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PRECISE ASYMPTOTICS IN LOGLOG LAW FOR
p~-MIXING RANDOM VARIABLES

DAE HEE Ryu

Abstract. Let X1, Xo, .- be identically distributed p-mixing ran-
dom variables with mean zeros and positive finite variances. In this
paper, we prove

oo

1
lim € P(|Sn| > ey/nloglogn) =1,

elo =~ nlogn

[e o] oo

. 1 (—1)*
lim € P(M, > ey/nlogl =2) ———
ime nz ( > ey/nloglogn) 2 CTESIE

€lo = nlogn

where S, = X1 + -+ X, M,, = maxi<p<n |Sk| and o?=EX?+
2%, B(X1, X,) = 1.

1. Introduction

Let X, X1, Xo,--- be ii.d. random variables with common distri-
bution function F, mean zeros and positive finite variances, and set
Sp=X1+---+X,, n>1. Baum and Katz(1965) proved that for p < 2
and r > p,

(1.1) S 05 2P(|Su] 2 env) < o0, €> 0
n=1

if and only if E|X|" < oo and, whenr > 1, EX = 0. Forr =2and p = 1,
the result reduces to the theorem of Hsu and Robbins(1947, sufficiency)
and Erdo6s(1949, necessity). For r = p = 1, the famous theorem of
Spitzer(1956) was rediscovered. In view of the fact that the sums tend
to infinity as € | 0, it is of interest to find the rate, that is, one would
be interested in finding appropriate normalizations in terms of functions
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of € that yield non-trivial limits. Toward this end, Heyde(1975) proved
that

o0
161%162 Zl P(|S,| > en) = EX?,

whenever EX = 0 and EX? < co. By replacing n# in (1.1) by v/nlogn,
corresponding results have been given in Gut and Spataru(2000, Theo-
rem 3).

At this point many papers try to establish similar results related to
the law of the iterated logarithm. Sums analogous to those of (1.1) have
been considered by Davis(1968). The following result holds: for the
sufficiency, see Davis(1968, Theorem 4); for the necessity, see Gut(1980,
Theorem 6.2): Suppose that EX = 0 and that EX? = 02 < co. Then

o0

(1.2) Z %P(]Sn] > ey/nloglogn) < co, € > V2.

n=3

Conversely, if the sum is finite for some €, then EX = 0 and EX? < oco.

Recently, Gut and Spataru(2000) proved the precise asymptotics in
the law of the iterated logarithm for i.i.d. random variables as follows:
Suppose that EX = 0 and that EX? = 02 < co. Then

=1
(1.3) lime® P(|S,] > ey/nloglogn) = o>.

€l0 — " logn

In this paper, we consider the precise asymptotics in the law of the
iterated logarithm for identically distributed p-mixing random variables.
Suppose that {X,,n > 1} is a sequence of random variables on a
probability space (Q,F,P), set F,, =o(X;:1<i<n), Ff =o(X;:
i>n),
|[EXY — EXEY|

(1.4) p(n) =sup sup sup
1 Xetatr ) veta(rt,,) VY arOVar(V)

the sequence {X,,,n > 1} is said to be p—mixing if p(n) — 0 as n — oo.
This definition was introduced by Kolmogorov and Rozanov(1960), and
the limiting behaviors of p-mixing sequences have received more and
more attention recently.(See Ibragimov(1975), Peligrad(1987), Bradley
(1988), Lin and Lu(1996), Huang et al.(2005) and Zhao(2008)).

2. Preliminaries
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Now we assume that {X,,n > 1} is a sequence of identically dis-

tributed random variables with mean zeros and finite variances. Without
loss of generality we assume that 02 = EX? + 2 > g Cov(Xy, X;) = 1.
Put b(e) = exp{exp(M/e?)}, where M > 1.
Lemma 2.1(Ibragimov(1975)) Let {X,, n > 1} be a sequence of
strictly stationary p-mixing random variables with EX; = 0 and EX? <
0. Assume that 02 = EX?+2 > 2o Cov(X1, X;) < ocoand 27, p(2")
< oo. Then

Sn

a\/Nn

—P N(0,1) as n — oo,

where S, = X1 + - -- + X,, and —P means convergence in distribution.

Lemma 2.2(Shao(1995)) Let {X,,, n > 1} be a sequence of p-mixing
random variables with EX,, = 0. Then, for any ¢ > 2, there exists
K(q, p(+)) depending only on ¢ and p(-) such that

P(lg%xn|5k| > )
- . llogn]
< ;P(|Xi| > y) + Kz ~9n3 exp(K ; p(21)) max |IXI (X3 < Ik
[log n]
+Kz I exp(K ; PQ/q(zl))fg%ﬁE’Xz"qI(!Xi\ <)

for any x > 0 and y > 0 with 2n max;<ij<,, E|X;|I(| Xi| <y) < z.

