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EVALUATION E(exp([! h(s)dz(s)) ON ANALOGUE OF
WIENER MEASURE SPACE

YEON HEE PARK

Abstract. In this paper we evaluate the analogue of Wiener inte-
gral fC[O g () a(tn)dwp(z) where 0 =to <t1 <+ <tn <t
and the Paley-Wiener-Zygmund integral fc[o,t] exp(fot h(s)dx(s))dw,(z)
where h(s) =¢—s and (C[0,t],w,) is the analogue of Wiener mea-
sure space.

1. Introduction and Preliminaries

In 2002, Kun Sik Ryu and Man Kyu Im [5] presented the definition
and the theories of analogue of Wiener measure w,, which is a kind of
generalization of concrete Wiener measure. In 2009, Kun Sik Ryu [9]
introduced the generalized Fernique’s Theorem for analogue of Wiener
measure space. In this paper, in the first place, we evaluate the integral

/ w(t)2(t) - - (b)), (x)
Clo]

where 0 = tg < t1 < --- < t,, < . Also using our results, we evalu-
ate the integral fC[O 1 exp(f(f h(s)dxz(s))dw,(x) where h(s) =t — s and
(C0,],w)) is the analogue of Wiener measure space.

In this section we present some notations, definitions and Theorem
from [5][8].

(A) Let R be the real number system. Let B(IR) be the set of all Borel
measurable subsets of R and let B(R"™) be the set of all Borel measurable
subsets of R”. Let my be the Lebesgue measure on R.
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(B) For a positive real number ¢, let C[0,¢] be the space of all real
valued continuous functions on a closed bounded interval [0,¢] with the
supremum norm || - ||oo-

(C) Let M(R) be the space of all finite complex valued countably
additive measure on (R, B(R)). For p € R, let ¢, be the Dirac measure
concentrated at p with total mass one.

(D) Let n be a non-negative integer. For T = (to,t1,--- ,tn) with
0=ty <ty < <t <t let J=: C[0,f] — R™"! be a function with
J7(z) = (z(to), z(t1), -+ ,z(tn)). For B;(j =0,1,2,--- ,n) in B(R), the
subset J%l(]_[?:o Bj) of C[0,t] is called an interval and let Z be the set
of all intervals. For a non-negative finite Borel measure p on (R, B(R)),
we let

ﬁ
W(TL—FL t;UOaula"' ’un)
2

T 1 1 (i —uy)
Ul =) =t X ;

o Tt

Then B(C[0,t]), the set of all Borel subsets in C[0,¢], coincides with
the smallest o-algebra generated by Z and there exists a unique positive
measure w, on (C[0,t],B(C|0,t])) such that w,(I) = m,(I) for all I in
Z. For p in M(R) with the Jordan decomposition p = Z?Zl a;p;, let
wp = Z?Zl ajwp,. We say that w, is the complex-valued analogue of
Wiener measure on (C[0,t], B(C[0,t])), associated with p. If p is a Dirac
measure dg at the origin in R then w), is the classical Wiener measure.
(E) For an odd natural number n, we let n!! =1-3-5---n and for an
even natural number n, we let n!l =2-4-6---n and let 0!l = (—1)!I! = 1.
By the change of variables formula, we have the following theorem.

Theorem 1.1. (Theorem 3.1 in [5]) If f : R""1 — C is a Borel
measurable function then the following equality holds.
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/ F(a(to), (t1), -+ 5 (ta))dup ()
Cla,b]

:/ 1f(U(),U1,"',Un)W(n+1;?;UQ7U1,"‘,Un)
Rn+

d(ﬁ my, X p)((ul,"' ; Un,), Up)
j=1

where = means that if one side exists then both sides exist and two
values are equal.

Lemma 1.2. For n € N and for A > 0,
(3]

1 / (u—v)? n _9
uexp{——}du = V" TPAP(2p — N
V2rA Jr { 2A } pzo( 2p ) ( )

where [ ] is the Gauss symbol.

