KYUNGPOOK Math. J. 50(2010), 545-556

On Approximation of Functions Belonging to Lip («,r) Class and
to Weighted W (L,, £ (1)) Class by Product Means

HARE KRISHNA NIGAM* AND AJAY SHARMA

Department of Mathematics, Faculty of Engineering and Technology, Mody Insti-
tute of Technology and Science (Deemed University), Lazmangarh-332311, Sikar
(Rajasthan), India

e-mail : harekrishnan@yahoo.com and ajaymathematicsanand@gmail.com

ABSTRACT. A good amount of work has been done on degree of approximation of functions
belonging to Lipa, Lip (o, 7), Lip (€ (t),7) and W (L, £ (t)) classes using Cesaro, Norlund
and generalised Norlund single summability methods by a number of researchers ([1], [10],
8], [6], [7], [2], [3], [4], [9]). But till now, nothing seems to have been done so far to obtain
the degree of approximation of functions using (N, p»)(C, 1) product summability method.
Therefore the purpose of present paper is to establish two quite new theorems on degree of
approximation of function f € Lip (a,7) class and f € W (L., £ (¢)) class by (N, pn)(C, 1)
product summability means of its Fourier series.

1. Introduction

Let f be 2m-periodic function and Lebesgue integrable. The Fourier series asso-
ciated with f at a point x is defined by

1 = .
(1.1) f(xz)~ §a0+;(an cos nx + by, sin nx)

with n'" partial sum s, (f; ).
L,— norm is defined by

-

27
(1.2) Il =1 [If@[de| ,r=1
/

Ly— norm of a function f: R — R is defined by
(1.3) [flloo =sup{|f (x)]:2 € R}
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The degree of approximation of a function f : R — R by a trigonometric
polynomial ¢,, of order n under sup norm |||| is defined by

[tn = fllo =sup {|tn — f (z)| : © € R} (Zygmund[12])
and E, (f) of a function f € L, is given by

(1.49) En (f) = min |ta = f1,

This method of approximation is called trigonometric Fourier approximation
(TFA).

A function f € Lipa if
(1.5) lf(z+t)=f@)|=0(|t]") for0<a<1

f(z) € Lip(a,7) for 0 <z <2m, if

r

27
(1.6) /|f(m+t)—f(x)\de =0|t|",0<a<l, r>1
0

(definition 5.38 of Mc Fadden[5]).
Given a positive increasing function £ (¢) and an integer r > 1, f € Lip (£ (¢),r),
if

(L.7) /Lﬂw+ﬂ—f@Wmf —0((1)
0

and that f € W (L,,& (¢)) if

(1.8) / (f (1)~ f(@)}sin’e|"dz | =0(), B20.

In case § =0, we find that W (L., £ (t)) class reduces to the Lip (¢ (t),r) class
and if & () = ¢t then Lip (£ (t),r) class reduces to the Lip (a, 1) class and if r — oo
then Lip (o, r) class reduces to the Lipa class.

We observe that

Lipa C Lip (o, ) C Lip (E(¢) ,7) CW (L, E(F)) for 0<a <1, r>1.

[ee]
Let > u, be a given infinite series with the sequence of its n'® partial sums

(s
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The (C,1) transform is defined as the n'? partial sum of (C,1) summability and
is given by
So+ 81+ 82+ ...+ 8,

t, =
" n+1
1 n
(1.9) =n+1];)8k—>sasn—>oo,

o0
then the infinite series Y w, is summable to the definite number s by (C,1) method.

n=0
Let {p,} be a non-negative, non increasing sequence such that
P,=po+p1+..+pp >0 as n—oo, P1=p_1=0.

The product of (N, p,,) summability and (C,1) summability defines (N, p,)(C, 1)
summability and we denote it by NPC?!.
Thus if

1 n
(1.10) NEC) = B Zpkc,i —s as n— oo,
" k=0

where NP denotes the (N, p,) transform of s,, and C} denotes the (C,1) transform
of sy, then the series > w, is said to be summable by (N,p,)(C,1) means or
n=0
summable (N, p,)(C, 1) to a definite number s.
The (N, py) is a regular method of summability.

n

E Sk — S, asn — oo C}L method is regular
k=0

- 1
"op41

5y, — 5= C(s,) =t
= NP (C) (sn)) = NPCL — s, asn — 0o NP method is regular
= NPC} method is regular.

