+ ,tn) With a =tg <t; <ty < --- <t, =Db, let
)| = maz{t; —t;11j = 1,2, - ,n} and let Sy, (2) = Sy (2(t;) —
z(tj—1))? for x in Cla,b). Suppose that lim,, . [|£(n)| = 0.

Theorem 3.1. There is a subsequence (t(c(n))) of (t(n)) such that
<St~(0(n))> converges to 3(b) — f(a) wy-a.e.

Proof. Using Theorem 2.2, we have

| Sif@idao)
Cla,b]

=3 "(B(t) — Bt—0)) + > (alty) — altj-1))?
j=1

j=1
= B(b) = Ba) + > _(alty) — alt;—1))>.
j=1

Since v is Riemann integrable on [a, b], limy, 0 37— (a(t)—a(tj—1))* =

0, so we have

lim SFin) (x)dw,(z) = B(b) — B(a).
n—00 | C(a b
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Similarly,

| i@
Cla,b]

=j;1 /C ) lt2) (a0 — (05 @)
J#k
2 ARG O URS
= 3" 1((t) ~ Blt-1) + (alty) — alt-) PIIB(E) ~ B(tsr)
o
Halte) — alte )2+ S IB(3() — Bt 1))? — 6(alt;) — alt;_1)°
j=1
% ((B(t5) — Bltj 1)) + (alty) — alt; 1)) + (a(t;) — alt;_1))"]
= (B(b) +2Z ~1))? +2(8(b) — Bla))
x Y (alty) — altj) —SZ a(tj-1))*(8(t;) — B(tj-1))-
j=1

Since « and (§ are both Riemann 1ntegrable on [a,b] and f is increasing,
limn oo D5 (alty) — a(tj—1))? = limn—oe 71 (B(t) — B(tj-1))* =
limy, oo D35 (@(ty) — a(tj—1))%(B(t;) — B(tj—1)) = 0, so we have

tim [ 8,0 dug(a) = (50) - (o))

n—=0 JCla,b)
Hence, lim,, fC[ab (Siny(x) — (B(b) — B(a)))?dwy(z) = 0, that is,
(Sf(n)) converges to 5(b) — B(a) in L%*(Cla, b],w,)-sense. Thus, there is a
subsequence (£(o(n))) of (£(n)) such that (S;(n)) converges to 3(b) — (a)
wy-a.e., as desired. O

Given A > 0 and let Cy = {z in Cla,b] | limp—oo Sg, (@) =
A2(B(b)—p(a))} and let Co = {z in Cla,b] | limy, oo St (n)) (2) doesn’t
exist}. Then we have the following theorem by the similar method as in

[1].
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(2)
(3)
(4)
(5)

1]

8]
[9]

Kun Sik Ryu

Theorem 3.2. (1) For A > 0, C) is Borel measurable.

C’[a,b] = UAZOC)\

If \y and Ay are distinct positive real numbers then Cy, N C)y, = 0.
For two positive real numbers A1 and Az, A\1Cy, = Cy,,-

wy(Ch) = 1.
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