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EVALUATION E(exp(
∫ t
0 h(s)d̃x(s)) ON ANALOGUE OF

WIENER MEASURE SPACE

Yeon Hee Park

Abstract. In this paper we evaluate the analogue of Wiener inte-
gral

∫
C[0,t]

x(t1) · · ·x(tn)dωρ(x) where 0 = t0 < t1 < · · · < tn ≤ t

and the Paley-Wiener-Zygmund integral
∫

C[0,t]
exp(

∫ t

0
h(s)d̃x(s))dωρ(x)

where h(s) = t− s and (C[0, t], ωρ) is the analogue of Wiener mea-
sure space.

1. Introduction and Preliminaries

In 2002, Kun Sik Ryu and Man Kyu Im [5] presented the definition
and the theories of analogue of Wiener measure ωρ, which is a kind of
generalization of concrete Wiener measure. In 2009, Kun Sik Ryu [9]
introduced the generalized Fernique’s Theorem for analogue of Wiener
measure space. In this paper, in the first place, we evaluate the integral

∫

C[0,t]
x(t1)x(t2) · · ·x(tn)dωρ(x)

where 0 = t0 < t1 < · · · < tn ≤ t. Also using our results, we evalu-
ate the integral

∫
C[0,t] exp(

∫ t
0 h(s)d̃x(s))dωρ(x) where h(s) = t − s and

(C[0, t], ωρ) is the analogue of Wiener measure space.

In this section we present some notations, definitions and Theorem
from [5][8].

(A) Let R be the real number system. Let B(R) be the set of all Borel
measurable subsets of R and let B(Rn) be the set of all Borel measurable
subsets of Rn. Let mL be the Lebesgue measure on R.
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(B) For a positive real number t, let C[0, t] be the space of all real
valued continuous functions on a closed bounded interval [0, t] with the
supremum norm ‖ · ‖∞.

(C) Let M(R) be the space of all finite complex valued countably
additive measure on (R,B(R)). For p ∈ R, let δp be the Dirac measure
concentrated at p with total mass one.

(D) Let n be a non-negative integer. For
−→
t = (t0, t1, · · · , tn) with

0 = t0 < t1 < · · · < tn ≤ t, let J−→
t

: C[0, t] −→ Rn+1 be a function with
J−→

t
(x) = (x(t0), x(t1), · · · , x(tn)). For Bj(j = 0, 1, 2, · · · , n) in B(R), the

subset J−1−→
t

(
∏n

j=0 Bj) of C[0, t] is called an interval and let I be the set
of all intervals. For a non-negative finite Borel measure ρ on (R,B(R)),
we let

mρ

(
J−1−→

t

( n∏

j=0

Bj

))

=
∫

B0

[∫
∏n

j=1 Bj

W (n + 1;
−→
t ;u0, u1, · · · , un)d

n∏

j=1

mL(u1, · · · , un)
]
dρ(u0),

where

W (n + 1;
−→
t ;u0, u1, · · · , un)

=
( n∏

j=1

1√
2π(tj − tj−1)

)
exp{−1

2

n∑

j=1

(uj − uj−1)2

tj − tj−1
}.

Then B(C[0, t]), the set of all Borel subsets in C[0, t], coincides with
the smallest σ-algebra generated by I and there exists a unique positive
measure ωρ on (C[0, t],B(C[0, t])) such that ωρ(I) = mρ(I) for all I in
I. For ρ in M(R) with the Jordan decomposition ρ =

∑4
j=1 αjρj , let

ωρ =
∑4

j=1 αjωρj . We say that ωρ is the complex-valued analogue of
Wiener measure on (C[0, t],B(C[0, t])), associated with ρ. If ρ is a Dirac
measure δ0 at the origin in R then ωρ is the classical Wiener measure.

(E) For an odd natural number n, we let n!! = 1 · 3 ·5 · · ·n and for an
even natural number n, we let n!! = 2 ·4 ·6 · · ·n and let 0!! = (−1)!! = 1.

By the change of variables formula, we have the following theorem.