Proposition 2.3 Let N be a standard normal random variable. Then

1
lim €2 Z P(|N| > ey/loglogn) = 1.
n>3

€l0 nlogn

Proof By the fact that [ 2yP(IN| > y)dy = 1, we get
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1
limezz P(|N| > ey/loglogn)
n>3

€l0 nlogn

> 1
= leilr(r)leQ/3 :z:logxp(‘N’ > ey/loglog x)dx
(letting y = €+/loglog )

(0.)
= lim 2yP(IN| = y)dy
€l0 Je/loglog3
= 1.

Proposition 2.4(Gut and Spataru(2000)) Let b(e) = exp{exp(M/e?)}
and N be a standard normal random variable. Then, we have uniformly
with respect to all sufficiently small ¢ > 0,

1
lim ¢ ) P(|N| > ey/loglogn) = 0.

M—o00 b0 nlogn

Lemma 2.5(Lin and Lu(1996)) Let { X,,, n > 1} be a strictly station-

ary sequence of p-mixing random variables with EX; =0, 0 < EX? <

oo and Y07, p(2") < oo If 0 < 0 = EX7 423772, Cov(X1, Xj) < oo,

then W,, = W, where W,,(t) = (o\/ﬁ)—ls[nt],o <t <1 and = means

weak convergence in DI0, 1] with the Skorohod topology. In particular,
M,

=" P sup |[W(s)l.
o OSSISDII (s)]

Proof See Corollary 4.1.1 in Lin and Lu(1996). O

Lemma 2.6(Billingsley(1968)) Let {W(¢),t > 0} be a standard
Wiener process and let IV be a standard normal random variable. Then,
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for any =z > 0,

oo

P(Oilegl W(s)|>z) = 1- Z (—=DFP((2k — 1)z < N < (2k + 1)z)

k=—oc0
= 4 ) (-1)*P(N = (2k + 1))
k=—o00
= 2 ) (-1FP(IN| = (2k+ 1D)a).
k=—0oc0

3. Results

Theorem 3.1 Let {X,,, n > 1} be a sequence of identically distributed
p-mixing random variables with EX; = 0 and 0 < EX? < co. Assume
that > p(2") < 0o and 0% = EX? + 23 72, Cov(X1, Xj) = 1. Then

o
1
(3.1) leilréle2 Z nlognP(‘Sn‘ > ey/nloglogn) = 1.
n=3

To prove Theorem 3.1 we need the following propositions.
Proposition 3.2 Let {X,,, n > 1} be a sequence of identically dis-
tributed p-mixing random variables with £X; = 0 and 0 < EX? < oo.
Assume that Y °° | p(2") < co and 0% = EX? + 2372, Cov(Xy, Xj) =
1. Then uniformly with respect to all sufficiently small € > 0,

(3.2) lim € Z P(|Sn| > ey/nloglogn) = 0.

M—o00 v nlogn
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Proof Applying Lemma 2.2 with = ey/nloglogn and y = 2e/nloglogn,

we have

(3.3) Z - ! P(|S,| > ey/nloglogn)

1
[nP(|X1| > 2ey/nloglogn)
n

[log n]

+ K(ey/nloglogn) in? exp(K Z p(2))

=1

(EX2I(|X1] < 2ev/nloglogn))?

[log n]

+ K(ey/nloglogn) ‘nexp(K Z pa(2Y)

=1

(EX{I(|X:| < 2¢y/nloglogn))]
= L +1,+ Is.

IA

g
=
®

[

Since k > b(e) if and only if K < M~1e?kloglogk, it follows that

L = Z P(|X1| > 2ey/nloglogn)

n>b(e
= Z ZP Vkloglogk < |21|
n>b(e k>n

<e\/ k+1)loglog(k + 1))
) ! X4
= YUY epe/Fogiogk < X

k>b(e) b(e)<n<k
<e/( k+1)loglog(k'—|- 1))

X

Z M~ ek loglog kP(ey/kloglogk < st
k>b(e
< e\/ k+1)loglog(k + 1))
S exp(—M/)(k — b(e))

k>b(e€)
x P(4e’kloglogk < X7 < 4€*(k 4+ 1)loglog(k + 1))
(4M)'EX?

IN

IN

IN
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, which yields

(3.4) lim €I = 0.

