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A GROWING ALGEBRA CONTAINING THE
POLYNOMIAL RING

SEUL HEE CHOI

1. Abstract

There are various papers on finding all the derivations of a non-
associative algebra and an anti-symmetrized algebra (see [2], [3], [4],
[5], [6], [10], [13], [15], [16]). We find all the derivations of the growing
algebra W N (et®12223 (), 3)11) with the set of all right annihilators T3 =
{id, 1, 02,03} in the paper. The dimension of Deryq, (W N (et#17223 (),
3)11)) of the algebra WN (et®1273 (), 3)(1) is one and every derivation of
the algebra W N (et#172%3 (), 3)[1) is outer. We show that there is a class
P of purely outer algebras in this work.

2. Preliminaries

Let N be the set of all non-negative integers and Z be the set of
all integers. Let NT be the set of all positive integers. Let F be a
field of characteristic zero and F® the set of all non-zero elements in
F. Throughout the paper, we will assume that e is not the element
of the field F. For n,t € N, throughout the paper, m denotes a non-
negative integer such that m < n + t. For fixed integers, i1, - - , i, and
for given irreducible polynomials fi, -, f, € Flxy, -+, 2,44, define
[ %17"' 7f727:,n] as the set POlym = Py = {f{l 'rinm7 1i1 “'f::zn—_llf" )

52'-- L lil,'-- , fim}. For any subset P of P,,, define the F-

m s’

algebra F[e*lF] n,t] := F[eﬂp],xfl, syt a1, oo Tagy], which is
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spanned by
B = {ealfl ...earf’rwil :U‘eriﬁt’fl’ ,fr (= P,al,... , Qp = Z’
jl)"' 7jn € Zujn—l—ly"' 7jn+t S N}

We then denote 8’}2 . 85: by the composition of the partial deriva-
tives Oy, , - - ,Op, on F[eFF] n, t] with appropriate exponents where 1 <
hi,--+ ,hr <n+tand 82, 1 < h < n+t, denotes the identity map on
Fle®) n,t]. For any a, € P C Py, let YA,, be an additive subgroup
of IF such that ,, contains Z. Consider now the (free) F-vector space
N(e® n,t);, (resp. N(e*F,n,t),+) whose basis is the set

B, = {ealfl . ..earfrsnjl'l xiﬁﬁta}]& .. @’fjlal c Q[al’ o Lay € Q[ar’
1) fi,o fr€Phy, s he Snttki++ ke <kEEN

(resp. NT)}
If we define the multiplication * on N(e*? n,t); as follows:
(2) fohy - Ohr % g0t -~ Ouy = f(O) -+~ O (9)) 0t - O

for any fopt--- oL, gogt - - dul € N(e¥P,n,t)k, then we define the com-
binatorial non-associative algebra W N (e®#, n, t); whose underlying vec-
tor space is N (e*F, n, t); and whose multiplication is  in (2) (see [1], [2],
[5], [14] and [15]). The non-associative subalgebra W N (e*F n, t) s of
the algebra WN (%7, n,t); is generated by

B){fo5 - Opr|f €B, 1< hy, -+ by <mtt k4 +k =keN}

The non-associative subalgebra W N (e®#, n, t)x) of the algebra W N (e®,
n,t) is generated by

(4) {(foflf €B,1<h<n+t}.

For an algebra A and [ € A, an element [; € A is a right (resp. left) iden-
tity of [, if [xl; = [ (resp. l1*l = 1) holds. The set of all right identities of
WN (2, n,t)y is {21 cucnst TuOu + 3 1 <y<nit Cubuleu € F}. There is
no left identity of W N (e??, n,t),+. The algebra W N (e*? n,t); has the
left identity 1. If A is an associative F-algebra, then the antisymmetrized
algebra of A is a Lie algebra relative to the commutator [z,y] := zy—yz,
(See [9]). For a general non-associative F-algebra N we define in the
same way its antisymmetrized algebra N~. In case N~ is a Lie algebra
we shall say that N is Lie admissible. For S C N~, an element [ is
ad-diagonal with respect to S if for any l; € S, [I,1;] = cl; for ¢ € F. The
algebra WN (e®P,n,t)p) is Lie admissible (see [1], [7], [16], and [18]).
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Since the cardinality |P| of P is 2™, for all a € P,,, if 2, is Z, then the
algebra W N (e%Pm n,t), is Z2" -graded as follows:

(5) WN(En = P Ny o)

(a1,,a,,2)

where N, ... a,m) 18 the vector subspace of WN (eum ,n,t), spanned by

{e e etrdradt e gl i, gn € Loty gt € NE

This implies that WN (e n,t);, and WN(e?P,n,t),+ are appropri-
ate graded algebras as (5) (see [11]). Thus throughout the paper, the
(0, ---,0)-homogeneous component Ny of W N (e?? n,t); is the subal-
gebra WN(0,n,t), of WN(e?? n,t); . For any standard basis element
e R Zﬁ’tt@kl 8;“[ of WN (e*Pm n,t), define the ho-
mogeneous degree as follows:

n+t
e et ol o) = S

where |j,| is the absolute value of j, for 1 < u < n+t. For any el-
ement | € WN(e*? n,t)g, define hd(l) as the highest homogeneous
degree of each monomial of [. Note that the set of all right annihila-
tors of W N (e®7 n,t);, is the subalgebra T, s of WN(e*F,n,t); which
is spanned by {9} -+ Of |1 <ty ,tp <n+t ki +--+k <k €N}
For a given algebra A, Out(A) (resp. Inn(A)) is the set of all the outer
(resp. inner) derivations of A and Der(A) is the set of all the derivations
of A. An algebra A is purely outer, if every derivation of A is outer i.e.,

Der(A) = Out(A).

3. Derivations of the non-associative algebra T/I/N(ejwl‘”?g”?’7 0,
3)n]

For this section, the set of all right annihilators T3 of W N (e*®172%3 (),
3)p) is spanned by {id,01,02,03}. The algebra WN(eimlz?x?’,O,S)m
contains the polynomial ring and it is simple (see [4]).

Note 1. For any basis elements 0., x’f x?:c?, :cl :z2 :1;“ Ou, epxlx?w?’:c’f 1:’233?,
ePT1 s it p 2w 0y, 1 < u < 3, of WN(e ixl“”2“3,0,3)1, and for any c €
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F, p € Z, if we define an F-linear map D, from the algebra W N (e*®122%3 (),
3)1 to itself as follows:

De(0u) =
i1 o 43
DC(xl Ty T3 ) 0,
i9 13
D(z}' x5 x520,) =0,
T1T2x3 01,02 13 T1T2x3 01 .02 03
D (eP*1#2®3 p xR as?) = peeP™ 2 3 gl w
PT1T2T3 .01 Z2 i3 PT1T2T3 01 12 13
(6) D.(e iy ws 0y) = pee x] Ou,

then the map D, can be linearly extended to a non-associative algebra
derivation of
WN (e*=17273 (), 3) ;) where 1 < u < 3 (see [6], [7] and [10]). O

Lemma 3.1. For any derivation D of WN(ei"’“"l“IS,O,?:)[l] and for

any basis elements 0y, ' 2 2%, 21 x2229,, 1 < u < 3, of W N (e*®17273

0,3)p1), we have that

k:_~ i-1,3..k | i g1k i,.J k-1
D(lemng)—zcoo()lml zhaly + jdo o022 2y w5 + krogosrizhay T,

-1
D(azzm2m38) 100001331 x2x38 +]d0002m1932 x38 +k:r0003x1

hold with appropriate coefficients where 1 < u < 3.

