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SOME DECOMPOSITION FORMULAS ASSOCIATED
WITH THE SARAN FUNCTION Ffg

YonG Sup KiMm , ANVAR HASANOV AND CHANG HYUN LEE

Abstract. With the help of some techniques based upon certain
inverse pairs of symbolic operators initiated by Burchnall-Chaundy,
the authors investigate decomposition formulas associated with Saran’s
function Fg in three variables. Many operator identities involving
these pairs of symbolic operators are first constructed for this pur-
pose. By employing their decomposition formulas, we also present
a new group of integral representations for the Saran function Fg.

1. Introduction

A great interest in the theory of hypergeometric functions of sev-
eral variables is motivated essentially by the fact that the solutions of
many applied problems involving partial differential equations are ob-
tainable with the help of such hypergeometric functions. In investigation
of the boundary-value problems for these partial differential equations,
we need decompositions for the hypergeometric functions of several vari-
ables in terms of simpler hypergeometric functions of the Gauss and Ap-
pell types. The familiar operator method of Burchnall and Chaundy [2,
3] has been used by them rather extensively for finding decomposition
formulas for hypergeometric functions of two variables in terms of the
classical Gauss hypergeometric function of one variable. In our present
investigation, we construct decompositions for Saran’s triple hyperge-
ometric function Fr with the help of the Burchnall-Chaundy method.
By means of the decompositions obtained by us, we also deduce some
integral representations of Euler type for triple hypergeometric function
Fg. Lauricella [12, 19] further generalized the four Appell fuctions F7,
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F5, F3, Fy [20, p. 53, Eq. (4) - (7)] to functions of three variables and
defined his functions as follows :
Fa(a,b1,b2,b3;5c1, 00,312, y, 2) (1.1)

o0

S (@) mingp (01), (b2),, (03),

Yz
m,n,p=0 (Cl)m (CQ)n (63)1) m'n'p'

)

|z + [yl + |2 < 1;

Fp(a1,a2,a3,b1,b2,b3;¢;2, 9, 2) (1.2)
S (a1),, (a2), (a3), (bl)‘m‘ (l'?z)n (b3), Sy, < 1
N T

maz{|z|, |yl |2|}

0o a )
fe (a,b; €1,€2,63; T, Y, Z) = Z (( )m+n+p ( )m"‘y?—’]') |$mynzpa
m,n,p=0 (Cl)m (62)11 (Cg)p min!p!

Vizl+ Iyl + V]2l < 1

(1.3)
00 a b b .
FD <a7b17b27b3;c;x7y7 Z) - Z ( )m+n+p( 1)m (‘2‘)77,'( 3>px'mynzp7
m,n,p=0 (C)m+n+p mm:p:
maz{|z|,|yl, ]2} < 1.
(1.4)

Saran [16, 19, p. 68, Eq. (34)] initiated a systematic study of these
ten triple hypergeometric functions of Lauricella’s set and defined the
function Fg by the following triple series :

FE (a17a27b17b27b3;c;x7y72) (15)
_ i (a1),, (@2),,4, (bl)w: ('52)n (b3)pxmynzp’
m,n,p=0 (C)m+n+pm'n'p!

lz| <7, |yl <s,|z| <t,r+s=rss=t.
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2. The main pairs of symbolic operators

Burchnall and Chaundy [2, 3] and Chaundy [4] systematically pre-
sented a number of expansion and decomposition formulas for some dou-
ble hypergeometric functions in series of simpler hypergeometric func-
tions. Their method is based upon the following inverse pairs of symbolic
operators :

_D(AT(61+02+h) )
Vay (1) = (61 + h)T'(02 + h) Z

k=0

A, (h) = D01+ R+ h) (=01) (—02)
Y T(R)T (81 + 02 +h) 4~ (1—h—3& — &), k!

i D* (1) (=81); (=02);
- h+k—1 )i (R4 61), (h+ 02), kY

0 0
<61 = .’E@, 62 = y&y) .
(2.2)

