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SUPERSTABILITY OF FUNCTIONAL

INEQUALITIES ASSOCIATED WITH

GENERAL EXPONENTIAL FUNCTIONS

Eun Hwi Lee

Abstract. we prove the superstability of a functional inequality associ-

ated with general exponential functions as follows;

∣∣∣f(x + y)− ax2y+xy2
g(x)f(y)

∣∣∣ ≤ Hp(x, y).

It is a generalization of the superstability theorem for the exponential func-

tional equation proved by Baker.

1. Introduction

In 1940, S. M. Ulam gave a wide ranging talk in the Mathematical Club
of the University of Wisconsin in which he discussed a number of important
unsolved problems (ref. [22]). One of those was the question concerning the
stability of homomorphisms :

Let G1 be a group and let G2 be a metric group with a metric
d(·, ·). Given ε > 0, does there exist a δ > 0 such that if a mapping
h : G1 → G2 satisfies the inequality d(h(xy), h(x)h(y)) < δ for all
x, y ∈ G1, then there exists a homomorphism H : G1 → G2 with
d(h(x),H(x)) < ε for all x ∈ G1?

In the next year, Hyers [5] answered the Ulam’s question for the case of
the additive mapping on the Banach spaces G1, G2. Thereafter, the result of
Hyers has been generalized by Rassias [15]. Since then, the stability problems

Received September 1, 2009. Revised September 19, 2009.
Key words and phrases : Exponential functional equation, Stability of functional equa-

tion, Superstability.
2000 Mathematics Subject Classification : 39B72, 39B22.



538 Eun Hwi Lee

of various functional equations have been investigated by many authors (see
[1,3, 4, 6-13, 16-21]).

In particular, Baker et al. in [2] introduced the stability of the exponential
functional equation in the following form : if f satisfies the inequality |f(x +
y) − f(x)f(y)| ≤ ε, then either f is bounded or f(x + y) = f(x)f(y). This is
frequently referred to as Superstability.

In this paper, we will investigate the solution and the superstability of the
exponential type functional equation

f(x + y) = ax2y+xy2
g(x)f(y),(1)

which is a generalization of the superstability of the exponential functional
equation given by Baker et al.[2]. Note that f(x) = a

x3
3 is a solution of the

equation (1).

2. Superstability of a functional inequality

Baker et al.[2] proved the superstability of Cauchy’s exponential equation

f(x + y) = f(x)f(y).

That is, if the Cauchy difference f(x + y)− f(x)(y) of a real-valued function f

defined on a real vector space is bounded for all x, y, then f is either bounded or
exponential. Their result was generalized by Baker [1] : let S be a semi-group
and let f be a complex-valued function defined on S such that

|f(xy)− f(x)f(y)| < δ

for all x, y ∈ S, then f is either bounded or multiplicative. The following our
result is a generalization of Baker’s theorem.

Theorem 1. Let δ > 0 and a ≥ 1 be given. Let f, g : R → R be functions
with g(m) ≥ max{2, 4δ/|f(m)|} for some integer m ≥ 1 such that

|f(x + y)− ax2y+xy2
g(x)f(y)| < δ(2)
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for all x, y ∈ R. Then

g(x + y) = ax2y+xy2
g(x)g(y)

for all x, y ∈ R .

Proof. If we replace x and y by m in (2), simultaneously, we get

|f(2m)− a2m3
g(m)f(m)| < δ.

By induction, we get that for all m ≥ 2

|f(nm)− am3(1+2+···+(n−1)+12+22+···+(n−1)2)g(m)n−1f(m)|
≤ δ + am3((n−1)+(n−1)2 |g(m)|δ + am3((n−2)+(n−2)2+(n−1)+(n−1)2)|g(m)|2δ

+ · · ·+ am3(1+2+···+(n−1)+12+22+···+(n−1)2)|g(m)|n−2δ.

