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ON STARCOMPACTNESS VERSUS COUNTABLE
PRACOMPACTNESS

JunHUI KiIM AND MYUNG HYUuN CHO*

Abstract. In this paper, we consider countable version of star cov-
ering properties to get interesting results about the relationship
between starcompactness and countable pracompactness. We also
construct examples related to countable pracompactness and H-
closedness.

1. Introduction

Throughout this paper, all spaces are assumed as T1-topological spaces.
Although the study of star covering properties of a topological space
could be dated back to the seventies or even earlier [1, 2, 10, 11, 15, 22], a
systematic investigation of them was done first by van Douwen, G. Reed,
A. Roscoe and I. Tree [9] in 1991. Since then, this area has generated
substantial interest of many topologists [6, 7, 8, 13, 14, 16, 20, 21, 23].
The most influential study of this topic is Matveev’s survey article [18].

For a cover U of a space X and a subset A C X, we write St(A,U) =
St (A,U) = {U € U: UNA # 0} and St" (A, U) = St(St" (A4, U), U);
for A = {x} we write St(z,U) instead of St({z},U); it is also convenient
to agree that St9(4,U) = A.

Definition 1. [9, 18] Let n € N.
(1) A space X is called n-starcompact if, for every open cover U of
X, there exists a finite subset F' of X such that St"(F,U) = X.

(2) A space X is called n%-starcompact if, for every open cover U of
X, there exists a finite subcollection V of U such that St"(JV,U) = X.
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(3) A space X is w-starcompact provided that for every open cover U
of X there exist k& € N and a finite subset F' of X such that St*(F,U) =
X.

It is clear that %—starcompactness coincides with compactness. For
convenience, 1-starcompact spaces are simply called starcompact.

We notice that n-starcompact spaces in our terminology are called
n-pseudocompact in [4] and strongly n-starcompact in [9], while ni-
starcompact spaces are named n-starcompact in [9].

Let N=NU {n+ % :n € N}. It can be easily seen from Definition 1

that an n-starcompact space is (n + %)—starcompact for every n € N.

Recall that a Tychonoff space is pseudocompact provided every con-
tinuous real-valued function is bounded. For Tychonoff spaces pseudo-
compactness is equivalent to (DFCC), the discrete finite chain condition,
stating that all discrete sequences of nonempty open sets are finite. For
regular spaces, (DFCC) is equivalent to 3-starcompactness [17]. Or even
better: for regular spaces, (DFCC) is equivalent to 2%—starcompactness
[9]. We also have a well-known theorem.

Theorem 1.1.
(1) Countable compactness is equivalent to starcompactness in the
class
of Hausdorff spaces [11];
(2) If n € N and n > 3, then every n-starcompact regular space is
21-starcompact [18];
(3) 2%—starcompactness is equivalent to pseudocompactness in the
class of
Tychonoff spaces [18].

In accordance with Theorem 1.1, there are four types of n-starcompact
ness.

Recall from [3] that a subspace Y of a space X is relatively countably
compact in X if every infinite subset of Y has a cluster point in X. A
space X is countably pracompact if it has a dense subspace Y such that Y
is relatively countably compact in X. Clearly, every countably compact
space is countably pracompact.

M.V. Matveev [17] obtained the following interesting result about the
relationship between countable pracompactness and the above system
of concepts: every countably pracompact space is 2-starcompact (see
Theorem 2.5). He also constructed a locally compact 2-starcompact
Hausdorff space that is not countably pracompact, and gave an example
of a pseudocompact space which is not 2-starcompact.
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Theorem 1.2. [9] If a regular space X contains a closed discrete
subspace Y such that |Y| = w(X) > w, where w(X) is the weight of X,
then X is not 1%—starcompac1;.

In other words, e(X) < w(X) for every regular 11-starcompact space
X, where e(X) is the extent of X, i.e., e(X) = sup{|D|: D C X
is closed and discrete} +w. In particular, a “very good” space D7 \ {p}
(where D = {0,1} is the discrete space, 7 is an infinite cardinal, and p

is an arbitrary point of D7) is 2-starcompact but not 11-starcompact.

