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CERTAIN INTEGRAL REPRESENTATIONS OF EULER
TYPE FOR THE EXTON FUNCTION Xj;

JUNESANG CHOI, ANVAR HASANOV AND MAMASALI TURAEV

Abstract. Exton introduced 20 distinct triple hypergeometric func-
tions whose names are X; (: = 1, ..., 20) to investigate their twenty
Laplace integral representations whose kernels include the conflu-
ent hypergeometric functions oF1, 1F1, a Humbert function Vs, a
Humbert function ®2. The object of this paper is to present 25 (pre-
sumably new) integral representations of Euler types for the Exton
hypergeometric function X5 among his twenty X; (i =1, ..., 20),
whose kernels include the Exton function X5 itself, the Exton func-
tion X, the Horn’s functions Hs and Hy, and the hypergeometric
function F' = o F}.

1. Introduction

Exton [4] introduced 20 distinct triple hypergeometric functions whose
names are X; (¢ = 1, ..., 20) to investigate their twenty Laplace inte-
gral representations which include the confluent hypergeometric func-
tions o F1, 1F1, a Humbert function Wy, a Humbert function ®4 in their
kernels. The Exton functions X; have been studied a lot until today,
for example, see [2, 5, 6, 7, 8, 9, 10]. Here, we choose to investigate the
Exton function X5 to present (presumably new) 25 integral representa-
tions of Euler type which contain the Exton function Xj itself, the Exton
function Xg, the Horn’s functions Hs and H,4, and the hypergeometric
function F' = 9F} in their kernels.
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Exton [4] defined the function X5 by the following triple series

(a1)2m+n+p (az), (03)p x™y™ 2P

o0
X5 (a17a27a3;c;x7y72): E

m,n,p=0 (C)m+n+p m!n!p!’

(1.1)

where (A),, denotes the Pochhammer symbol defined by

I'(A+m)
(A

C, Zy , and Ny being the set of complex numbers, the set of nonpositive
integers, and the set of nonnegative integers, respectively. The precise
three-dimensional region of convergence of (1.1) is given by Srivastava
and Karlsson [10, p. 102, 443@:

1
{r< 4/\max(s t) < \/1—47‘}, lz| < |y <s, |2] <t,

where the positive quantities r, s and ¢ are associated radii of con-
vergence. For more details about this function and many other three-
variable hypergeometric functions, we also refer to Srivastava and Karls-
son [10].

It may be recalled the Laplace integral representation of (1.1) (see
[4]) in passing that

A),, = ()\E(C\Za;mENo),

1
I'(a1) T (az) I' (a3)

/ / / —s—¢— nga1— 1§a2 1 a3 11F0 (— C, IS +y35+3377)

dsd&dn,

X5 (a1, a2,a3;¢;2,y,2) =

(1.2)
provided R(ai) > 0, R(az) > 0, and R(az) > 0.

2. Integral representations of Euler type for X5

Each of the following integral representations for X5 holds true.
I'(s)
['(a1)T (s —ay)
/ €171 (1= )" X (s, az, azi w6, y€, =€) d€
(R(s) > R(a1) > 0);

X (61762703,033117 )_

(2.1)
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L(s)(1+N)"
I'(a1)T (s —a1)

X5 (a1, a2,a3;¢;,2,y,2) =

1
. / M=) T (1 4+ X8) 7" X5 (s, a2, a3 ¢; 0%, 0y, 02) dE
0

(a - (1:&);; R(s) > R(ar) > 0; A > —1> :

(2.2)

L(s)(B=7)" (a=y)""
T (a)T (s —ay) (3 —a)

B
: / (B—€) 1 (E—a)™ (€ —7)"" X5 (s,a2,a3;¢; 0%, 0y, 02) dE

X5 (a1, a2,a3;¢;,2,y,2) =

<a::(ﬂ_7)(£_a)- R(s) > R(ar) > 0; 'V<oz<ﬂ>;
(2.3)

N O 1CE GRC T
o (102,036 2) = T s —an) (B— )"

15}
~ / (8- € (€ — )™ (y — ) Xs (s, az, az; c: %, 0y, 02) dé

_ (=0 E—0a) o Va0 .
<U'_(ﬁ—a)(v—£)’%()>o>%( 1) >0; <ﬂ<ﬂ2;)
X5 (a1,a2,a3;6;x,y,z) = T (al)2£ EZ)_ al) [JQ (Sin2 5)(11—% (COS2 €)s—al—%

- X5 (s,ag,ag; c;zsin® €, ysin? €, 2 sin? 5) d¢  (R(s) > R(ay) > 0);
(2.5)