(u

Proof. Let Dy, a(v) = \/ﬁ Jg u™ exp{— 2_;;)2 }du and let © = u — v.

n n.\ n_ 22 22
Then Dy 4(v) = 3o k Jv k\/;rjfﬂgxk exp{—g tdz. fok exp{—37}

dz = 0if k is odd. If k is even, i.e. k = 2p then, letting & = w,

P o0
_Dn7A (”U) e ( 2’” ),UTL—2P (214) wp—%e_wdw
= P VT Jo
i n (24)P 1 5] n
R A e VS B o G s O L R}
= 2p NG 2 = 2p

O]

Example 1.3. (1) Suppose that f(u) = u? is p-integrable. Then for
a:t0<t1<t2§b,

[ attalt)dug(e) = - a)p(®) + [ wdp(w)
Cla,b]

R

If p has a normal distribution with mean o and variance o2, then

/ 2(t1)2(ta)dw, () = (11 — a) + a? + o2,
Cla,b]
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(2) Suppose that f(u) = u™*"2 is p-integrable and n, € N. Then for
0=ty <ty <ty <t,

[R2] [fatnz=2p)

2 no
™ (¢ 2(tg)dw,(
/O[o,t] (0)a™ (t2)dwp(= Z Z ( 2p2 )

2=0  p1=0
ny +mng — 2
("I TP 1y — )P (1)P (2p2 — 1)!(2p1 — 1))

2p1
/ un1+n2—2p1—2p2dp(u).
R
If p has a normal distribution with mean o and variance o2, then

/R 2 —2p1—-2p2 dp(u)

u—a)?
(202)}dmL(u)

1
_ 1 /. M T2 —2p1—2p2 exp{
[n1+n2*22m*2p2}
_ (n1+n2—2p1—2p2
2p

Ya™ +n2—2p1—2p2—2p ;2p
p=0
(2p — 1)L
Thus
e s e L

D>

p=0

/ ™ (t1)2" (t2)dwy(z) =
clo4]

=0

P2
( no ) n1 + ng — 2p9 )( 1+ n2 —2p1 — 2p2
2p2 2p1 2p

)

2
(t; —tj1) H 2p; — (2p — amtne= 2p1—2p2—2p ;2p

<.
Il ro
—

From Theorem 2.1, 2.3 in [9] and Lemma 2.9 in [7], we have the
following Theorems.

Theorem 1.4. fC[O . exp{asupp<g<; |2(s) —2(0)|}dw,(x) is finite for
all positive real number a.

Theorem 1.5. If [, exp(2alu|)dp(u) is finite, then
fc[o 1 exp{asupy<s<; |7(s)|}dw,(x) is finite for all positive real number
a.
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2. Evaluation on analogue of Wiener Measure

In this section we evaluate the integral

/ 2(t1)2(t) - (b)), (x)
o,

where 0 =tg <t1 <--- <t, <t.

Theorem 2.1. Suppose that f(u) = u" is p-integrable and Then for
0=ty <t <<ty <

[%] [272p1] [n—Q(P1+‘2“+Pn71)}
/ z(ty)z(te) - - x(tn)dw,(x Z Z Z
O[Ovt} p1= =0 p2= 0 pn:()

[Tio(k = 23707 pi) Tl (b — tea)Pn /u”_Q(le’pﬁ"'er")d,O(uo)-
(n =231 pi) 'HZ:Q,pk>0(2pk)” R

Proof. Let g(ug,u1,- -+ ,up) =u1---uy and J : C[0,t] — R be
a function with J (z) = (x(to), z(t1),--- ,z(tn)). Then g(x(to), z(t1),

“,x(tn)) = go Jp(x) = z(t)x(t2) - - - 2(tn) is Borel measurable. By
Theorem 1.1 and Lemma 1.2,

1
\/(27T) [Tie, (t = tim1) ‘

/ / L unexp{- Z 20 — i1) }dmL(ul, ) dp(uo)

_tz 1

/ w(t)(ta) -+ 2 (tn)duy(x) =
co.t]