Theorem 1.1. (Theorem 3.1 in [5]) If f : Rn+1 −→ C is a Borel
measurable function then the following equality holds.
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∫

C[a,b]
f(x(t0), x(t1), · · · , x(tn))dωρ(x)

=
∫

Rn+1

f(u0, u1, · · · , un)W (n + 1;
−→
t ;u0, u1, · · · , un)

d
( n∏

j=1

mL × ρ
)
((u1, · · · , un), u0)

where = means that if one side exists then both sides exist and two
values are equal.

Lemma 1.2. For n ∈ N and for A > 0,

1√
2πA

∫

R
un exp{−(u− v)2

2A
}du =

[n
2
]∑

p=0

( n
2p

)vn−2pAp(2p− 1)!!

where [ ] is the Gauss symbol.

Proof. Let Dn,A(v) = 1√
2πA

∫
R un exp{− (u−v)2

2A }du and let x = u− v.

Then Dn,A(v) =
∑n

k=0(
n
k

)vn−k 1√
2πA

∫
R xk exp{− x2

2A}dx.
∫
R xk exp{− x2

2A}
dx = 0 if k is odd. If k is even, i.e. k = 2p then, letting x2

2A = ω,

Dn,A(v) =
[n
2
]∑

p=0

( n
2p

)vn−2p (2A)p

√
π

∫ ∞

0
ωp− 1

2 e−ωdω

=
[n
2
]∑

p=0

( n
2p

)vn−2p (2A)p

√
π

Γ(p +
1
2
) =

[n
2
]∑

p=0

( n
2p

)vn−2pAp(2p− 1)!!.

Example 1.3. (1) Suppose that f(u) = u2 is ρ-integrable. Then for
a = t0 < t1 < t2 ≤ b,

∫

C[a,b]
x(t1)x(t2)dωρ(x) = (t1 − a)ρ(R) +

∫

R
u2dρ(u).

If ρ has a normal distribution with mean α and variance σ2, then
∫

C[a,b]
x(t1)x(t2)dωρ(x) = (t1 − a) + α2 + σ2.
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(2) Suppose that f(u) = un1+n2 is ρ-integrable and nk ∈ N. Then for
0 = t0 < t1 < t2 ≤ t,

∫

C[0,t]
xn1(t1)xn2(t2)dωρ(x) =

[
n2
2

]∑

p2=0

[
n1+n2−2p2

2
]∑

p1=0

( n2

2p2
)

( n1 + n2 − 2p2

2p1
)(t2 − t1)p2(t1)p1(2p2 − 1)!!(2p1 − 1)!!

∫

R
un1+n2−2p1−2p2dρ(u).

If ρ has a normal distribution with mean α and variance σ2, then
∫

R
un1+n2−2p1−2p2dρ(u)

=
1√

2πσ2

∫

R
un1+n2−2p1−2p2 exp{(u− α)2

2σ2
}dmL(u)

=
[
n1+n2−2p1−2p2

2
]∑

p=0

( n1 + n2 − 2p1 − 2p2

2p
)αn1+n2−2p1−2p2−2pσ2p

(2p− 1)!!.

Thus

∫

C[0,t]
xn1(t1)xn2(t2)dωρ(x) =

[
n2
2

]∑

p2=0

[
n1+n2−2p2

2
]∑

p1=0

[
n1+n2−2p1−2p2

2
]∑

p=0

( n2

2p2
)( n1 + n2 − 2p2

2p1
)( n1 + n2 − 2p1 − 2p2

2p
)

2∏

j=1

(tj − tj−1)pj

2∏

j=1

(2pj − 1)!!(2p− 1)!!αn1+n2−2p1−2p2−2pσ2p.

From Theorem 2.1, 2.3 in [9] and Lemma 2.9 in [7], we have the
following Theorems.

Theorem 1.4.
∫
C[0,t] exp{a sup0≤s≤t |x(s)−x(0)|}dωρ(x) is finite for

all positive real number a.

Theorem 1.5. If
∫
R exp(2a|u|)dρ(u) is finite, then∫

C[0,t] exp{a sup0≤s≤t |x(s)|}dωρ(x) is finite for all positive real number
a.
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2. Evaluation on analogue of Wiener Measure

In this section we evaluate the integral

∫

C[0,t]
x(t1)x(t2) · · ·x(tn)dωρ(x)

where 0 = t0 < t1 < · · · < tn ≤ t.