Indeed, as already observed by Srivastava and Karsson [19, p. 332-
333], the aforementioned method of Burchnall and Chaundy [2, 3] was
subsequently applied by Pandey [14] and Srivastava [18] in order to
derive the corresponding expansion and decomposition formulas for the
triple hypergeometric functions FA(3), Fg, Fx, Foy, Fp and Fr, Hy,
He, respectively (see, for definitions, [19, section 1.5] and [20, p. 66
et seq.]), and by Singhal and Bhati [17], Hasanov and Srivastava [9,
11] for deriving analogues multiple series expansions associated with
triple hypergeometric functions. We now introduce here the following
analogues of Burchnall - Chaundy symbolic operators A;, and V,,
defined by (2.1) and (2.2), respectively :

k=0

o

L(h)T(61 + o2 + 03 + h)
(01 + h)T(62 + 63 + h)
- i (=81);4, (—02); (—33), (2.3)

et (h)iy ;115! ’

@w;yz (h) =
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and
A (h) . F((Sl + h)F(ch + 03 + h)
R (h) (01 + 62 + 03+ h)

. i H—j 52)1 (_53)]'
(1= h =01 — 02 — 03), ilj!

i,j= 0
—1) (R)agi ) (—01);4 5 (—02); (—03),

;0 hti+j = 1) (h+01);; (h+ 62+ 03);,il5!

0 0 0
0 :=x—; 0p:=y—; 03 := z2—
< 1 xaxv 2 yaya 3 Z@z>

(2.4)
Here we present one-dimensional inverse symbolic operators to investi-
gate generalized hypergeometric functions :

_ PO (a+d)
He (0:0) = F o) (G v o)
00 ,3 a)l ) (2.5)
; B), i
and
i D(a)T(B + 5,)
e (2:9) = 5By o v o)
(2.6)

_ = (B — a)i (—5:c)z‘
N Z; (1—a—6,),1!

1=

3. A set of operator identities

By applying the pairs of symbolic operators in (2.1) to (2.5), we find
the following set of operator identities involving the Gauss function o F7,
the Appell functions Fy, Fy, F3 and Fy , and Lauricella functions Fly,
Fp, Fo and Fp respectively :

F ((l bl,bQ,Cl,CQ,CQ,x Y,z ) ﬁzyz( )vyz (bz) vyz (CQ)F(CL,bl;Cl;.T)
X Fy (a,ba, ba; c239,2)
(3.1)
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Fg (a,b1,bo;c1, ¢, ¢3;2,Y, 2) =V, (a) Vi (b2) F (a,bi;c1;2)

x Fy (a,ba, ba; c2, ¢339, 2) 5 32
Fg (a,b1,bz;c1,c2,c2;7,9, 2)
:@x;yz (@) Vyz (a) Vyz (b2) Vs (c2) F (a,bi;c1;x) (3.3)
x F3(a,a,bz,ba; a5y, 2) ;
Fg (a,b1,bz;c1,c2,c3;7,9, 2)
= Ve (a) F (a,b1; 0157) Fy (a,bo; c2, ¢339, 2) ; (3.4)

Fr (a,by,ba; 1, c2,¢3,2, Y, 2) =Vayz (@) Vs (@) Vs (b2) F (a, b5 c1;2)
x F(a,by;co;y) F (a, b c3;2) 5
(3.5)

a

Fg(a,b1,ba;c1,c0,¢3;2,y,2) = Hy (by,c1) (1 — )~

3.6
x Fy a,b2;02,63;7,L ; (3.6)
l—2"1—x

1—2'1—2

(1—2)"“Fy (a, ba; c2, c3; 2 Z) = Ha (b, 1) (3.7)

X Fg (a,bi,bo;c1,c2,¢3;2,9,2)

Fg (a,b1,ba;c1,c0,03;2,y,2) = Vyz (b2) Fa (a, b1, b2 c1, c2, ¢35 2,9, 2) 5
(3.8)

FE (CL, b17 b?a ¢ C LYy, 2) :vx;yz (a) Vyz (a“) Vyz (b2) V:E;yz (C) vyz (C)
X FB (a7a7a7b17b2ab2;c;x7y7 Z) ;
(3.9)

