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ABSTRACT. Let X be a regular T-space such that each single point set is a G5 set. Denote
‘hereditarily closure-preserving’ by ‘HCP’. To consider a question of closed maps of S. Lin
in [6], we improve some results of Foged in [1], and prove the following propositions.

Proposition 1. D ={z € X : [{F € F : x € F}| > R} is discrete and closed if F is a
collection of HCP.

Proposition 2. H = {NF’ : F'is an fininte subcolletion of F,} is HCP if F is a
collection of HCP.

Proposition 3. Let (X,7) have a 0-HCP k-network. Then (X,7) has a o-HCP k-
network F = U, F, such that:

(1) Fn C Frst1,

(ii) Dp ={z € X : |{F € Fn : z € F}| > No} is a discrete closed set and

(iii) each F, is closed to finite intersections.

1. Introduction

All spaces are assumed to be regular 77 and have Gs-property, and all mappings
are assumed to be continuous.

Call closed images of metric spaces Lasnev spaces since Lasnev in [5] gave a
internal characterization of closed images of metric spaces. Recall that a collection
F of subsets of a space X is a (closed) k-network (Michael in [7]) if whenever U is
open and contains a compact set K, then K C UC C U for some finite subcollection
C of F (and each member of F is closed).

Denote ‘hereditarily closure-preserving’ by ‘HCP’. Recall that a collection H of
subsets of a space X is HCP if #' C H and S(H,) C H, for each H, € H’, then
U{CI(S(Hy)) : Hy € H'} = CI(U{S(H,)) : H, € H'}. In paper [1], Foged proved
the following results.

Let (X, 7) be a Fréchet space with a 0-HCP k-network F = U, F,,. Then

(i) Dp={xe X :|{F € F,:x € F} >Ny} is a discrete closed set and

(i) {nF’: F' is an fininte subcolletion of F,,} is HCP.

And then, by the above results, a characterization of Lasnev spaces is obtained
in [1]: A Hausdorff space X is a Lagnev space iff X is a Fréchet space with a o-HCP
k-network.
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Lin in [6] proved that the closed image of R-spaces has a 0-HCP k-network, and
asks if the natural analogue of Foged’s theorem is valid: Is a space X the closed
image of an N-space iff X has a o-HCP k-network?

Gruenhage in [2] gave a survey of progress of general metric spaces and metriza-
tion and mentioned the above question.

To consider the above question, we construct closed transfinite sequences and
prove the above results without the Fréchet condition by the closed transfinite
sequences.

2. A closed transfinite sequence

Let F = {F, : a € N} be a collection of HCP with a well order index set N.
We assume that each F,, € F is closed throughout this paper. Pick a y € X. Let
Fy={FaeF:yeF,} ={F, € F:aeR,}.

Construction.

We construct a sequence of closed sets by transfinite induction on N,,.

To do it pick a § < R,. Let w = wy be the least limit ordinal. Then § = aw +n.
Denote F5 by FS. Let F* = {Fpuin :n €w} ={F% :n € w} and H§ = UgoFP.
Let Fy = {F§* :j <n} and Hy = H§ UF] forn € N.

Let Oy = X —U{F, € F:y ¢ F,} with Oy D O1 D O3 D ... being a sequence
of decreasing open sets and N,,0,, = {y}.

A.l. Let E§ = 0. Take F§ = {FY}. Let EY, = U{FY N F,, — O14; : F,, € F§}
for i > 1. Then EY, C FY, y ¢ EY, and EY, is closed.

A.2. Assume that, for each j < n, there is an EY; such that EY; C F}, y ¢ Ej
and E?l is closed for ¢ > 1. Let

Dn+17, —FSH N E2i+1 = (U{FSH N FO Nk, — Ol+(i+1) Dy € -7:2}) uU..U
U(U{F) NFINFy, N NE, — Opyis) : Fy, € FY for 0 < j < n}).

Here F* = {F,, : F,, € F)for 0 < j < k} expresses that F* is a collection of
true kK many pairwise different sets for £ < n. It is used always with the same
meaning throughout this paper. Then, for ¢ > 1

Dy =(UW{F4 NFy, NE, —Oaqnygit Fy, E]:Hfor0<]<2}u U
({ +1ﬂF n.. ﬁFﬂ, O(n+1)+z F €.F+1 f0r0<j<n+1})

n+1
Let D?:Flz - U{ n+1 n F’h Ol-H F € ‘F +1} and En+17, D?:Flz U Dn+1z for
i>1. Then B, ,, CF) ,y¢ B2, ; and EQ . ,; is closed for i > 1. Then, for each
n € w, there is an B, such that E2, C F?, y ¢ E°, and E?, is closed for i > 1 by
induction on n.