2T (s) (1 + )™
X5 ((Ilaa2aa3;c;$7yvz) = I‘(a(l))f<‘(8 _ le)

2 (sin? {)al*é (cos? §)sia17%
./0 (1+)\sin2§)s
(14 N)sin® ¢

(o’ = m, R(s) > R(a1) >0; A > —1) ;

2
X5 (s,ag,ag; ¢, o, Uy,az) d€

(2.6)
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2I" (s) A®
I'(a)T (s —a1)

| / (sin? €)™ (cos? £)* 3
0

X5 (a1, a2,a3;¢,2,y,2) =

X X5 (s, as,as; ¢;o’x, oy, O'Z) d§

(cos2 & + Asin?¢)°
o Asin? & . ‘ .
<a ey ey R(s) > R(a1) > 0; A > O> ;
(2.7)
X5 (a1, a2,a3;¢;2,y,2) = (CC)_ 5 / & ) (2.8)
X5 (a17 az,as; s; l‘é- yé? Zé-) dé- §R > 3%( ) )
I'(c)(1+N)°

X5 (a1,a2,a3;¢;2,y,2) = m

1
/ ETA-OTTH AN X5 (a1, ap, ag; 50w, 0y, 02) dE
0

<a - (11“:); R(e) > R(s) > 0, A > —1> :

(2.9)
L'(c)(B=7) (=)
T ()T (c—s)(B—a)"

B8
: / (B—6) (€ - ) (€ —7) X5 (a1, a2, a3; 5307, 0y, 02) dE

X5 (a1, a2,a3;¢;,2,y,2) =

B m R S0y ca<d):
(o= ey B> R 00 < <5>’<210)

Le)(y—=p)"(y—a)
I'(s)T(c—s)(B—a)!

B8
: / (B—€) (€ —a) (v =€) X5 (ar, a2, a3; 5302, 0y, 02) dE

«

X5 (a1, a9,a3;¢;2,y,2) =

= b= hlEza), c s e .
<0'(5—aﬂv—©’%()>%(>>o’ <ﬁ<v)}2n)
Moo as s 2) = ey [t e

- X5 (al,ag,ag;s;xsin2 g ysin® &, zsin® &) d (R(c) > R(s) > 0);
(2.12)
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2T (¢) (1 + A)°

I'(s)T(c—s)

/Tzr (sin? &) 2 (cos?€)” " 2
0

(1+)\sin2£)c
<0‘ = M; R(c) > R(s) > 0; A > —1) ;

X5 (a1, a2,a3;¢;,2,y,2) =

X5 (a1, a2,a3; 8502, 0y,02) dé

14 Asin?¢
(2.13)
o 2l ()N
X5(a1,a2,a370733,ya2)——F(S)F(C )
1 1
2 (sin?¢)"" 2 (cos?€)T 72
/0 (cos€ + A o2 ) 5 (a1,a2,a3; 80,0y, 02) d€
sin? &
= ;R R 0; A>0
<U cos2 & + Asin? ¢’ (¢) > Rls) > 0; &> >’
(2.14)
. _ F(S) ! as—1 s—az2—1
X5 (a17a27a37c>$7y72> - F(C@)F(S—CQ) /0 ‘f (1 é-)
- X5 (a1, 8, a3;¢2, 98, 2) d§ (R(s) > R(az) > 0);
(2.15)

X5 (a1,a2,a3;€ + as; z,y, 2)

5+a3 / 55 1 a3 1(1_24_2&)7(11

- Hj (al,az, ,(1 —z~l—z£)27 1 zi z§> d¢  (R(e) > 0; R(az) > 0);
(2.16)
' . B I'(e+a3)T(e)
X5 (01,02,0375+a3,$,y,2) - F(s)F(ag)F(al)F(e _al)
1 1
. e—1_a1—1 _ ¢yaz—1 - e—a1—1 o —aq
L[ ra-get ot a s

z€n y& (1 —n)
Tt e
(R(e) > R(a1) > 0; R(a3) > 0);

- Hy (abaQ;al»E —ay;
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I'(c+as)
T (ag) T (ag) T (6 — az)