FE (a¢ ba b; C1,C2,C3;T,Y, Z) = A:v;yz (b) FC (aa b; C1,C2,C3;1,Y, Z) 5
(3.10)

Fg <a7 by,b;¢c,c,c;m,y, Z) = vyz (b) vz;yz (C) Vyz (C) Fp (a7 bi,b;c;2,y, z) .
(3.11)
In view of the known Mellin - Barnes contour integral representation
for the Gauss function 9 Fy [1, p. 11], the Appell functions Fi, Fy, F3, F}y
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and Saran’s function Fg, it is not difficult to give proofs of the operator
identities (3.1) to (3.11) by making use of Mellin and inverse Mellin
transformations [1, 13].

4. Decompositions for Saran’s triple hypergeometric func-
tions I'g

Making use of the principle of superposition of operators, from the

operator identities (3.1) - (3.11), we can derive the following decomposi-
tion formulas for Saran’s triple hypergeometric function Fg, respectively

Fg (a,by,bo;c1,c2,c0;2,y, 2)

_ i (a)i+j+2k+21 (bl)H—J (b2)i+j+2k+l i+j i+k+lzj+k+[
i k=0 (e1)iyj (c2)p (C2)iyjyonqon 'R (4.1)

xF(a+i+j+2kbi+i+j;e1+i+7;2)
XFl (aaﬁ’ﬂ;’y; Y, Z) )
where o = a+i+j+2k+2l, 8 = bo+i+j+2k+1, and v = co+i+j+2k+2I.

Fg(a,b1,bo;c1,¢2,c0; 2,9, 2)

> (a)i-l—j-i-Qk (bl)i+j (b2)i+j+k l‘i+jyz'+kzj+k

Ryl (1)1 (c2)ipy (c3) 4 p 615 K!
xFla+i+j,bi+i+j;e04+i+75;2)
XFy(a+i+j+2kba+i+j+kba+i+j+kico+it+kea+i+ky z2);

(4.2)
Fg (a,b1,b2;¢1, ¢, C2; 7,9, 2)
2
> [(a)i+j+2k+l+q (bl)i—i-j (b2)z‘+j+2k+2l+q g itk itk
= 2 et Y F
i edg=0 (a)i+j+2k+l (Cl)iJrj (c2)k (02)i+j+2k+2l+2q )R

xFla+i+7+2kbi+i+j;e1+i+j;2)
XF3(a7a7/6)ﬂ;’y;yaz)7
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where a =a+i+j+2k+1l+q,8=00+i+j+2k+20+q,
vy=ca2+1+2k+ 20+ 2q.

Fg (a,b1,ba;c1,c2,c3; 2,9, 2)
o

(@)i1 (b1)iy; (b2)g+; iy
Pt (Cl)i+j (c2); (03)j 115! (4.4)
XF(a—+i+j,bi4+i+jic1+i+j;z)

XFy(a+i+37,bo+i+jiea+1i,c3+ iy, 2);

FE ((I, b17 b2, C1,C2,C2;T, Y, Z)

_ i (@) hpt (a)j—i-k—i-l (bl)i+j (b2)i+j+2k:+l i g ik i+

i RI=0 (a)y, (cl)i—i—j Y (CS)j+k+l ikl

(4.5)
xF(a+i+j+2kb+i+j;e0+i+7;7)
xFla+i+k+Lbo+i+j+2k+lLca+i+k+1y)
xFla+j+k+Lby+i+j+2k+lLces+j+k+12);

Fg (a,by,b2;c1, 2,3, 2,9, 2)
cone (CD (@) (e =t (=
— 1_ 7 7
(1-2) Z; (1), 4! 11—z (4.6)
Fy aJri,bQ;CQ,Cza;L,L ;
l—x"1—2
a z
(1—x) " Fy (a, ba; c2, c3; %7 1_ :E)
(4.7)

_ i (a); (c1 —b1)

(c1), 1! L2 Fg (a +1i,b1,ba;c1 + i, c2, ¢35, 9, 2) ;
X 1); ¢t
=0 ¢

_ i (a)g; (b2);

=0 3 v

(4.8)
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Fg (a,b, b; C1,C2,C3;2,Y, z)
o) (_1)i+j (a’)2i+2j (b)i—l-j it
- TR
i—0 (Cl)i+j (c2); (63)]- ilg!
XFe(a+42i425,b+i+jici +i+j,co+i,c3+jix,y,2).