Indeed, e(D7 \ {p}) = w(D™\ {p}) = 7. i

Since both inequalities w(X) > |X| and w(X) < |X| are possible,
the next theorem is independent from the previous Theorem 1.2.

Theorem 1.3. [18] If a regular space X contains a closed discrete
subspace Y such that |Y| = |X| > w, then X is not 13-starcompact.

In this paper, we consider countable version of star covering proper-
ties to get interesting results about the relationship between starcom-
pactness and countable pracompactness. We prove the following theo-
rems in Section 2:

(1) Every countably 2%—starcompact space X is pseudocompact.

(2) In a regular space, countable 2%-starcompactness is equivalent to
2%—starc0mpactness.

(3) A countably pracompact metaLindeldf space is starcompact.

(4) Every feebly compact 1-cl-starLindelof space X is 1-cl-starcompact
(and hence 2-starcompact).

We also construct examples related to countable pracompactness and
H-closedness. A Hausdorff space X is called H-closed if X is a closed
subspace of every Hausdorff space in which it is contained. In Section
3, we give the following examples:

(1) There is a non-regular H-closed pracompact space which is not
compact.

(2) Using the example in [9], there is a 2%-starcompact Hausdorft
space, but not countably 2-starcompact. Also, there is a 2-starcompact
Hausdorff space, but not countably starcompact.

(3) We give a CH example of a Tychonoff space that is countably
pracompact, but neither 1%-starcompact(and so not starcompact) nor
metalindelof.

(4) There is a countably 1%—starcompact Tychonoff space which is
not countably pracompact. ( Moreover, the space is of first-countable.)
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(5) There exists a Ty Lindelof 1%—starcompact space which is not
countably pracompact.

2. Countable version of star covering properties

Recall that X is an (a)-space provided that for every open cover U and
every dense subspace Y C X there is a closed in X and discrete A C Y
such that St(A,U) = X. In the presence of countable compactness, A
should be finite; this property is called acc. Restrict the definition of
starcompactness, acc, to countable open covers U. It turns out that
for Hausdorff spaces countable versions of the property acc and star-
compactness are equivalent to countable compactness. The countable
version of property (a), which is a common generalization of property
(a) and countable compactness, may be of some interest.

Definition 2. A space X is called countably n-starcompact if, for
every countable open cover U of X, there exists a finite subset F' of X
such that St"(F,U) = X.

A space X is called countably n%—starcompact if, for every countable
open cover U of X, there exists a finite subcollection V of U such that

SV, U) = X.

For convenience, countably 1-starcompact spaces are simply called
countably starcompact. Clearly, every n-starcompact (respectively, n%—
starcompact) space is countably n-starcompact (respectively, countably
ng-starcompact).

Theorem 2.1. Every countably 2%—starcompact space X is pseudo-
compact.

Proof. Let f: X — R be continuous and let U, = {x € X : n —1 <
f(x) <n+ 1} for every n € Z. Then U = {U,, : n € Z} is a countable
open cover of X. Since X is countably 2%—starcompact, there is a finite
subcollection Uy = {Up,, -+ ,Up, } of U such that St2(|JUp, U) = X.
Put M = max{|ni]|,|ne|, -, |ng|} + 3. Then |f(x)] < M for all z € X.

Therefore X is pseudocompact. ]

Theorem 2.2. Every regular countably 2%-starcompact space is 2%-
starcompact.
1

Proof. Suppose X is a regular countably 235-starcompact space which

is not 2%—starcompact. Then X is not DFCC. So there is a discrete
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collection {U,, : n € w} of nonempty open subsets of X. For each n € w,
choose open subsets V, 1,V;, 2, V;, 3 of X such that
UnDVp1 D Vo1 D V2D Via D Vi3 D Vis.

Denote O = X\ U{Vp1:n € w}, Op1 =Up\Vi2, On2 =Vy1\Vp3,
Op,3 = Vp2 for each n € w. Then U ={0}U{0,,; :n €w,i=1,2,3}is
a countable open cover of X. But for any finite subcollection Uy C U,
St2(lJ U, U) # X. This contradicts the assumption that X is countably
2%—starcompact. ]

Corollary 2.3. In a regular space, countable 2%—Starcompactness is
equivalent to 2%—starcompactness.