Let EY = Upe, EY, for i > 1. Then y ¢ EY and E? is closed since F° is HCP.
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B.1. Assume, for each fw + n < aw, there is an Efz such that Egl C Ff =
Fpyin, y & Egz and Eﬁi is closed for i > 1. Here,

B =U{(UW{F/NFyN..NF,y — Oyt Fy € HE for 0< j <k}): ke N}
Let Ef* = (U5<a7n<wE£i). Then y ¢ EX and E is closed since H§ is HCP. Let

Dg; = W(U{F§ NFE, N..NFE, —Oky;: Fy, € Hy for 0 < j < k}): ke N} for

i> 1.

Claim. 2.1. Fg* N EY | = Dg; fori > 1.

Proof. To see F§* N EY | D Dg;, take Iy, = Fg' N F,, N...NF,, — Okyy C DF; with

F,, € H§ for 0 < j < k. Then we may assume 71 < 72 < ... <Y = YW +n < aw

since F,, (0 < j < k) are pairwise different sets. Then v < a and F,q10 = F§'.

Then I, = FSNFNFE, N..NFy, , — Ok,

Take I]; = F,;Ly N F’Yl n...N F’Yk—l - Ok-l—i = F;LY N F’h N..N F’Yk—l - O(k:—l)—i—(i—i—l)
with pairwise different {F,,, : 0 <j <k—1} C H) and F;} ¢ H). Then I} C E,, ;.
Then we have proved I, = Fg' NI}, C F§ NE), | C EY ;.

To see Fg* N EY, C Dg;, take Iy, = F¢ N EY N E,, N...NFy, — Opyag1) C
F§NE), 1. Thenvy <7y < .. <y <yw+n < aw+0. Let y441 = yw+n. Then
F,, eHyfor0<j<k+1and Fgt ¢ HY. Then I, = F¢NF, N..NF, NE,  —
O(k+1)4i C Dg;. Then F§* N EY, C Dg;. O

Continuoued transfinite induction B. Then F§'NEY, | = Dg; is closed and y ¢ Dg;
by Claim 2.1. On the other hand, y ¢ F§' N F,,, — O14; and F§ N F,, — O14; is a
closed subset of F,, for F,, € Hf. Then D§ = U{Fg§ N F,, — O14; : F,, € H§}
is closed in X for ¢ > 1 since Hf is HCP. Let Eg; = Dg;" U Dg; for i > 1. Then
E§; C Fg', y ¢ ES; and Eg; is closed for ¢ > 1.

B.2. Assume that, for each j < n, there is an EY; such that ES; C F* = Fouyj,
y ¢ EY; and B, is closed for i > 1. Let

Dy

=Foa N EGiy
=U{U{F NESNE, N..NE, —Oppgqny: Fy, € Hy for0<j<k}:ke N}
=U{U{Fy NE, N NEy, = Oggny4i s By, € Hy g for 0<j<k+1}: ke N}
Then Dy, is closed and y ¢ Dy, ,; since Ef; | is closed with y ¢ Ey;,; for i > 1.
Let D%, = U{Fp, N Fy, — O1q : Fyy € HY () for i > 1. Then D334, is closed
with y ¢ Dy, since ity N F, —O1y C Fy, By € Hyyy g and Hyy g is HCP. Let
Ey ;= DyiUDg, for i > 1.0 Then By, y; C Ftyy, y ¢ E5q; and E%. . is
closed for ¢ > 1. Then, for each n € w, there is an ES; such that ES; C F.¥, y ¢ ES;
and E7; is closed for ¢ > 1 by induction on n.

Then, by transfinite induction on X, there is an EY; such that ES; C Fawqn,
y ¢ EY; and EY; is closed for each v = aw +n < X,. So we have the following
proposition.
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Proposition 2.2. Let y € X and {O,, : n € N} be a sequence of decreasing
open sets with N,0p, = {y}. Let Fy = {Fo € F : a« € Ry} be HCP. Then, for each
v = aw+n < Ry, there is an EY; such that ES; C Foyin, y € ES; and ES; is closed.
Here Efy = U{(U{FSNEy, N..NFEy, — Oy s Fy € Hy for 0 < j < k}): ke N}
fori>1 such that F,,, ..., F,, are pairwise different for k € N.