Y2 (4.9)

Our operational derivations of the decomposition formulas (4.1) to (4.9)
would indeed run parallel to those presented in the earlier works [1, 19],
which we have already cited in the preceding sections. In addition to
the various operator expressions and operator identities listed in Section
3, we also make use of the following operator identities [15] :

(O +a), {f(&)} = a4 {E““‘ Lf(e)} (4.10)

dgn

and

—d¢), {£(&)} = )”énd;n{f(ﬁ)} ((55 = fjg; ae cc> (4.11)

for every analytic function f(§).

5. Integral representation for Saran function Fpg

Here in this section, we observe that several integral representations of
the Eulerian type can be deduced also from the corresponding decompo-
sition formulas of Section 4. For example, using integral representations
[1, p. 29, (4) and p. 142, (13)] in (4.1):

1

Flabies) = rpo—g [ €71 0= 070 20

0
R(c) > R(b) >0, and
Fy (a;b1,b2;¢57,9)

1 1
G e U
—r<>r<>//” ML= (1 =) (1= ),

R(c)>R(a)>0
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we obtain, after a little simplification,

'(e1)T (c2)
I‘(a)F (bl) Tr (C2 — a) T (Cl — bl)

1 1
x 0/ 0/ ghLya=1 (1 — £ ~0 =1 (1 — )= (1 1) ™ {(1 - yn)

FE ((I, b17b2;61,02a62;$3yaz) =

—by

ot (A= 02 (1 —yn)(1 = 2n) —yar?
(1 I e e e

z+j+2k wy@?(l — 77) ‘
: ; T (s e

{ zz§n(1 —n) }J
(1 —28[(1— )2(12—(1?4?7)(;2— zn) — yzn?] .
yzn*(1—n
ATt e g
R(c 1)> (b1) >0, R(c2) > R(a) > 0.
(5.1)
In case of z = 0 in (5.1), we know
Fg (a, bl,b2,01,62702,0 y,z) = Fy(a,ba;co, 259, 2)
[ (c1)T (c2)
1(CLIF( 1) (c2—a)T (e1 = b1)
% { -1 a 1 c1 —b1—1 (1 N n)cg—a—l
[le ) .
1—y77 )1 — zn) —yzn?\ "7
(%= E )
— (b2)y, yzn?(1 —n)? k
D e i T g (= )~y

ERéclo > (bl)>0 R(c2) >R(a) >0

Fg (a,b1,ba;c1,c2,02;0,,2) = Fy (a,ba; ca,c2: 9, 2)

I'(e) T (e2)
F(a)I‘ (bl) T (CQ — a) T (01 — bl)
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1 1
X//gbl 1, _a— 1(1 g)cl —b1— 1(1_77)02+2b2 a—1
00

( m?*(L—yn) (1 - 2n) — yzn )7b2 (5-3)
by by 1 y dyzn?(1 —n)*
e eI (1—yn)(1—zn)—yzn2]2)d£dn
R(c) > R(b1) >0, R(c) > R(a) >

Finally using the following well-known relationship between the Beta
function B(a, 3) and the Gamma function T:

/ Ll 08 d (R(a) > 0: R(B) > 0)
0

(o) I'(B)
I(a+P)

where C and Z; being the set of complex numbers and non-positive
integers respectively, we have the following

(5.4) Bl(a, p):=
(a, e C\Zy),

T
Fg(a,b1,ba;c1,c2,¢2;0,9,2) = Fy (a,ba;c2,c0;9,2) = T(aT

1
X /n“‘l (1 —pyetemet ((1 )’ —yn)(1 — zn) - yz772) _b2
0
by by dyzn?(1 —n)?
NG MR —yzn2]2> i
%(02) >R (5 5)

Similarly, we can obtain other results by integral representations [1, p.
29-30, (1)-(4) and p. 142, (13)] in (4.2)-(4.6).
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