A space X is metaLindeldof if every open cover of X has a point-
countable open refinement.

Theorem 2.4. A countably pracompact metaLindelof space is star-
compact.

Proof. Let X be a countably pracompact metaLindelof space and D
be a dense subset of X which is countably compact in X. Suppose X
is not starcompact. Then, by metalLindelofness, there exists a point-
countable open cover U of X destroying starcompactness. Let xg €
D. Then V,, = {V € U : xp € V} is countable and so we may say
that V,, = {Vo;, € U : i € w}. Because X is not starcompact, there
exists 1 € D\Vpo. Take V,, = {Vi; : i € w} as before. Choose
z2 € D\, j2 Vi,j, and, inductively, we choose x,, € D\, ;,, Vi; and
Vi, = {Vni:i € w}. Then {x, : n € w} has a cluster point x € X since
D is countably compact in X. Choose U € U such that x € U. Then
there exists n € w such that x,, € U. Thus U = V,,; for some ¢ € w.
Take M = max{n,i:i € w}. Then if & > M, then z; € V,,;. Thisis a
contradiction.

O]

Recall that a space X has the discrete finite chain condition (abbrevi-
ated DFCC) provided every discrete family of nonempty open sets is fi-
nite; X is feebly compact provided every locally finite family of nonempty
open sets is finite. It is clear that

countably compact

(2
pseudocompact <  feebly compact = DFCC

The first arrow can be reversed for Tychonoff spaces [10], the second
one can be reversed for regular spaces [5].
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Definition 3. [6, 18] For [X]|=F = {4 C X : |A| < k}, we define
stp-l(X) = No - min{x : for every open cover U of X there exists
an A € [X]=" such that St"(4,U) = X };
[(X) =No - min{r : for every open cover U of X there exists
a V€ [U]=" such that St"(JV,U) = X};
a-st-1(X) = Ng-min{x : for every open cover U of X and every dense
D C X, thereisan A € [D]F such that St(4,U) =

st

1-
ny

X}

A space X is said to be n-starLindelof (n%-staerdelé'f, absolutely star-

Lindeldf) if st,-1(X) = Ro (respectively, st 1-1(X) = N, a-st-I(X) =
2

Rp). We write st-1(X) instead of st1-1(X), i.e., 1-starLindel6fness is the

same as starLindelofness.

Definition 4. A space X is called n-cl-starLindeléf if for every
open cover U of X there exists a countable subset F' C X such that
Stn(F,U) = X.

A space X is called n%—cl—staerdeldf if for every open cover U of X
there exists a countable subcollection V of U such that St*(JV,U) = X.

Theorem 2.5. [18] Every countably pracompact space is 1-cl-starcom
pact (and hence 2-starcompact).

Proposition 2.6. [18] A pseudocompact starLindel6f space is 1-cl-
starcompact (and hence 2-starcompact).

Corollary 2.7. Every separable pseudocompact space is 2-starcompact.

Proof. We first claim that if X is separable, then X is starLindelof.
Let U be an open cover of X and D be a countable dense subset of X.
We want to show that St(D,U) = X. Let x € X. Then there exists
U € U such that € U. Since D is dense in X, UN D # (.. Thus x €
U C St(D,U). This proves St(D,U) = X. Therefore X is starLindeldf,
proving our claim. So by Proposition 2.6, X is 2-starcompact. O

It is easy to show (without assumption of any axiom of separation)
that

(1) every n-starLindelof space is n-cl-starLindelof,

(2) every n-cl-starLindelof space is (n + 1)-starLindel6f.

If we strengthen psedocompactness by feebly compactness, but weaken
n-star-Lindelofness to n-cl-starLindel6fness in Proposition 2.6, then we
get the following theorem.
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Theorem 2.8. Every feebly compact 1-cl-starLindelof space X is
1-cl-starcompact (and hence 2-starcompact).