3. Properties of collections of HCP
Let Fy ={Fo € Fry € Fo} ={F, € F:a € Ry}.

Proposition 3.1. Let F be HCP. Then D(R) = {z € X : |F,| > R} is closed for
each N > Ng.

Proof. Pick a y € X — D(R). Then |F,| <N. Let O, = X —U{F, € F :y ¢ F,}.
Then, for each x € O, and each F, € F;, x € Oy N F, implies y € F,,. Then F, €
F,. This implies F,, C F, and |F,| < |Fy| < X. So z ¢ D(X) and O, N D(X) = 0.
Then D(R) is closed. O

Proposition 3.2. Let F be HCP. Then D = D(Xy) is a discrete closed set.

Proof. Pick ay € D. We prove that there is an open set O with OND = {y}. To do
itassume Fy=Fand D COy =X —-U{F, € F:y¢ F,}. Let O, D 01 D O3 D ...
be a sequence of decreasing open sets with N, 0,, = {y}. We prove it by transfinite
induction on R, = |F,|.

A. D is a discrete closed set when F = {F,, : n < Ng}.

To prove A, note Proposition 2.2. Then, for each n € w, there is an E?; such
that E0, C F,, y ¢ E9, and E?, is closed for i > 1. Let EY = Upex,EY;. Then
y ¢ EY and E? is closed since F is HCP.

Suppose y € CI(D —{y}). Pickan x € D —{y}. Then F, ={F,, € F:x € F,}
is infinite. Then F, = {F, : n € Ny} with 4, < ipy1 if both i, and i,y in
N;. Here Nj is an infinite subset of N. Let x € O,, and = ¢ O,,+1. Pick an n
with k = i, > n > m +2. Then Op,_1)45 C Omy1. So @ & O(,—1)4;- Then
rel=F,NF,N.NF,_, —Oun1)4 CE};, CE) SoD—{y} CE. Then
y € CI(D —{y}) C CU(EY) = EY for i > 1. It is a contradiction to y ¢ E? for
i>1. Soy ¢ ClUD — {y}) for each y € D. Then D is a discrete closed set if
]::{Fntn<N0}.

B. Assume that D is a discrete closed set for each X < R, when F = {F, : a <
N}. Then, by the assumption of induction, it is easy to see the following claims.

i

Claim 3.3. If x € D — {y} with |F,| =R <R, then there is an open set O, such
that x € O, and O, N D is a discrete closed set.

Proof. Let O, = X —U{F, € F:2 ¢ F,}. Then F, C F, for each t € O, N D.
Then |F;| < |Fz| = X < R,. Then, by the assumption of induction, O, N D is a
discrete closed set in subspace O,. O

Claim 3.4. X® ={x € D : |F2| > No} is a discrete closed subset of X if o < R,
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and F* ={Fg € F: B < a}.

Proof. Suppose that there is an a@ < R, and a point ¢ such that ¢ is a cluster of
X“. Note |F*| = |a|] = R < X,. Then, by the assumption of induction and Claim
3.3, there is an open set O, such that ¢t € O; and O; N X® is a discrete closed set, a
contradiction. ]

Continued transfinite induction B. We prove that D is a discrete closed set when
F={F,:a<¥,}

To do it pick ay € D. Let O, = X —U{F, € F : y ¢ F,}. Then we may
assume that Fy, = F, D C Oy and Oy D O; D Oz D ... is a decreasing sequence of
open sets with N, 0, = {y}. Then, by Proposition 2.2, for each v = aw +n < X,
there is an E2; such that E; C Fouqn, y € ES; and EY; is closed.

Let FO = {Fpuin 1 n € w} = {FY : n € w} and H® = U, F? just as
Proposition 2.2. Let F¢ = {F} € F* 1z € F{} and HY = {F, € H* : x € F,}.
Let X* ={z € D :|FZ| > R or |[H$| > Ng}. Then X* is a discrete closed set by
Claim 3.4. Let X7 = X N FY for each Fy € F*. Let G5, = ES, U XY, Then
GS, C F2, y ¢ G2, and G, is closed for ¢ > 1. Let G; = UgenncwGo;. Then
y ¢ G; and G, is closed since F is HCP.

On the other hand, pick an x € D — {y}. Let € O,, and © ¢ Op,+1. Let
Foe={F € F:xecF}={Fsuwine Fpiwini> Fp win,,-} as a subsequence of
the sequence F.