X5 (a1, a2,a3;€e + as; x,y, 2) =

/ / §£ 1 CL2 1 a3 1 (1 _ n)ﬁ—@_l (1 —z+ Zf — y{n)_al

a1 1 ag 4x€ (1 —n) >
F<2’?+2£ P =12 —yen)’ ded
(R(e) > R(az2) > 0; R(ag) >0);
(2.18)
X5 (a1,a2,a3;¢c+ 8;1,y,2) = C+S / ¢Eh(1-¢
Xﬁ(a17a27a3vcsx§ yga ( g) ()>0 éR() )7
(2.19)
X5 (a1,a2,a3;¢c+ 8;1,y,2) = F(CF—F(S))I(‘I(;; a
/ e L1+ M) T X (a1, ag, as; ¢, s; 012, 01y, 092) dE

14+ A 1-—
(al = &i)};; 09 1= <1+f€>; R(c) > 0; R(s) >0; A > —1) :
(2.20)

['ct+s)(B=7)(a—7)°
L(e)T (s) (B =)™

X5 (a1,a2,a3;¢+ s32,y,2) =

B8
/ (B (€ — )t (€ —y)

(0%
X6 (ala az,as;c,s,01x,01Y, 0-22) d&

_BWE-a) @B g w0,
<01'_(ﬁ—a)(€—v)’ 2= Gy (e ) >0 %”>0>’
(y<a<p); (2.21)

L(c+s) (v=B)°(y—a)
LT (s) (B— a)c"‘s_l

B8
- / (B8 (€ -y (y— &)

«

X5 (a1,a2,a3;¢+ s;2,y,2) =

Xe (a1,a2,as;¢, s; 012,01y, 022) d§

_0-AE-a) -9 p e o).
(= a8 = (o) mg) KO0 R >0 )
(< B<7); (2.22)
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X5 (ay,a9,a3;¢+ s;2,y,2) = i‘r(c(;jlj_(z; /02 (sin2 g)c_% (cos2 g)s_é
- X (al,ag,ag;c,s;xsiHQ £, ysin? €, z cos? f) d¢  (R(e) > 0; R(s) >0);
(2.23)
2l (c+s) (L + N)°
I'(c)T (s)

X5 (a1, a2,a3;¢+ s;2,y,2) =

Xﬁ (aly az,as3;c,8,01x,01Y, O-QZ) dé-

/g (sin2§)07% (cos? 5)37%
0

(1 + Asin? {)HS

(14 \)sin¢ cos? ¢ >
= = ——— R(e) >0; R(s)>0; A>—-1];
(m Tasn?e 27 Toomnze 1) ()
(2.24)
_ 2T (c+s) X°

X . . —
5(0/170,270,37C+S,$,y72> F(C)F(S)

1 1

/’5 (sin? )72 (cos? &) 2

0 (cos?&+ Asin? f)c+5

A si 2 2

o1 = S 5' 5o 02 = cos 5' 5= R(c) > 0; R(s) > 0; >

cos? & 4+ Asin” ¢ cos? £ + Asin® ¢

(A>0), (2.25)

where F' = oF), Hs, Hy, and Xg denote the Gauss hypergeometric

function, Horn’s functions, and an Exton function defined, respectively,
by

Xe (a1,a2,a3; ¢, s;012, 01y, 022) d§

L . > (a)2m+n (ﬁ)n ™ yn
Hs (0475777:1;73/) - m;() (’Y)ern m!n!’
. . . = (a)2m+n (5)n xm yn
H, (a,ﬁ,'y,s,x,y) - m%:() (7)m (5)n m!n!’

and

(1) 940y (a2),, (a3), 2™ yn 2P
X6 (alaa27a3§0170231’73/72) = Z N = £

m,n,p=0 (€1)mgn (€2)p mlnlpl”

3. Proof of results

It is noted that each of the integral representations in Section 2 can be
proved mainly by expressing the series definition of the involved special
function in each integrand and changing the order of the integral sign and
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the summation, and finally using the following well-known relationship
between the Beta function B(«, ) and the Gamma function I':

/ Ll il (R(a) > 0 R(F) > 0),
0

L(a)T(8)
I'(a+p)
As an illustration, we try to prove only (2.1). By applying the definition
of X5 to the integrand of (2.1), and and changing the order of the integral
sign and the summation, we find from (3.1) that

L (s)
I'(a)T (s —a1)

B(a, B) = (3.1)

(a, e C\Zy).

X5 (a1, a2,a3;¢;,2,y,2) =

o

Z (S)2m+n+p (a2)n (ag)me n

P y"ZP B(a1 +2m+n+p,s —a)

m,n,p=0 (C)m-i-n-i-p
(R(s) > R(a1) > 0),
which, upon employing the second identity of (3.1), yields

i ($)ominip (@2), (a3), nzp(al)Qerner

(C>m+n+p m'n'p' (8)2m+n+p

m,n,p=0

This completes the proof of (2.1).
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