_ 1 .
) \/(27T)n71 15 (ti = i) /R/R"l ' Z 2191

1 w2
X (ty, — tn—1)P*(2p1 — 1)!! exp{—§ Z W}ui%pl
i=1 i
deL(u17 T 7un—1)dp(uO)



446 Yeon Hee Park

l] 2— 2p1]
(3 2 2 — 2
§ E 2])1 p2 )(tn - tn—l)pl (tn—l - tn—2)p2

1
V@O 2 T2t — 1)

12 (u; — ui—1)?
ST 2P 2p2 B N e it V0
Jofo i ey YRR

X(2p1 — 1)”(2p2 — 1)”

i—1 7 tz—l
xdmp(u, -, up—2)dp(uo)
[%} [2722;71] [n—Q(P1+'2-'+Pn71)] " i
= :Z Z H(k_22i—1pz)
2pi,
p1=0 p2=0 Pn= k=1
n n
% H(tk — tp_q)Prtik H (2pk — 1>!!/ ung(p1+---+pn)dp(uO)
k=1 k=0,pi >0 R
[l] [272171] [”_2(P1+"'+pn71)]
2 2 2
p1=0 p2=0 prn=0

[Tr_a(k — Zz 1 pz) [T (B — tg—)Prri-*
(n =231 pi)! HZ=2,pk>0(2pk)”

/ Ug_z(p1+p2+m+pn)d,0(’UJ0).
R

Remark 2.2. (1) If

1 uzl
F(ug) = “Up X
o e T 7 el Z 2t~ ti-1)

deL(uh 7un)a

then F' is a polynomial of degree n. If n is even then F' is an even
polynomial, i.e. for any odd natural number k, the coefficient of uf in F
is zero. If n is odd then F' is an odd polynomial, i.e for any even natural
number k, the coefficient of ulg in F is zero.
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(2) If p = 4,4 is a dirac measure at ¢ with total mass one and ¢ # 0,
then

[% [2—22;)1] [n—Z(P1+~2~+Pn71)]
/ z(t)x(t2) - - x(tn)dw,(z Z Z Z
Cl0,t] =0 p3—0 i
HZ 2( Zz 1 p’l) Hk 1( k— th—1 Prt1-k 2(p1+.+pn).
I

(n =230 pi) T Ti= 2pk>0(2pk)

Lemma 2.3. Fort > 0, let

/ / ui'” lu;” L. ufl"_ldundun_l---dul.
u; >0 urttun <t

Then

In(t) = t(a1+"'+an) F(an) = .F(al) .
L(a; + - +a,+1)

Proof. Let u; = tx;. Then I,(t) = tlat+an) ] (1). So

/ / ui'” ! ug?” L. cu L duydug, - - - dug
u; >0 upt-tun <1

_ / . / W8 duy,
u; >0,0<un <1 O<ui+-+up—1<l—upn

- duy
! 1 1. 1

_ an—1 al— az Qnp—1—
0 u; >0 ur+-tup—1<l—upn

--du1>dun

1
N / ugn M 1 (1 = wy)duy,
0

1
_ / Ul (1 = )@ H D=L (1),
0

F(ap)T(a1 + -+ +ap—1+1)

=1, (1
i D(ap + -+ an+1)
Since I1(1) = =, I,(1) = % Thus I,,(t) = t(@1+-+an)
['(an)--T(a1) -

T(ai+-+an+1)"
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Lemma 2.4. Let 0 =ty < t; < --- <t, <t. Let A, ={(t1, -+ ,tn) €
0,)"|0 =1ty <ty <--- <ty <t} Then

Anq(] i-1) 1 (n+ky+- 4 ky)!

Proof. Let t; —tj_1 = x;. Then ¢}, = Zle
this transform is J = 1. By above lemma,

n
/ I -ti-0Madty---dts
An iy
n
—/ / H:p§kj+1)*1dxn--~d$1
z;>0 14 Fan <t j=1

= I(t) = it tkntn Hj:l k! )
" (n+ki+-+kp)!

x; and the Jacobian of

Lemma 2.5. If [ exp 2t]u\)dp w) is finite, then
fc[o g exp{—tz(0 }eXp{fo s)dmy(s)}dw,(x) is finite.