Proof. Let D be the derivation in the lemma. Since the algebra
W N (et@1@223 (), 3)) is Z-graded, D(01) is the sum of terms in different
homogeneous components of WN (e**1#2%3 (), 3)y in (5). Thus D(d)
can be written as follows:

iy
D(oy) = g Qi j k0PI s + E QG ik, 1ePTLT2T3 gt x2x381
Z?J7k20 i7]7k20
r1x273 .1 )k r1x223 .1 ) .k
+ E : Qi j k26" P w300 + E Qi jk,3€" P T w303
Z?J7k20 Z?J7k20
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with appropriate coefficients. Since 0y centralizes itself, we have that
D(0y) is in the right annihilator of 0y, i.e.,

1
01 % D(01) = E pay; j o€l T xﬁ k“
1,5,k>0
, 5 i1, k
D ey el
i>1,5,k>0
x1T2T3 .0 .11 k—i—l
+ g P j g 1eP Py o1
1,5,k>0
- T1T2T 'L_
+ E Qv 5k, 1€p 12 3x 3321'381
i>1,5,k>1
r1Tox3 .1 J+1 _ k+1
+ Y Pkt el 0,
1,5,k>0
+ E zalyijepxlx”?’mZ_ x2$ KDy
i>1,5,k>0
i g+l k+1
+ g P j e se? 2l s 0y
i.5,k>0
+ E ia¢7j7k7gepx1”2”3xz_ a:21:383
i>1,5,k>0
(7) =0

with appropriate coefficients. By (7), we have that «; j 10, 0 j k.1, % j k2,
and «; j 3, are zeros, 1,7,k > 0. Thus D(01) is zero. Similarly, we can
prove that D(02) and D(03) are also zeros. By D(9y*x1) = 0,1 < u < 3,
we can prove that D(x1) = bo0,0,0 + 00,0,0,101 + 00,0,0,202 + b0,0,0,303.
Similarly, since 9,, centralizes x101, we can also prove that

D(x101) = ¢0,0,0,0 + €0,0,0,101 + €0,0,0,202 + €0,0,0,303.

Since z10; is an idempotent, we can prove that coo02 = 0, 90,03 = 0.
This implies that D(xlﬁl) = €0,0,0,0 + 60’070’161. Since D(81 * x%&l) =
2D(x101), we are also able to prove that

2 .k
D(xz701) = 2c0,0,0,0%1 + 2¢0,0,0,12101 + Z t0,j,k,0T5T5
j?k
j .k .k j .k
+ D togkahahO + ) tokpwhahdh + ) to ik srhehos

j?k ]7k j7k

where tO,j,k,latO,j,k,btO,j,k,ZatO,j,k,S € I for all j and k. Since D(xlal *

.1‘%61) = 2D(x%81), we have that €0,0,0,0 = 0, t07j7k71 = tO,j,k:,l = tO,j,k,2 =
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to,j,k,3 = 0. This implies that

D(2101) = ¢0,0,0,101,

D(x101) = 2c0,0,01201
hold. Since D(x10; * 1) = D(x1), we also have that D(x1) = 0,01
By D(01 * 2301) = 3D(220;), we have that

D(a}01) = 300012101+ Y 50k07h7h + Y S0k 1757501
Jk Jik
+ > sogkorhridy + > | sk srhakos,
ak jk

where 50,5,k,15 50,5,k,15 S0,5,k,25 S0,5,k,3 € F for all ] and k. By D(x181 *
2301) = 3D(230;), we have that D(230;) = 3Co7q,071$%81. Since D(x30; *