Case 1: there is an F* such that F* N F, is infinite. Then z € X* N F =
Xo C G, for each i > 1. Especially z € Gfs.

Case 2: F* N F, is finite for each a < R,. Consider F, = {Fp,u1n, : j € N}.
Denote Fg,yin,; by F,, for j € N. Let k > m + 2. Then k —1 > m + 1 and
<y <. < <..with F, € ’Hﬁ’; for j < k and F,, ¢ ’Hg’; by the definition
of HS. Then z € FJ* N (Fy,, N...0F,,_,) = Og—1)4(i+1) C Eff,’:i_Irl C G4 for each
i > 1. Especially « € Gjs.

Then D — {y} C Gs. This implies y ¢ CI(D — {y}) since y ¢ G; for each i > 1.
Then D is a discrete closed set. o

Let 71 ANFo = {F,NFp: F, € Fy and Fs € Fp}. The following Proposition
3.5 was used frequently in other papers.

e}
nt

Proposition 3.5. F; A Fy is HCP if both F1 and Fo are HCP.

Let F be a collection of HCP and F| = F. Let F,, = F,_4 AF for n > 2.
Denote F,, N F,, N...NF,, by F(y1,72,...,7) if 1 <72 <...<7 for k€ N. Let
Fn ={F (1,72, ) € Fhy : F(91,725 -, Tn) & UicnFi } be a collection of pairwise
different sets for n > 2.

Proposition 3.6. Let F be a collection of HCP and H = U,F,, be the collection
of all finite intersections of F. Then H is HCP.

Proof. Let H,, = {H (V1,72 -, Vn) : Hy1,725 s Yn) C F(71,72, s Yn) € Fn} and
H, = UH,,. Then each H, is closed by Proposition 3.5. Let H = U,, H,,. We prove
that H is closed. To do it take a y ¢ H.



542 Huaipeng Chen

Case 1: y € X — D. D is a closed discrete set by Proposition 3.2. Then
there is an open set O with y € O and O C X — U{F, € F : y ¢ F,}. Let
Fy={F € F:y € F}. Then F, = {F; : i < n(y)} since y € X —D. Then
FNO # 0 implies F € Fy. So F ¢ F, and FNF; € F» imply (FNF;)NO = 0.
Then H(v1,72)NO # 0 and H(vy1,72) C F,, NF,, imply that both F,, and F,, are
in Fy. Let H(i,y) ={H € H; : y € H}. Then there is a k such that H(i,y) = 0 for
i > k and H(4,y) is finite for ¢ < k. This implies y ¢ CI(H).

Case 2: y € D. Then there is an open set O such that y € O, DN CI(0) = {y}
and Cl(O) C X —U{F, € F:y ¢ F,} by Proposition 3.2. Let O D 01 D O3 D ...
be a decreasing sequence of open sets with N,0,, = {y} and (U;<, H;)NCL(O,) =0
since y ¢ H,, and each H, is closed. Let F = {F, : &« < X, }. Then, by Proposition
2.2, for each v = aw +n < N, there is an EY; such that EY; C Fawin, ¥y € EY; and
Eg; is closed. Here, for i > 1,

By =U{(U{FyNE, N..NEy, —Ogyi: Fy, e Hy for0<j <k}):ke N}

Then we assume 713 < 72 < ... < 7 < aw +n = 7,41 for each k € N. Take
a H(v1,72, .y Yk+1) from H,11. Then we have H(y1,7v2, .o, Ye+1) € Hp1. This
implies H(v1, 72, -, Ye4+1) N Ok41 = 0. Now we take I = FNF, N...NF,, —Opyi.
Then H(v1,72, .., Yot1) C I C ES; for i > 1. Then Ups1H,, C Ug i ER; = E; and
E; is closed by Proposition 2.2. So y ¢ E; = CI(E;) D Cl(Up>1Hy).

On the other hand, y ¢ Hy = U{F, —O; : F,, € F} and H] is closed since F is
HCP. Then y ¢ H} D Hy. Soy ¢ Cl(H). O

Corollary 3.7. Let (X,7) have a o-HCP k-network. Then (X,7) has a o-HCP
k-network F = U, F,, such that:
1. F, C Foy1,
2. each D, ={x € X : {F € F,, : ¢ € F}| > Ny} is a discrete closed set and
3. each F,, is closed to finite intersections.
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