Proof. By Theorem 1.5 and assumption, we have

/C[o ] exp{—tx(0 }exp{/ s)dm,(s)}dw,(z)
< /C 0 exp{—tx(0)} exp{ /0 sup{|z(5)[[0 < s < t}dmp,(s) dw,(x)
= / exp{—tz(0)} exp{t sup [2(s)||0 < s < t}dw, ()

Clo.]

< / exp{t|z(0)|} exp{tsup{|z(s)||0 < s < t}dw,(x)
clo,]

< </R exp(2t]u\dp(u)>§(/c[o ) exp{2t sup{|z(s)]|0 < s < t}dwp(x)> ’

O]

Remark 2.6. If [, exp(2t|u|)dp(u) is finite, then [ |u["dp(u) is finite
for each n.

Now we evaluate the integral of fC[O 4 €XP fo s)dz(s))dw,(x) where
h(s) =t —s.
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Theorem 2.7. Suppose that [, exp(2t|u|)dp(u) is finite and let h(s) =
t —son [0,t] and let Ay, = {(s1, -+ ,5n) € (0,£)"]0 =50 < 51 < -+ <
Sp < t}. Then

/ e /Oth(s)dw Do) =33 Y -

m=0n=0p;=0 p2=0

[4] (227

[M]
2 m n
Z (=) Hk:Z( Z =1 p’L) (P14++4pn+n)

a0 m! (n =237 p)! Hk:Z,pk>O(2pk)”

H?:l pi! / um+n—2(p1+p2+~~~+pn)dp(uO).
(n+pi+--+p) Jg °

Proof. Let h(s) =t — s on [0,t]. Then h(t) = 0,h(0) = t. And The
Paley-Wiener- Zygmund integral fo dx( ) equals to the Riemann-
Stieltjes integral fo s)dx(s) wp — a.e.x. By the integration by part

of Riemann-Stieltjes integral [1 fo = —tx(0)+ fo s)dmp(
wp — a.e.x. Let

B = /C[o,t} exp(/0 h(s)dxz(s))dw,(x).

Then exp(fy h(s)dz(s)) is integrable by lemma 2.5 and

B = / exp(—tm(()))exp(/ota:(s)dmL(s))dwp(x)

clot)
. (—ta(0))™ 1 [t i
:/C[o,t}n;)nz!;%m(/o m(s)dmL(3)> dw, ()
_ © oo (=)™ n T Malg1)---2(s. Vdsq - - - ds, dw . (z
_mz_:onz_:o min! /C[O,t} !/An( (0))"z(s1) (sn)ds1 -+ - dspdw, ()

_OO OO(_t) T Ma(sy) - x(sy)dw,(z)]dsy -+ - ds
= ST [ UL O o) atond@ds - ds,
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Also let A = fC[O 1 ((0))™x(s1) - - - x(sp)dwp(x). Then by Theorem 2.1,

we

have

2-2 n—2(p1+-+pp—1)
(3] 520 1 =l

A:Z Z

1=0 p2=0 Pr=0
HZ:2(]€ -2 Zi':f i) HZ:I(Sk — Sg_1)Prt1-k
(n =237 pi)! szz,pk>o(2pk)!!

/ u6n+n_2(p1+p2+m+p")dp(uo).
R

o

Thus by lemma 2.4

(1
2l
B8l

4]

(5]

(6]
(7]
(8]

(9]

2-2 n—2(p1+-+pPp—1)
R I e e T e

555 55 S SEED »

m=0n=0p1=0 p2=0 Prn=0
k—1
(_tm) HZ:Q(k —2 Zi:1 pi) t(p1+"'+p”+")
n n
ml (n =230 pi)! Hk‘:27pk>0(2pk)!!

H?:l pi! / um+n—2(p1+p2+~~+pn)dp(uO)'
(n+pi+-+p) Jr °
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