We use the following notations:

()= flet+t)+f(z—t)=2f(2)

1 " 1 k Sin(u—i—%)t
21 P, kz_o{pk <1+k) Z sin & '

v=0 2

M, (t) =
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2. Main Theorems
We prove the following theorems.

Theorem 2.1. Let (N,p,) be a regular Norlund method defined by a positive,
monotonic, non-increasing sequence {p,}. Let f be a 2w-periodic function, Lebesgue
integrable on [0,27] and is belonging to Lip (a,r) class, r > 1, then the degree of
approzimation of f by NPCL means of its Fourier series (1.1) is given by

HNSC’i—foO[ 1 {]for0<a<1,

(n+1)*7

where N2C} is the (N, p,)(C, 1) means of series (1.1), 2 4+1 =1 such that 1 <r <
0.

Theorem 2.2. Let (N,p,) be a regular Norlund method defined by a positive,
monotonic, non-increasing sequence{p,}. Let f be a 2m-periodic function, Lebesgue
integrable on [0,27] and is belonging to W (L, £ (t)) class, r > 1, then the degree of
approximation of f by NPC} means of its Fourier series (1.1) is given by

— B+% 1

2.1) Inzet = g, =0 w0 e (7 )]
provided & (t) satisfies the following conditions:
(2.2) {ggt)} be a decreasing sequence,

TN ol ol 1
(2.3) 0/ ( 10 > sin” "t dt O{(n—i—l)}
and

Pty , | ;

(2.4) / (é(t)) aty =o{m+1’},

where § is an arbitrary number such that s(1 —0)—1>0, 14+1 =1, 1<r < oo,
conditions (2.3) and (2.4)hold uniformly in .
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3. Lemmas

For the proof of our theorem, we require following lemmas.
_ 1
Lemma 3.1. [M,, (t)| =0 (n+1) for 0 <t < =5

Proof. For 0 <t < ?, sinnt < nsint

|M )] = 1 2": zk:bln (v+1)t
" T o2r P, Pk 1+k smf

v=0

™=

1 n 1 2v+1)sin i
S27TP lek(l—&-k) ( sin)i 2”
" k=0 v=0 2
LIS e (e 1)
2m P, Pk
k=0
B (n+1) &
=0 P, Zpk
k=0
=0(n+1). O

Lemma 3.2. |M, (t)] = O (3) for =5 <t <m.

Proof. For n%rl <t <, by applying Jordan’s lemma sin% > % and sinnt <1

sm (y—l— %) t

(M (8)] = 27TP [ 1+k sin £
v= 0 2
1
- 27TP |}7 (t/w)”
1 1\ <
-5 ;_;Mw);wH
1 n
= ﬁ kZ:opk

~o(l). .

Lemma 3.3. (Mc Fadden[5], Lemma 5.40). If f(z) belongs to Lip (a,q) on [0, ]
then ¢ (t) belongs to Lip (o, q) on [0, 7].

Lemma 3.4. If f(x) belongs to Lip (a,r) on [0, 7] then ¢ (t) belongs to Lip (o, r)
n [0, 7].
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Proof. Replacing ¢ by r in above Lemma 3.3, we get Lemma 3.4. O

4. Proof of Theorem 2.1

Following Titchmarsh[11] and using Riemann-Lebesgue theorem, s, (f;x) of the
series (1.1) is given by

T

in(n+ 32
i)~ f @) = o [o 0T A Ly
0 2

Using (1.9), the (C,1) transform C} of s, (f;z) is given by

1 T " sin (k —|—
1 —_ = —
Co = 1 (@) 27 (n+1) / Z sin &

=0

Now denoting (N, p,)(C,1) transform of s, (f;x) by NPC!, we write

[ o) [ 1
NPCE — 27rP (k—i—l)/sin; {;s1n(1/—|—2> t}dt
/ dt
0
s 7T
/ 1) M, (t) dt
(-
(4.1) =111+ I 2(say).
We consider,
mET
o= [ 6] M, 0) d.
0