Proof. Suppose that X is not 1-cl-starcompact. Then there exists an

open cover U such that for all finite ' C X, St(F,U) # X. Since X is
1-cl-starLindel6f, there exists a countable subset A = {z,, :n € w} C X

such that St(A,U) = X. Choose Uy € U such that Uy ¢ St(xzo,U).
Denote Vy = Up\St(zg,U) and choose yg € Vy. Choose Uy € U such
that U1 §7: St({.To,l‘l,yo},U). Denote ‘/1 == Ul\St({xo,xl,yo},U) and
choose y; € Vj. Inductively , we can construct {V,, : n € w} such
that V,, = U, \St({z1, -+ ,Zn, Y0, "+ yYn—1}, W) for each n € w. Then
{Vi : n € w} is a pairwise disjoint countably infinite collection. We also
note that that{V,, : n € w} is locally finite.(If x € X, then there exists
xn € A such that z € St(z,,U). If & > n, then Vi N St(z,,U) = 0.)
Since X is feebly compact, {V}, : n € w} must be finite and so we have a
contradiction. ]

Corollary 2.9. Every regular starcompact, 1-cl-starLindelof space
is 1-cl-starcompact.

3. Related Examples

Note that X is countably pracompact iff there is a dense subspace D
of X such that every countable open cover U of X has a finite subcover of
D. So, similarly, we can define pracompactness with respect to covering

property.

Definition 5. A space X is called pracompact if there is a dense
subspace D of X such that every open cover U of X has a finite subcover
of D.

The following is an example of a countably pracompact space which
is not countably compact.

Example 3.1. ([19], see also [10] or [12]) The Isbell-Mréwka -
space: Let w be a countable discrete space, and let A be a maximal
almost disjoint (to be short, m.a.d.) family of infinite subsets of w.
Then the set ¥ = w U A is topologized as follows: the points of w are
isolated while a basic neighborhood of the point A € A takes the form
Or(A) ={A}U(A\ F), where F is an arbitrary finite set.
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(1) Equipped with this topology, ¥ is a Hausdorff, zero-dimensional
(hence Tychonoff) space. It is countably pracompact (w is countably
compact and dense in ¥) and hence pseudocompact. Note that w is an
open discrete subspace of ¥, and A is a closed discrete subspace of V.
Henceforward, we do not consider the trivial case |A| < w. Since A is
infinite, closed and discrete in W, ¥ is not countably compact. Moreover,
it is not even lé—starcompact by Theorem 1.3.

(2) ¥ is a locally compact Moore space (and hence subparacomapct)
which is not metaLindel6f. (Consider the open cover U = {{A} Uw :
A € A}. Using the fact that A is uncountable it follows that U cannot
have a point-countable open refinement.)

(3) Also, it is sometimes convenient to consider a modification of the
W space starting from an uncountable open discrete subspace w instead
of w. In this case, we denote the Isbell-Mréwka W-space by ¥(w;).

Definition 6. A space X is called n-cl-starcompact if for every open
cover U of X there exists a finite subset F* C X such that St"(F,U) = X.
A space X is called n%—cl—starcompact if for every open cover U of X

there exists a finite subcollection V of U such that St"(JV,U) = X.

Recall that a Hausdorff space X is called H-closed if X is a closed
subspace of every Hausdorff space in which it is contained.

Theorem 3.2. [10] A Hausdorff space X is H-closed if and only if for
every open cover U = {Us : s € S} of X there exists a finite subfamily
{Us,,Us,, -+ ,Us, } such that U, UU,, U---UU,, = X.

Note that H-closedness is equivalent to %—cl—starcompactness. From

the above Theorem, we can also deduce the following corollary which is
already known from Alexandroff and Urysohn in 1971.

Corollary 3.3. [10] A regular space is H-closed if and only if it is
compact.

However, not every H-closed space is compact. We give an example
of a non-regular H-closed pracompact space which is not compact.

Example 3.4. There is a H-closed pracompact Th-space which is
not compact.

Let I = [0, 1] with the usual topology. Then I is compact. Let X = I
with a topology T generated by a base B with neighborhoods of any
nonzero point being as in the usual topology, while neighborhoods of 0
will have the form U\ A, where U is a neighborhood of 0 in the usual
topology and A = {1 :n € N}. Then (X, ) is clearly a Th-space which
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is not regular. Since A has no cluster point in X, X is not countably
compact and so it is not compact.