l“lflal) = (i— 1)D(xzi(91), by induction on i of 0;, we are able to prove
that

D(xllal) = i00707071x1i_181.
Similarly, we are also able to prove that
. ' .-
D(x302) = jdopo.22h O,
. —1
D(wgag) = j?“o’(],o’gl'% 83.
Since 9, 1 < u < 3, is in the left annihilator of x19s, we can prove
that D(x102) = a0,0,0,0 + @0,0,0,101 + @0,0,0,202 + @0,0,0,303. By D(2101 *
x102) = D(x102), we can also prove that ag 0,0 = 0,002 = @003 =0,
Q0,001 = €0,00,1- This implies that D(x102) = ¢0,0,0,102. Since D(x20; *
2718y) = (i — 1)D(2y), by induction on i of 29, we can prove that
D(.’L’Zlag) = 7;60’070711‘37162.
Similarly, we are able to prove that
D(a:zlé)g) = Z'Co707071xi_183,
. ‘ -
D(x30,) = jdo,0,02%%  Ou,
D(xéfau) = kr0707073$§_13u
where 1 < u < 3. By D(z0; * ac%H@l) =G+ 1)D(x’i:n%61), we have
that
o . o . —_—
D($7il‘j281) = 2607070’15611 158%61 + jdo}o’oyg.fi:ﬂ% 81.
Similarly, we are able to prove that

o . i , -
D(z4230,) = ico 0012 2402 + jdo 02057y Oy
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where 2 < u < 3. Since D(x1x283 x 2bT10)) = (k + 1)D(ziabakon), we
are also able to prove that
i d ok _ i—1,7,.k . i J—1 k i 0 J k=1

D(xixy2301) = icop0,12]  To2x301+jdo,0,0201Ty  13014+kr00,037 T2y 0.
By D(zix)ak0; x x1) = D(ziz)zk), we also have that

W AN i—1_.7 .k . i ] k—1

D(xjxyxs) =icop012]  x9x3 + jd0707072$21$2 x3 + kro,0,0 3x1x2$3 )

Similarly, we also have that

D(x1x2x38 ) = icopp0 1x1 x2x38 + jdo,0,0 29311:2 953(9

k—1
+ kr070,073x1x2x3 Oy

where 2 < u < 3. So we have proven the lemma. O

Lemma 3.2. For any derivation D of the algebra WN( trwewy () 3)n
and for basis elements ! x2 xg er1P2T3 | pTEIL2LS x”mz x5 Oy, €M172730,,
e m1P2839, 1 <u <3, of WN(e ix1m213,0,3)[1], we have that

D(wajas) =0,
D(zizhad,) =0,
D(eZ172%3) = @172,
D(e"1*2%39,,) = ce™1*2*39,,
D(e™1%2%3) = e~ t1%273
D(e "1%2%39,) = —ce 172730,

hold where c € IF.

Let D be the derivation in the lemma. Since the algebra W N (et*12%3
0,3)p) is Z-graded, D(e™*2%30;) is the sum of terms in different homo-
geneous components of WN (et®172%3 (), 3)j) in (5). Assume that

D(e*1™2%309y) = g ;. j o€ 1T g .'L'J$§
Zv]vkzo

12T
+ g a; j el 3t x2m361
Z7J7k20

Xr1T2X
+ g a; j e’ 3! x2x382
Z7J7k20

+ g @i jk 3epx1$2””:3a: x2x383
Z7J7k20
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with appropriate coefficients. We have that

D(&l*emm“al) = D(e“““xga:g&l)
1
— E : paz7]k0€px1x2w3$ :L,J-S- I§+1
1,5,k>0
+ ia; ;. oePTE3 i1 gl ok
1,5,k,0 1 Laod3
J,k>0,1>1
P Gl k1
+ ) pai e T el 2l o,
1,7,k>0
+ E iai,j,kylepxm”x 3:256381
§,k>0,i>1
1
+ g Pa; j 2P 2] l‘j+ +18
1,5,k>0
+ E iai,j7k72epx1xzx3$ 1‘21‘382
§,k>0,i>1
1
+ g Pa; j 3P 2] l‘j+ +18
1,5,k>0
+ g m”kgepxmx?’x 1‘21‘383
J,k>0,1>1
(8)
and
D(e’“““&l *$1$2{E381) = D(€x1z2x3$2$381)
_ 1T z+1 j+1 k+1
= D Gighoet ™ 3
i,3,k>0
Z i+1_ k+1
+ @i jk, 16P€U1902$3 J 3+ 81
1,3,k>0
xr1x2r3 i+ 1 k+1
+ E ai7j7k72€p 1%2 3$1 1'21‘3 81
1,5,k>0
r1xoTs i+1 J+1_k
+ E ai,j7k,3ep 1%2 3$1 Ty :1:381
1,5,k>0
r1x2x 12T,
9) + doo,0,2e" ¥ 32301 +10,0,0,3" 2P 2201