M—oo

For I, we estimate, for ¢ > 2

(log n]
, |
L - ;:)nlo —K(¢*nloglogn)~#nf exp(K Z; p(21)

x(EX2I(|X1| < 2ev/nloglogn))?
1
C E nlogn(e2nloglogn)_gn%

n>b(e€)

IN

oo d
= Cef / * ~dx
b(e) (zlogz)(loglogx)2
letting y = loglog x

= (Ce¢ ¢ /M y_%dy

2
B C
o emsV
which yields
C
. 27 1. _
(35 MR = T =
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I3

IN

IN

IN

IN

IN
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C Y (nlogn) ™ (e*nloglogn) tnEX{I(|X|
n>b(e)

< 2ey/nloglogn)
Ce™ 1 Z (logn)~ n*%(loglogn)fg
n>b(e)
x Y EX{I(2¢/jloglogj < |Xi]
1<j<n
< 2e/(j + 1) loglog(j + 1))
Ce > E|X1|I(26\/jloglogj < |X1]

3>b(e)
<2€\/]—|—1 )loglog(j + 1) Zn 2 (logn) -1

Ce® > j 2t (logj) (loglogj)_%
3>b(e)
XEXqI(QE\/j loglogj < |X1] < 264/(j + 1) loglog(j + 1))
-2 Z (log )~ (loglog j)~*
7>b(e)
x EX7I(2ev/jloglogj < |Xi| < 2ev/(j + 1) loglog(j + 1))

C
—  _ BIX PI(|X] > 2e1/b(€) log log b(e)).
M exp(2) | X1 [7I(|X1| = 2€4/b(€) loglog b(e))

Notice that, in particular, n > b(e), it follows that

(3.6)

M
I3 < C*(M exp(—;)) " E|X1|*I(|X1] > 2e1/b(e) loglog b(e)) — 0
€

as € \, 0 and M — oo. Combining (3.3)-(3.6) we obtain (3.2). O

Proposition 3.3 Let {X,, n > 1} be a sequence of identically dis-
tributed p-mixing random variables with £X; = 0 and EX? < co. As-
sume that 02 = EX? + 2372, Cov(Xy, Xj) =Land 3777, p(2") < oo

Then
(3.7)

lime

el0

3

n<b(e)

|P(]S,| > ey/nloglogn)—P(|N| > ey/loglogn)| = 0.

nlogn
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Proof Write A,, = sup, |P(|S,| > zv/n) — P(|N| > z)|, note that
P(IN| > z) is a continuous function for x > 0, and this combined
with Lemma 2.2 yields, for any @ > 0 A,, = sup, |P(|S,]| > Vnx) —
P(IN| > z)| — 0 as n — oo. Then, applying Toeplitz’s lemma(see, e.g.
Stout(1995) p.120) we have

1 & A
(3.8) Z " —0asm— oo,
loglogm = nlogn

Hence, using (3.8) we obtain

1
= Z |P(]Sy| > ey/nloglogn) — P(|N| > ey/loglogn)|

bl nlogn
A
< € n
= ¢ Z nlogn
n<[b(e)]
1 A
= €2loglog[b _ ~
¢ log log[b(e)] log log[b(e)] 0 nlogn
1 JANS
< M .
- log log[b(e)] Z nlogn —Oasell

n<b(e)
O

Proof of Theorem 3.1 Theorem 3.1 now follows from Propositions 3.2
and 3.3 and the triangle inequality.

Theorem 3.4 Let {X,,, n > 1} be a sequence of identically distributed
p-mixing random variables with with EX; =0 and 0 < EX? < co. As-
sume that 0 < 0% = EX? +23°72, Cov(X1,X;) =1and 772 p(2") <
oo. Then

‘ oo 1 > (_1)]C
2 J—
(3.9) lime n§:3 PMy 2 eynloglogn) =2 ) 5=y

€l0 nlogn —

Proposition 3.5 Let {W(t), t > 1} be a standard Wiener process.
Then,
(3.10)

NPT — (—1)*
hme2z P( sup |[W(s)| > ey/loglogn) =2 (2(l<:+)1)2
n=3

€l0 nlogn 0<s<1 o
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Proof By Lemma 2.6, for any m > 1 and = > 0,

2m+1
22 P(IN| > 2k+1)z) < P(sup |W(s)|>x)
0<s<1
< 22 DEP(|IN| > (2k 4+ 1)z),
which yields (3.10) together with Proposmon 2.3. O

From Proposition 2.4 and Lemma 2.6 now we obtain the following
result.

Proposition 3.6 Let {W(t), t > 1} be a standard Wiener process.
Then,

(3.11) lim € Z P( sup |W(s)| > ey/loglogn) = 0.