Claim : X is H-closed and pracompact.

Let D = 1N (Q\A). Then D is dense in X. Let U be an open cover
of X. Then for each x € X there exist U, € U and B, € B such that
r € B, CcU,.

Since I is compact, there exist x1,xa, - -+ , &y in I such that |J;_| By, =
1.

Note that there exists B, such that 0 € B, .

Thus ", Uy, S I, but\J!-, Uy, D D. Therefore|J; Uy, D D = X,
and so X is H-closed. Also, D is a dense subspace of X such that every
(countable) open cover U of X has a finite subcover of D. Hence X is a
pracompact space.

The starLindelof property is a natural generalization of starcompact-
ness. Recall that a space X is starLindeldf if for every open cover U
there is a countable subset A C X such that St(4,U) = X. This
property generalizes not only starcompactness (i.e. in fact countable
compactness) but also the Lindel6f property as well as separability. The
implications from Lindelofness and starcompactness can be, assuming
T1 or T, passed through countable extent:

Proposition 3.5. [6] Every Ti-space of countable extent, i.e., e(X) <
w, Is starLindelof.

The converse is not true: a W-space is separable, hence star-Lindelof,
but its extent can be as big as ¢ where ¢ is the continuum.

Note that a space X is countably compact and Lindel6f if and only
if it compact.

It is clear that if X is a starcompact space, then it is countably
starcompact and starLindelof. But the converse is not true, e.g, U-
space. How about the following question?

Question 1. Is every countably 2-starcompact, 2-star Lindelof space
2-starcompact?

The following example is from Example 2.3.8 in [9].

Example 3.6. [9] Let I = [0, 1] and express it as the union of pairwise
disjoint sets Ai,---,Aon+1, each dense in I with 0,1 € Ag,y1. Let
Ey = A1 UA, U Agyq for k = 1,3,5,--- ,2n+ 1 and Ey = Ay for
k = 2,4,6,-'- ,2??,, where AO = A1 and A2n+2 = A2n+1. Note that
E; N Ej is dense in I if and only if |i — j| <1 or i and j are consecutive



462 Junhui Kim and Myung Hyun Cho

odd numbers. Note also that for each x € I there is a unique index k(z)
such that © € Ay ().

Now let X denote the set I with the topology T, (X) consisting of all
subsets G C I such that for every x € G there is an interval I, satisfying
x € Iy N By C G. This topology makes X a Hausdorff space that is

n%—starcompact, but not n-starcompact.

Using the above example, we have the following two examples: There
is a 2%—starcompact Hausdorff space, but not countably 2-starcompact.
Also, there is a 2-starcompact Hausdorff space, but not countably star-
compact.

Example 3.7. Let X = A1 U Ay U A3 U Ay U A5 with the topology
T5(X) as in Example 3.6. Then X is a 2%-starcompact Hausdorff space,
but not countably 2-starcompact.

Example 3.8. Let X = A1 U Ay U A3 U A4 as in Example 3.6 again
where 0,1 € A4, B4y = A1 U Ay, Es = Ay, B3 = Ay U A3 U Ay and
E4 = Ay4. Then X is a 2-starcompact Hausdorff space, but not countably
1 %—starcom pact.

We give a CH example of a Tychonoff space that is countably pra-
compact, but neither 1%—starcompact(and so not starcompact) nor met-
alLindelof.

Example 3.9. (CH) Let C' be a Cantor set and let S = C x C with
the order topology given by the lexicographic order(i.e., (a,b) < (c,d)
if and only is b < d or (b = d and a < ¢)). Then S is T, compact,
dim(S) = 0, and mw(S) = w(S) = ¢. Let {Ay : @ € w1} be a pairwise
disjoint collection of clopen subsets of S. Let Y = S x w; with the
product topology. Topologize X =Y Uw; as follows :

(a) Y is open in X,
(Ag x {a} \ F) U {a} if o is a non-limit ordinal,
(b) UF(Oé) = . . . . .
(Aq x{a+1}\ F)U{a} ifa is a limit ordinal,
where F' is a proper clopen subset of X.
Then X is Tychonoff and countably pracompact since Y is countably
compact. Note that X is not 1%—starcompact by Theorem 1.2. Hence

X is not starcompact. Also, X is not metaLindelof because every pseu-
docompact metaLindel6f space is Lindel6f, but X is not Lindeldf.