(3)

In fact, if the inequality (3) holds, we have

|f((n + 1)m)− am3(1+2+···+n+12+22+···+n2)g(m)nf(m)|
≤ |f((n + 1)m)− am2(nm)+m(nm)2g(m)f(nm)|
+ |f(nm)− am3(1+2+···+(n−1)+12+22+···+(n−1)2)g(m)n−1f(m)|am3(n+n2)|g(m)|
≤ δ + am3(n+n2)|g(m)|δ + am3((n−1)+(n−1)2+n+n2)|g(m)|2δ

+ · · ·+ am3(1+2+···+n+12+22+···+n2)|g(m)|n−1δ

for all n ≥ 2. By (3), we get

∣∣∣∣
f(nm)

am3(1+2+···+(n−1)+12+22+···+(n−1)2)g(m)n−1f(m)
− 1

∣∣∣∣

≤
( 1
|g(m)|n−1|f(m)| +

1
|g(m)|n−2|f(m)| + · · ·+ 1

|g(m)||f(m)|
)
δ

<
1

|g(m)||f(m)| (1 +
1
2

+
1
22

+ · · · )δ =
2δ

|g(m)||f(m)| ≤
1
2

for all positive integer n. Since g(m)n →∞ as n →∞,

f(nm) →∞ as n →∞.
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Then for any x, y ∈ R we have

f(nm)|g(x + y)− ax2y+xy2
g(x)g(y)|

≤
∣∣∣∣∣a

(x+y)2nm+(x+y)(nm)2g(x + y)f(nm)

− f(nm + x + y)

∣∣∣∣∣
1

a(x+y)2nm+(x+y)(nm)2

+

∣∣∣∣∣f(nm + x + y)

− ax2(y+nm)+x(y+nm)2g(x)f(y + nm)

∣∣∣∣∣
1

a(x+y)2nm+(x+y)(nm)2

+

∣∣∣∣∣f(y + nm)− ay2nm+y(nm)2g(y)f(nm)

∣∣∣∣∣|g(x)| · ax2y+xy2

ay2nm+y(nm)2

and so

|g(x + y)− ax2y+xy2
g(x)g(y)|

≤ 2δ

f(nm)a(x+y)2nm+(x+y)(nm)2
+

ax2y+xy2
δ|g(x)|

f(nm)ay2nm+y(nm)2
→ 0

as n →∞. Thus it follows that

g(x + y) = ax2y+xy2
g(x)g(y).

for any x, y ∈ R. ¤

Corollary 2. Let δ > 0 and a ≥ 1 be given. Let f : R → R be a function
with f(m) ≥ max{2, 2

√
δ} for some integer m ≥ 1 such that

|f(x + y)− ax2y+xy2
f(x)f(y)| < δ

for all x, y ∈ R. Then

f(x + y) = ax2y+xy2
f(x)f(y)

for all x, y ∈ R .
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Corollary 3. Let δ > 0 and a ≥ 1 be given. Let f : R → R be a function
such that

|f(x + y)− ax2y+xy2
f(x)f(y)| < δ

for all x, y ∈ R. Then either f is bounded or

f(x + y) = ax2y+xy2
f(x)f(y)

for all x, y ∈ R .

Suppose that Hp : R × R → R be a monotonically increasing (in both
variables) homogeneous mapping, for which Hp(tx, ty) = tpHp(x, y) holds for
some p > 1, and for all t, x, y ∈ R. For examples, let Hp(x, y) = axp + byp

for a, b, x, y ∈ R. Then Hp is a monotonically increasing (in both variables)
homogeneous mapping.

Theorem 4. Let a ≥ 1 be given. If f, g : R → R satisfy the functional
inequality

|f(x + y)− ax2y+xy2
g(x)f(y)| ≤ Hp(x, y),

then either g(x) = o(xp) as x → ∞ or g(x + y) = ax2y+xy2
g(x)g(y) for every

x, y ∈ R.

Proof. By the same method as the proof of Theorem 1, we have

|f(nx)− ax3(1+2+···+(n−1)+12+22+···+(n−1)2)g(x)n−1f(x)|
≤ Hp((n− 1)x, x) + Hp((n− 2)x, x)|g(x)|ax3((n−1)+(n−1)2

+ Hp((n− 3)x, x)|g(x)|2ax3((n−2)+(n−2)2+(n−1)+(n−1)2)

+ · · ·+ Hp(x, x)|g(x)|n−2ax3(1+2+···+(n−1)+12+22+···+(n−1)2)

for all positive integer n ≥ 2 and x > 0. Since a ≥ 1, we get

∣∣∣∣
f(nx)

g(x)n−1f(x)ax3(1+2+···+(n−1)+12+22+···+(n−1)2)
− 1

∣∣∣∣ ≤
n−1∑

i=2

Hp(ix, x)
g(x)i−1f(x)