Using Holder’s inequality and Lemma 3.4,

@ =

EaN

1

al < 7{W}Tdt [ {0

1
s

b

_1_
n+1

“(sta)| [ ey
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1
1 S
ntl

_ 1 (n+1)°
_O<n+1> /{tl—a }dt by Lemma 3.1

0

1

s

1 oz—(l— s)
=0
n+ 1)
YRR 11
(4.2) i1 =0 < ] since = + — = 1.
n r S
Similarly, as above, we have
v L
Tt 160" To(IM, (¢
IL2 S; u/m Agggtéggn, dt J/ LAAAQJJ dt
to t—5—a
4 1
r+1 41
_ 1 N
7T t—‘sta— % r 7T Mn ;
=0 — 5 dt / | ( )‘ dt
ta t*57a
ﬁ - _nil
_ 1 N
n r T T s s
t—5ta— % 1
1 1
Ln+1 n Iy
U . 6 ., T 6
ol eyl [[ e
1 1
Ln+1 J +1
- 1 l
=0 / = 1—-6r dt / tsa+s§75 dt
1 1
Ln+1 )
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—0 _(n T 1)‘5{ (n+ 1)‘“‘5“8‘1}‘1]
-0 :(n +1)%(n + 1)—0‘—“1—%}

-0 [(n + 1)*”(1*5)}

[ 1
43) La=0|——F——].
4 _<n+1)‘”‘7‘1

This completes the proof of Theorem 2.1.

5. Proof of Theorem 2.2

Following the proof of theorem 2.1,

1
n+1 ™

NPC— f (x) = +/ 6 () M, (1) dt
0 _1

(5.1) NEC) — f(z) = Ioa + Iro  (say).

n-—n

We have
6@ +1) =@ (@) <If (uta+t)—futa)|+|flu—z—1)— flu—2).

Hence, by Minkowiski’s inequality,

T r

{/|{¢(z+t)gf)(m)}sinﬁzrdaﬁ] < [/’{f(qu:Eth)f(qux)}sinB:crdx]
0 0

r

+[/|{f(uxt)f(uz)}sinﬂzrdx =0{£)}.
0

Then f € W (L& (1)) = 6 € W (L £(1)).
We consider

mﬂs/wwwnWﬁ
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Using Holder’s inequality and the fact that ¢ (¢t) € W (L., & (¢)),

-
w |-

e 7{twggm%}LtT T (oo,
0 0
-ofet) | ey a] mss
0

Since sint > (2t/m) and using Lemma 3.1,

w |-

(n+1) (1)
t1+5

1 g3 °
ri=o()| [ { b
0

Since £ (t) is a positive increasing function, and using second mean value theorem
for integrals,

_n~1+»1 :
1 dt
121—0{5<n+1>} /t(1+/3)8 for some 0<€<n+1
€
i —(148)s+1 T g
~o{e(i5i)} {=aeme)
n+1 —(I+p8)s+1],
_ 1 [ 14— 1
ol
(5.2) Ly =0 |[{n+1}"7¢ L Y since 242 =1
' 1= n+1 roos

Using Holder’s inequality [sint| < 1, sint > (2t/x), conditions (2.2), (2.4),
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Lemma 3.2 and second mean value theorem for integrals,

|I2.2] <

IN

s

/1
{

t=° 1o (t)]

¢ (1)

t=° o (t)]

¢ (1)

3=

sinﬂt}rdt / {f(

n+1

b

™

/1

Iy o = O{(n—i— 1)6}

1

Putting t = m

I o :O{(n+1

(5.3)

@l

Now combining (5.1), (5.2) and (5.3), we get

et f @l =0 {17 (g

(1) | My (t

t—0sin’t

t) |My (1)]

t—0sinft

)I}Sdt

o |

)}

b

1
s

1 1 1 1
Tpo— 1)Ptre [ —— ince— + - = 1.
2.9 O{(n+ ) §<n+1>} smcer+8

@ =
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Now using L,- norm, we get

Rl

INRC = 1,

/ IN2CY — f (2)]"da

27

1 T
/ n+1 §(n+1)}dm
0

0{(n+1)"+1§ <ni1>} /dx
:0{(n+1)ﬂ+ig (n}rJ}

This completes the proof of the Theorem 2.

6. Corollary

Following corollary can be derived from our main theorem.

Corollary 6.1. If £ (t) =t*,0 < a < 1, then the weighted W (L., (t)) class, r >
1, reduces to the class Lip(a,r) and the degree of approximation of a 2w - periodic
function f € Lip(a,r), + <a <1, is given by

mmg_ﬂ:o<1a>.
(n+ 1)

Proof: The result follows by setting § =0 in (2.1). a

-
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