There is a countably 1%—starcompact Tychonoff space which is not
countably pracompact. ( Moreover, the space is of first-countable.)
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Example 3.10. Let k be an uncountable cardinal. Then |k+w1| = k.
For each o« < Kk + w1 , suppose X, is a first-countable compact space
and |Xo| > 2. Let X = [[{Xa : @ < k + wi}. Define a function
[+ wi]® = k4w by

f(s) >sup{s € k +w : s Is countable}.

For each «, pick different points a(«) and b(«) in X,, and pick open
sets U(a) and V(«) such that a(a) € U(w),b(a) € V(a) and U(a) N
V(a) = 0.

For each s € [k + w1]®, define

Y(s)={pe€ X :pla) =ala) ifa & sU{f(s)}, and p(f(s)) = b(f(s))}.

Notice that each Y (s) is a compact subset of X. Let Y = [J{Y (s) : s €
[k +wi]“}. ThenY is Tychonoff and of first-countable.

Claim 1: Y is countably lé—starcompact(and hence pseudocompact).

Suppose U = {U,, : n € w} is a countable basic open (in X ) cover
of Y. Then for eachn € w, Uy, = [[{G2 : a € kK + w1}, where if &« & sy,
then G = X, for some finite s,. Let s = UpeywSn. Then f(s) > sups.
Thus U, NY(s) # 0 for each n € w. Hence St(Y (s),U) =Y.

Claim 2: Y is not countably pracompact.

Let D be dense in Y. Pick py € D. Then p; € Y (s1) for some s;.
Let oy = f(s1). Note that p1(ay) = b(ay). Choose py € D such that
p2(aq) € V(a1) and pa(a1 + 1) € V(a1 + 1), because D is dense in X
and Xogx - X Xg X+ xV(ag+1)x--- isopen in X) Also ps € Y(s2)
for some sy. Then f(s2) > ay. Denote ag = f(s2).

Inductively, we can choose p,, € D such that p,(a;) € V(«;) fori <n
and pp(ap—1 +1) € V(ap-1 + 1), and denote oy, = f(s,). Therefore
pn () = blay,). Suppose p € Y is a cluster point of {p,, : n € w}. Then
p(an) € V(ay,) for alln € w. But if p € Y(s), then «,, € s for all n.
Thus f(s) > supan. S0 p(f(s)) = b(F(s)), but pa(f(s)) = a(f(s)) for

all n. This is a contradiction. Thus Y is not countably pracompact.

Theorem 3.11. [5] A regular space X is DFCC if and only if every
countable open cover of X has a finite collection whose union is dense
in X.

However, there exists a T Lindel6f lé-starcompact space which is
not countably pracompact.
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Example 3.12. Let I = [0,1] have a usual topology T,. Define a
topology on X = I generated by a base B = {U\A : U € T, and |A| <
w}. Then X is Ty , but not regular.

Claim: X is 1%—starcompact.

Let 'V be an open cover of X. Denote V={V =U\A:U € T, |A| <
w}. Since I is compact, there exists a finite subcover {Uy,--- ,U,} of
Tu. Then U, V; & X, but U, V; = X. Thus St(U, V;,V) = X.

However, X is not countably pracompact because every countable
subset of X is closed and discrete. We also note that X is Lindelof
because we can see it in the Claim above.

Using Example 3.6 again, we have the following example.

Example 3.13. There exists a T, first-countable, Lindeldf, 1%-
starcompact space which is not countably pracompact.

Let | = Ay UAy U A3. By = AfUAy, By = Ay, B3 = Ay U A3 and B
be a countable base for I. Denote B’ = {BNE;: B € B,i =1,2,3}.
Then B’ is a countable base for X. Thus X is second countable. The
rest of a verification is immediate.
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