Theorem 2.1. Suppose that f(u) = un is ρ-integrable and Then for
0 = t0 < t1 < · · · < tn ≤ t,

∫

C[0,t]
x(t1)x(t2) · · ·x(tn)dωρ(x) =

[ 1
2
]∑

p1=0

[
2−2p1

2
]∑

p2=0

· · ·
[
n−2(p1+···+pn−1)

2
]∑

pn=0∏n
k=2(k − 2

∑k−1
i=1 pi)

∏n
k=1(tk − tk−1)pn+1−k

(n− 2
∑n

i=1 pi)!
∏n

k=2,pk>0(2pk)!!

∫

R
u

n−2(p1+p2+···+pn)
0 dρ(u0).

Proof. Let g(u0, u1, · · · , un) = u1 · · ·un and J−→
t

: C[0, t] −→ Rn+1 be
a function with J−→

t
(x) = (x(t0), x(t1), · · · , x(tn)). Then g(x(t0), x(t1),

· · · , x(tn)) = g ◦ J−→
t
(x) = x(t1)x(t2) · · ·x(tn) is Borel measurable. By

Theorem 1.1 and Lemma 1.2,

∫

C[0,t]
x(t1)x(t2) · · ·x(tn)dωρ(x) =

1√
(2π)n

∏n
i=1(ti − ti−1)

×
∫

R

∫

Rn

u1 · · ·un exp{−
n∑

i=1

(ui − ui−1)2

2(ti − ti−1)
}dmL(u1, · · · , un)dρ(u0)

=
1√

(2π)n−1
∏n−1

i=1 (ti − ti−1)

∫

R

∫

Rn−1

u1 · · ·un−1

[ 1
2
]∑

p1=0

( 1
2p1

)

×(tn − tn−1)p1(2p1 − 1)!! exp{−1
2

n−1∑

i=1

(ui − ui−1)2

ti − ti−1
}u1−2p1

n−1

×dmL(u1, · · · , un−1)dρ(u0)
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=
[ 1
2
]∑

p1=0

[
2−2p1

2
]∑

p2=0

( 1
2p1

)( 2− 2p1

2p2
)(tn − tn−1)p1(tn−1 − tn−2)p2

×(2p1 − 1)!!(2p2 − 1)!!
1√

(2π)n−2
∏n−2

i=1 (ti − ti−1)
∫

R

∫

Rn−2

u1 · · ·u3−2p1−2p2
n−2 exp{−1

2

n−2∑

i=1

(ui − ui−1)2

ti − ti−1
}

×dmL(u1, · · · , un−2)dρ(u0)

= · · · =
[ 1
2
]∑

p1=0

[
2−2p1

2
]∑

p2=0

· · ·
[
n−2(p1+···+pn−1)

2
]∑

pn=0

n∏

k=1

( k − 2
∑k−1

i=1 pi

2pk
)

×
n∏

k=1

(tk − tk−1)pn+1−k

n∏

k=0,pk>0

(2pk − 1)!!
∫

R
u

n−2(p1+···+pn)
0 dρ(u0)

=
[ 1
2
]∑

p1=0

[
2−2p1

2
]∑

p2=0

· · ·
[
n−2(p1+···+pn−1)

2
]∑

pn=0∏n
k=2(k − 2

∑k−1
i=1 pi)

∏n
k=1(tk − tk−1)pn+1−k

(n− 2
∑n

i=1 pi)!
∏n

k=2,pk>0(2pk)!!∫

R
u

n−2(p1+p2+···+pn)
0 dρ(u0).