M—o0 n>b(e) nlogn 0<s<1
Proof
lim € P( sup |W > ey/loglogn
Jim & ) logn (sp W(s)| > ev/loglogn)
n>b(€)
1
< lim € N| > ey/logl
- CZ 2]{7—1—12M1i>noo Z nlogn PN] 2 ev/loglogn)

n>b(e)
=0 by Pr0p081t10n 2.4.
O

Proposition 3.7 Let {X,, n > 1} be a sequence of identically dis-
tributed p-mixing random variables satisfying conditions of Theorem
3.4. Then, uniformly with respect to all sufficiently small € > 0

1
(3.12) lim € Z P(M,, > ey/nloglogn) = 0.

M—o0 nlogn
n>b(e€)

Proof By the similar proof to that of Proposition 3.2, (3.12) follows. O

Proposition 3.8 Let {X,, n > 1} be a sequence of identically dis-
tributed p-mixing random variables satisfying conditions of Theorem
3.4. Then,

1
lim € Z |P(|M,,| > ey/nloglogn) — P( sup |W(s)|

€l0 <) nlogn 0<s<1
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> e/loglogn)| = 0.

Proof Denote A, = sup, |[P(M, > x/n) — P(supy<,<; |W(s)| > z)|.
We can easily get that A,, — 0 as n — oo by Lemma 2.5.
Applying Toeplitz lemma[Stout(1995), p. 120], we have

1 A,
Z — 0, as m — oo.
loglogm nlogn

n=1

Hence,

A
2 n
¢ Z)nlogn

n<b(e
1 A
= ¢’ logloglb .
¢ loglog[b(e)] log log[b(€)] Z nlogn
n<b(e)
1 A,
M 0 0.
log log[b(e)] Z nlogn —Oasen

n<b(e)
O

Proof of Theorem 3.4 By Propositions 3.5-3.8 and triangle inequality
the result (3.9) follows.

References

[1] Baum, L.M. and Katz, M.(1965) Convergence rates in the law of large numbers,
Trans. Amer. Soc. 120 108-123

[2] Bradley, R.C.(1988) A central limit theorem for p-mizing sequences with infinite
variance, Ann. Probab. 18 313-332

[3] Chen, R.C.(1978) A remark on the tail probability of a distribution , J. Multi-
variate Anal. 8 328-333

[4] Davis, J.A.(1968) Convergence rates for the law of the iterated logarithm, Ann.
Math. Statist. 39 1479-1485

[5] Erd6s(1949) On a theorem of Hsu and Robbins, Ann. Math. Statist. 20 286-291

[6] Gut, A. and Spéataru, A. (2000) Precise asymptotics in Baum-Katz and Davis
law of large numbers, J. Math. Anal. Appl. 248 233-246

[7] Heyde, C.C.(1975) A supplement to the strong law of large numbers, J. Appl.
Probab. 12 173-175

[8] Hsu, P.L. and Robbins, H.(1947) Complete convergence and the law of large
numbers, Proc. Nat. Acad. Sci. U.S.A. 33 25-31

[9] Huang, W., Jiang, Y. and Zhang, L.X.(2005) Precise asymptotics in the Baum-
Katz and Davis Laws of large numbers of p-mixing sequences, Acta. Math.
Sinica(English series) 21 1057-1070



536

(10]
(11]
(12]
(13]
(14]
(15]
(16]

(17]
(18]

Dae Hee Ryu

Ibragimov, I.A.(1975) A note on the central limit theorem for dependent sequec-
nes of random variables, Probab. Theor. Appl. 20 134-139

Kolmogorov, A.N. and Rozanov, U.N.(1960) On the strong mizing conditions of
a stationary Gaussian process, Probab. Theory Appl. 2 222-227

Lin, Y. and Lu, C.R.(1996) Limit theorems of mizing dependent random vari-
ables, New York, Dordrecht: Science Press, Kluwer, Academic Pub.

Peligrad, M.(1987) The convergence of moments in the central limit theorem for
p-mizing sequence of random variables, Proc. Amer. Math. Soc. 101 142-148
Shao, Q.M.(1995) Mazimal inequality for partial sums of p-mizing sequences,
Ann. Probab. 23 948-965

Spataru, A.(1999) Precise asymptotics in Spitzer’s law of large numbers, J. Theor.
Probab. 12 811-819

Spitzer, F.(1956) A combinatorial lemma and its applcations to probability theory,
Trans. Amer. Soc. 82 323-339

Stout, W.F.(1995) Almost sure convergence, Academic, New York

Zhao, Y.(2008) Precise rates in complete moment convergence for p-mizing se-
quences, J. Math. Anal. Appl. 339 553-565

Department of Computer Science,
ChungWoon University,
351-701, Korea

E-mail: rdh@chungwoon.ac.kr