By comparing (8) and (9), we have that p = 1, a; 0 = Gijk2
;. 5.k,3 = 0, iaja k > 0, Qg 5k1 = O, ) > 1, and d070’0’2 =170,0,0,3 = 0. This
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implies that
(10) D(e**2%309) = Zao,j,hlexlxﬂ?’xéx’g@l.
J,k>0
Since
D(82*6$1$2$381) = D(e““””%lx;),&)

_ T1ToT g k+1
= g ag j k1€ B0
7,k>0

. r1xox3 J—1 k
+ E jag g€ ) ak0,
7>1,6>0

and

D(exlxzxgal % 117%13381) = 2D(6x1x2w3$11’381)

= 2 g ag j k1€ 2" py ek T o,
J:k=>0
1x2x
+  2c0,0,0,1€"1 732301,

we have that ag jx1 =0, j > 1 and cgpp,1 = 0. This implies that
(11) D(e“””@l) = Z a0707k716“z2$3:p1§81.
k>0
Since
D(ag * e‘“”x?’al) = D(e””lx”?’xlxg@l)

= E 0,017 23 gy w0k O)
k>0

+ E kag o 1€ 2% b1,
>1

and
D(e™™2%0y x xiwed)) = 2D(e"™ "z 13901)

= 25 ao.0.k1€7 23 20k 0
k>0

we have that ag 1 = 0, k > 1. This implies that

(12) D(€x1$2x361) = a0,070,1€I1x2x361

475
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and we also have

D(z%8,) =0,
D(x8,) =0,
D(z%59,) = 0,
D(xllx2x3) =0,
D(x2}a%8,) =0

where 2 < u < 3. By (12) and D(e*1*2%30; x x1) = D(e®'*2%3), we
also have that D(e®1%2%3) = qg 172", By D(e™%2"30; % x102) =

D(e®1*2%30q) and D(e™1%2%30y x 1103) = D(e™1*2%3093), we can prove that

12T 12X
D(e™*230y) = ag,0,0,1€" %" 0y,
D(ex1m2x383) — a0’0’071€w1x2x383'

Since D(e®1%2¥30; % e~ *1¥2%30;) = (), we can prove that

D(e™™™%0,) = —aggoie "0+ Y B0, k029
1<u<3 k>0

)k |k
+ > Bojkasa§on+ Y Bojk2ahaio)

Jk=0 3,k=0

jok
+ Y Pojkathrios.

7,k>0
By D(e™"1%2%30; % 1101) = D(e”*1*2%30;), we can also prove that
D(e™™1%2%39,) = —ag 001 172730,
By D(e ™1%2%30; % x1) = D(e”*1%2%3), we also have that
D(e~®1%2%3) = _qq g o e~ 17275,

Similarly, we can prove that

—T1x2T —T1X2T
D(e™™*2*30y) = —ag,0,0,06” 1" 0o,
D(e_xlx2x3(93) = —CL07070’1.6_I1I21363.
So we have proven the lemma. O

Theorem 3.1. For any derivation D of the algebra W N (e*®1%2%3 (), 3]
and for basis elements



A growing algebra containing the polynomial ring 477

ep“““:cilxéx’g and epxlx”%ﬁx%:c’gau, 1<u<3, ofWN(eixl’“"?“, 0, 3)[1],
we have that

T12223 .0 . oK) T12223 .0 .0 .k
D(eP*r*2 %3 gl wyws) = peeP P2 3l vy,
D(ePm122%8 58 3] 1% 0),) = peePTr o2 ) x2$§8
hold where 1 <u < 3,p€Z,and c€F.