Remark 2.2. (1) If

F (u0) =
1√

(2π)n
∏n

i=1(ti − ti−1)

∫

Rn

u1 · · ·un exp{−
n∑

i=1

(ui − ui−1)2

2(ti − ti−1)
}

×dmL(u1, · · · , un),

then F is a polynomial of degree n. If n is even then F is an even
polynomial, i.e. for any odd natural number k, the coefficient of uk

0 in F
is zero. If n is odd then F is an odd polynomial, i.e for any even natural
number k, the coefficient of uk

0 in F is zero.
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(2) If ρ = δq is a dirac measure at q with total mass one and q 6= 0,
then

∫

C[0,t]
x(t1)x(t2) · · ·x(tn)dωρ(x) =

[ 1
2
]∑

p1=0

[
2−2p1

2
]∑

p2=0

· · ·
[
n−2(p1+···+pn−1)

2
]∑

pn=0∏n
k=2(k − 2

∑k−1
i=1 pi)

∏n
k=1(tk − tk−1)pn+1−k

(n− 2
∑n

i=1 pi)!
∏n

k=2,pk>0(2pk)!!
qn−2(p1+·+pn).

Lemma 2.3. For t > 0, let

In(t) =
∫

ui>0
· · ·

∫

u1+···+un≤t
ua1−1

1 ua2−1
2 · · ·uan−1

n dundun−1 · · · du1.

Then

In(t) = t(a1+···+an) Γ(an) · · ·Γ(a1)
Γ(a1 + · · ·+ an + 1)

.

Proof. Let ui = txi. Then In(t) = t(a1+···+an)In(1). So

In(1) =
∫

ui>0
· · ·

∫

u1+···+un≤1
ua1−1

1 ua2−1
2 · · ·uan−1

n dundun−1 · · · du1

=
∫

ui>0,0<un<1
· · ·

∫

0<u1+···+un−1≤1−un

ua1−1
1 ua2−1

2 · · ·uan−1
n dundun−1

· · · du1

=
∫ 1

0
uan−1

n

(∫

ui>0
· · ·

∫

u1+···+un−1≤1−un

ua1−1
1 ua2−1

2 · · ·uan−1−1
n−1 dun−1

· · · du1

)
dun

=
∫ 1

0
uan−1

n In−1(1− un)dun

=
∫ 1

0
uan−1

n (1− un)(a1+···+an−1+1)−1In−1(1)dun

= In−1(1)
Γ(an)Γ(a1 + · · ·+ an−1 + 1)

Γ(a1 + · · ·+ an + 1)

Since I1(1) = 1
a1

, In(1) = Γ(an)···Γ(a1)
Γ(a1+···+an+1) . Thus In(t) = t(a1+···+an)

Γ(an)···Γ(a1)
Γ(a1+···+an+1) .
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Lemma 2.4. Let 0 = t0 < t1 < · · · < tn ≤ t. Let ∆n = {(t1, · · · , tn) ∈
(0, t)n|0 = t0 < t1 < · · · < tn ≤ t}. Then

∫

∆n

n∏

j=1

(tj − tj−1)kjdtn · · · dt1 = tk1+·+kn+n

∏n
j=1 kj !

(n + k1 + · · ·+ kn)!
.

Proof. Let tj − tj−1 = xj . Then tk =
∑k

j=1 xj and the Jacobian of
this transform is J = 1. By above lemma,

∫

∆n

n∏

j=1

(tj − tj−1)kjdtn · · · dt1

=
∫

xi>0
· · ·

∫

x1+···+xn≤t

n∏

j=1

x
(kj+1)−1
j dxn · · · dx1

= In(t) = tk1+·+kn+n

∏n
j=1 kj !

(n + k1 + · · ·+ kn)!
.

Lemma 2.5. If
∫
R exp(2t|u|)dρ(u) is finite, then∫

C[0,t] exp{−tx(0)} exp{∫ t
0 x(s)dmL(s)}dωρ(x) is finite.

Proof. By Theorem 1.5 and assumption, we have
∫

C[0,t]
exp{−tx(0)} exp{

∫ t

0
x(s)dmL(s)}dωρ(x)

≤
∫

C[0,t]
exp{−tx(0)} exp{

∫ t

0
sup{|x(s)||0 ≤ s ≤ t}dmL(s)}dωρ(x)

=
∫

C[0,t]
exp{−tx(0)} exp{t sup |x(s)||0 ≤ s ≤ t}dωρ(x)

≤
∫

C[0,t]
exp{t|x(0)|} exp{t sup{|x(s)||0 ≤ s ≤ t}dωρ(x)

≤
(∫

R
exp(2t|u|dρ(u)

) 1
2
(∫

C[0,t]
exp{2t sup{|x(s)||0 ≤ s ≤ t}dωρ(x)

) 1
2
.