≤
∞∑

i=1

ipHp(x, x)
|g(x)|i|f(x)| ≤

Hp(x, x)
|g(x)||f(x)|

∞∑

i=1

ip

|g(x)|i−1
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for any positive integer n ≥ 2 and x > 0. Assume that g(x) 6= o(xp) as
x → ∞, that is, there exist some α > 0 and a sequence {xk} in R such that
xk → ∞ as k → ∞ and g(xk) ≥ αxk

p > 1 for sufficiently large k. Then
ip

g(xk)i−1 ≤ ip

(αxp
k)i−1 and

∑∞
i=1

ip

(αxp
k)i−1 converges. We can then let the series

∑∞
i=1

ip

g(xk)i−1 converge to a value less than g(x)f(x)
2Hp(x,x) by taking sufficiently large

k. Thus for some sufficiently large k and any n ≥ 2, we have

∣∣∣∣∣
f(nxk)

g(xk)n−1f(x)ax3 ∏n−1
i=1 ai

∏n−1
i=1 ai2

− 1

∣∣∣∣∣ <
1
2
.

By the convergence of
∑∞

i=1
ip

g(xk)i−1 , we have npHp(xk,xk)
g(xk)n−1 → 0 as n → ∞.

Then we have ∣∣∣∣∣∣

f(nxk)
npHp(xk,xk)

g(xk)n−1f(x)ax3 ∏n−1
i=1 ai

∏n−1
i=1 ai2

npHp(xk,xk)

− 1

∣∣∣∣∣∣
<

1
2

and so npHp(xk,xk)
f(nxk) → 0 as n →∞. If k is sufficiently large, we have

f(nxk)|g(x + y)− ax2y+xy2
g(x)g(y)|

≤
∣∣∣∣∣a

(x+y)2nxk+(x+y)(nxk)2g(x + y)f(nxk)

− f(nxk + x + y)

∣∣∣∣∣
1

a(x+y)2nxk+(x+y)(nxk)2

+

∣∣∣∣∣f(nxk + x + y)

− ax2(y+nxk)+x(y+nxk)2g(x)f(y + nxk)

∣∣∣∣∣
1

a(x+y)2nxk+(x+y)(nxk)2

+

∣∣∣∣∣f(y + nxk)− ay2nxk+y(nxk)2g(y)f(nxk)

∣∣∣∣∣|g(x)| · ax2y+xy2

ay2nxk+y(nxk)2

≤ C1Hp(x + y, nxk) + C2Hp(x, y + nxk) + C3Hp(y, nxk)

≤ (C1 + C2 + C3)Hp(nxk, nxk) = (C1 + C2 + C3)npHp(xk, xk)

for some C1, C2, C3 > 0 and sufficiently large n. Thus

|g(x + y)− ax2y+xy2
g(x)g(y)| ≤ (C1 + C2 + C3)npHp(xk, xk)

f(nxk)
→ 0
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as n →∞. ¤

Corollary 5. Let a ≥ 1 be given. If f : R → R satisfies the functional
inequality ∣∣∣f(x + y)− ax2y+xy2

f(x)f(y)
∣∣∣ ≤ Hp(x, y),

then either f(x) = o(xp) as x →∞ or f(x + y) = ax2y+xy2
f(x)f(y) for every

x, y ∈ R.
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Verlag. Basel ISNM Vol 123 (1997), 297-309.

17. Th.M. Rassias, On the stability of the quadratic functional equation and its applications,

Studia. Univ. Babes-Bolyai XLIII(3). (1998), 89-124.

18. Th.M. Rassias, The problem of S. M. Ulam for approximately multiplication mappings,

J. Math. Anal. Appl. 246 (2000), 352-378.

19. Th.M. Rassias, On the stability of functional equation in Banach spaces, J. Math. Anal.

Appl. 251 (2000), 264-284.

20. Th.M. Rassias, On the stability of functional equations and a problem of Ulam, Acta

Applications. Math. 62 (2000), 23-130.

21. Th.M. Rassias and P. Semrl, On the behavior of mapping that do not satisfy Hyers-Ulam

stability, Proc. Amer. Math. soc. 114 (1992), 989-993.

22. S.M. Ulam, Problems in Modern Mathematics, Proc. Chap. VI. Wiley. NewYork, 1964.

Eun Hwi Lee
Department of Matematics
Jeonju University
Jeonju 560-759, Korea
E-mail : ehl @jj.ac.kr