Proof. Let D be the derivation in the lemma. By D(e*1%2¥30; %
211,) = (i+1)D(e™1%2%35% 9,), we are able to prove that D(e®12321 9,
= ap0,01€"172%3249, for 1 < u < 3, with appropriate coefficients. By
D(e®1%283 9, % e¥1%2%39), ) = D(e?*1%2%3 31230, ), we are also able to prove
that
D(62x1x2x33}11‘36u) = 2a07070716211x2x3x1x38u.

Since D(e*1%2%3 210y % €¥172%3 50 729),) = D(e*1%2%3 58 130,), we also have
that
2z 17273 .0 2x17273 .0
D(e*"1%2%3 gl 230y) = 2a0,0,0,1€" 23 2] 230,

By D(e®1%2%3 11 2300 %1 %253 51720,) = D(e2®1%2%3 5% 1:29),,), we prove that
D(e 2“’””% 28 )= 2a070,0,162x”2x3x T 8u,

and by D(e2"172%3 542205 x 25 719,) = (k — 1) D(e?>®122%3 58 259),,), we also
prove that

D(elemmmﬁxéf(‘)u) = 200,0,0 16211”””31”1:65%.
By D(e21%2%3 5 1583 % 0l 238,) = D(e21%2%3 5 1) £%9,,), we have that
2 gk 2 5.0 J, k
D(e*"1#2® pl 2)x50,,) = 2a0.0,01€7 2P 2y 1) w50,

and by D(emm?z?’xﬁx;_lxlg_lal % eT122030) ) = D(e31%2%3 58 1) 1k0,,), we
also have that

D(e 31wy 0 x2x38 ) = 3a0,0,0, 163‘”1“””33: x2w38

) . 1
By induction on p € Z of eP*172%3 gt :E2:E38 and D(e(P~ 1)9”1’”29”%11‘% bt
01 % e*172130) ) = D(ep““mxlxé:n’g(?u), we are able to prove that
_

D(ePT1®2m3 0 4 280, ) = pag o.0.1€PM 72 1 a2k,

By putting ¢ = ag0,0,1, we have that
D(ePm122%3 58 ) 18 0),) = peePT1®2%3 ] x2:c§8

By D(eP™1%2%3 5 g xkdy w 1) = D(eP™1%2%3 5 13 %) we also have that

r1x273 .1 )k T1T2T3 J.k
D(ePT1#2%3 08 ) k) = peePTr o3 gt g ok
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Therefore we have proven the lemma. O

Theorem 3.2. For any D € Derpon (W N (eF*172%3 (), 3)n)), D is the
linear sum of the derivations D, as shown in Note 1 where ¢ € F. The
additive group D € Deryon(W N (eT*17223 (), 3)j1)) is isomorphic to the
additive group F. Every derivation of the algebra W N (e*1,0, 3y Is
outer.

Proof. The proofs of the theorem are straightforward by Lemma 3.2,
Theorem 3.1, and the fact that the derivation of Note 1 cannot be inner.
This completes the proof of the theorem. O

Corollary 3.1. The dimension of Deryen(W N (e=71%2% 0,3)1y)) of
the algebra W N (e**172%3 (), 3)p1) is one. For any derivation D of Derpop,
(WN (exm172%s 0, 3) ), D(N§) = 0 holds where N is the zero-homogeneous
component of W N (e*%192%3 () 3 in (5) (see [8] and [9]).

Proof. The proofs of the corollary are straightforward by Lemma 3.2
and Note 1. (]

Proposition 3.1. If A is not a purely outer algebra, then algebra A
and W N (et*12223 (), 3)1) are not isomorphic.

Proof. The proof of the proposition is straightforward by Theorem

3.2. O

Remarks. By Theorem 3.2, there is a class B3 of purely outer algebras,

i.e., for any A € P and for any D € Der(A), D is outer. O
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