Remark 2.6. If
∫
R exp(2t|u|)dρ(u) is finite, then

∫
R |u|ndρ(u) is finite

for each n.

Now we evaluate the integral of
∫
C[0,t] exp(

∫ t
0 h(s)d̃x(s))dωρ(x) where

h(s) = t− s.
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Theorem 2.7. Suppose that
∫
R exp(2t|u|)dρ(u) is finite and let h(s) =

t − s on [0, t] and let ∆n = {(s1, · · · , sn) ∈ (0, t)n|0 = s0 < s1 < · · · <
sn ≤ t}. Then

∫

C[0,t]
exp(

∫ t

0
h(s)d̃x(s))dωρ(x) =

∞∑

m=0

∞∑

n=0

[ 1
2
]∑

p1=0

[
2−2p1

2
]∑

p2=0

· · ·

[
n−2(p1+···+pn−1)

2
]∑

pn=0

(−tm)
m!

∏n
k=2(k − 2

∑k−1
i=1 pi)

(n− 2
∑n

i=1 pi)!
∏n

k=2,pk>0(2pk)!!
t(p1+···+pn+n)

∏n
i=1 pi!

(n + p1 + · · ·+ pn)!

∫

R
u

m+n−2(p1+p2+···+pn)
0 dρ(u0).

Proof. Let h(s) = t − s on [0, t]. Then h(t) = 0, h(0) = t. And The
Paley-Wiener-Zygmund integral

∫ t
0 h(s)d̃x(s) equals to the Riemann-

Stieltjes integral
∫ t
0 h(s)dx(s) ωρ − a.e.x. By the integration by part

of Riemann-Stieltjes integral [1],
∫ t
0 h(s)d̃x(s) = −tx(0)+

∫ t
0 x(s)dmL(s)

ωρ − a.e.x. Let

B =
∫

C[0,t]
exp(

∫ t

0
h(s)d̃x(s))dωρ(x).

Then exp(
∫ t
0 h(s)d̂x(s)) is integrable by lemma 2.5 and

B =
∫

C[0,t]
exp(−tx(0)) exp(

∫ t

0
x(s)dmL(s))dωρ(x)

=
∫

C[0,t]

∞∑

m=0

(−tx(0))m

m!

∞∑

n=0

1
n!

(∫ t

0
x(s)dmL(s)

)n
dωρ(x)

=
∞∑

m=0

∞∑

n=0

(−t)m

m!n!

∫

C[0,t]
n!

∫

∆n

(x(0))mx(s1) · · ·x(sn)ds1 · · · dsndωρ(x)

=
∞∑

m=0

∞∑

n=0

(−t)m

m!

∫

∆n

[
∫

C[0,t]
(x(0))mx(s1) · · ·x(sn)dωρ(x)]ds1 · · · dsn.
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Also let A =
∫
C[0,t](x(0))mx(s1) · · ·x(sn)dωρ(x). Then by Theorem 2.1,

we have

A =
[ 1
2
]∑

p1=0

[
2−2p1

2
]∑

p2=0

· · ·
[
n−2(p1+···+pn−1)

2
]∑

pn=0∏n
k=2(k − 2

∑k−1
i=1 pi)

∏n
k=1(sk − sk−1)pn+1−k

(n− 2
∑n

i=1 pi)!
∏n

k=2,pk>0(2pk)!!∫

R
u

m+n−2(p1+p2+···+pn)
0 dρ(u0).

Thus by lemma 2.4

B =
∞∑

m=0

∞∑

n=0

[ 1
2
]∑

p1=0

[
2−2p1

2
]∑

p2=0

· · ·
[
n−2(p1+···+pn−1)

2
]∑

pn=0

(−tm)
m!

∏n
k=2(k − 2

∑k−1
i=1 pi)

(n− 2
∑n

i=1 pi)!
∏n

k=2,pk>0(2pk)!!
t(p1+···+pn+n)

∏n
i=1 pi!

(n + p1 + · · ·+ pn)!

∫

R
u

m+n−2(p1+p2+···+pn)
0 dρ(u0).
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