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ABSTRACT. By introducing some parameters and using the way of weight function and
the technic of real analysis and complex analysis, a new Hilbert-type integral inequality
with a best constant factor and a combination kernel involving two mean values is given,
which is an extension of Hilbert’s integral inequality. As applications, the equivalent form
and the reverse forms are considered.

1. Introduction

If0 < [;° f2(z)dz < 0o and 0 < [;° g*(x)dx < oo, then we have[l]:

1) /OOO /OOO dedy < (/Ooo F2(z)dz /OOO g2(gg)dx>é :

2) //max{xy}d:cdy<4</ Pz dm/oogQ(x)dx)é,

where the constant factor 7 and 4 are all the best possible. We call (1) Hilbert’s inte-
gral inequality. Both (1) and (2) are important in analysis and its applications|1, 2].
In recent years, by using the way of weight function, a number of extensions of (1)
and (2) were given by Yang et al. [3, 4]. In 2006, Li et al. [5] gave a new inequality
with a combination kernel as follows:

/OOO /0OO x+ yf—(er)riiﬁx,y} dudy < c (/OOO f*(@)dx /Ooo 92(3?)0596‘); )

where the constant factor ¢ = 2v/2arctan % is the best possible. In 2007, Xie [6]

gave a best extension of (3) and Guo et al. [7, 8] gave a similar form of (3) as
follows:

o [ ([ e )
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where the constant factor ¢ = 2v/2 arctan v/2 is the best possible.
We know the following mean values inequalities:

> min{z,y}(x,y > 0).

Tty
5 max{z,y}t > —= > Jry > ————
(5) N N G ==
It means that x +y — 4(z=1 +y~ 1)~ > 0.
In this paper, by introducing some parameters and using the way of weight
function and the technic of real analysis and complex analysis, we give a new Hilbert-
type integral inequality with a combination kernel as — T A(;,A T A >

0, A > —4), which is an extension of (1). As applications, the equivalent form and
the reverse forms are obtained.

2. Some Lemmas

Lemma 1. If A > 0, A > —4, then we have

[ A1
~ w2 " tdu 21
6 Ky (A) := — ;
(6) A(4) /0 A1+ A +1) L AJAL4

y2z>~ldx
w)\_'_yk+A(x—)\+y—>\)—1

(0 waly) = /OOO = Ra(A), (g€ (0,00)).

Proof. Setting v = u*/2, by calculation, we find

/ v +1 v+l
2 (v+1)2 + Av?

Since for A > —4, it follows

(v+1)2+ 40 = (VP 4+1-V-Av)(v? +1+V—Av)

= (v—v1)(v—v2)(v—v3)(v—v4),

where v; = 3(V=A + VA+4i), vo = L(V-A - VA+4i),v; = J(—V/-A+
VA+4i), vy = 3(—V/—A — VA+4i). Obviously, we can find that Imv; > 0
and Imwvs > 0, for —4 < A < 0 and for A > 0. Setting a complex function as
flz)= (Ziyl)(27522)'("217U3)(27v4), in view of the theorem of obtaining real integral by

using residue[9], (a) if A # 0, then v; # v3 and

Res f(z) = vi +1 — 1.
=0 (v — ) (v1 —vs)(v1 —va)  2VA ¥ 4i
ReS f(z) o 'U% + 1 - 1 .
z=0v3  (v3—v1)(vs —ve)(vs —vs)  2V/AF+4i
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/f o= 20 (Bes g2)+ Bes p()) = 2

(b) if A =0, then v; = v3 =4, v = vy = —i and

2 !/
Res = Z+1 = 1.
e 16 = [
1 [ 27 T
- - — 2" Res = —
@ = 5 [ =2 Res )=,
Hence (6) is valid. Setting u = x/y, we obtain (7). The lemma is proved. ad

Lemma 2. Assume that p > 0(p # 1),]¢g| > 0,A > 0,4 > —4 and 0 < € <
2 min{p, |q|}. Then for e — 0F, we have

1 w2ti tdu 1 u? " tdu
= +o1(1);
0 W+14+A(ur+1)"1 0 W +14+A(ur+1)"1
o wz 5 Ldu o Ldu
= +02(1);
1 u)‘+1—|—A(u A1)t 1 v+ 1+ A r+1)71
! v rdu ! w2 "tdu
= +03(1).
0 uA+1+A(u A1)t 0 W +14+A(ur+1)"1

Proof. (a) If —4 < A <0, setting ng = %(A +4) > 0, then we obtain

Au?
(1) w1+ A+ )7 = nalt + D+ (L=na) (@ + 1) + 7
4(1 —na)ur Aul
> |
>na(u” +1)+ T T

1]
nalu”+1) = { naut,u € (1,00);
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1 > 0, setting na = 1, then we still have . For e — we Iin
(b) if A >0, ing n 1, th ill h (11). F 0t, find

0 < /1 u?~Ldu /1 w3 ti Tty
o WH+14+Aw A+t Jy vr+14+ A A+1)71

1 ! . 1 (2 1

IN

na Jo 1A S+

0 < /°° u?du _/°° w2 Ldu
W1+ A+ ) wr 1+ A+ 1)

1 [Cur'1—u"5)du 1 (2 1
- X =~y 3=
na J1 u nA A 5"‘5

IN

A
w2 r

0 < /1 P ldu /1 u?~tdu
o W+ 1+Aw >+t Jy wr+14+Au A +1)71

I : 1 1 2
< — u%_l(u_i—l)dug— =~ | 0.
na Jo MA\3 5 A
Hence Expressions (8), (9) and (10) are valid. The lemma is proved. O

3. Main results and applications
Theorem 1. If \,;p > 0(p # 1), ]% +% =1,A> —47I?)\(A) is expressed by (6),

o) 1
r(x) = 271D = p,q), £,9 > 0, 0 < [|fllpg, = {fy~ bp(2) fF(2)da}? < o0
00 1
and 0 < |[gllq.0, = { [y ?q(x)g?(x)dx}s < o0, then
(a) for p > 1, we have the following equivalent inequalities:

[e’e) A o3} f(:z:)d:c P .
12) I, := 2 d KP(A L
( ) A /(; Y |:/0 :v’\+y/\+A(a:_)‘+y_>‘)_1 y < )\( )||f|| JPp?

_ [T f(2)g(y)dady ~ _
1) = [ S I < Rl sl

(b) for 0 < p < 1, we have the equivalent reverse forms of (12) and (13).
Proof. By Holder’s inequality[10] and (7), for y € (0, 00), we obtain

(14 [/ooo a4y +Jj‘§8df + y*)lr

o0 1 2(1-3)/a y(1=3)/p ?
= by by X -1 —-f (@) P du
0 X +y +A(1' +y ) y(l 2)/p 3’;(1 2)/‘1
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p—1

IN

[e’e] (1**)(13 1 %*1fp(x)dx oo y(lig)(Q*l)ngldx

/o e+ yr A=Ay~ /0 2+ + Az 4yl
= K\ 'A% /°° 2= -1y 3-1

A 0 .’I,'A + y/\ + A($_>‘ + y_A)_l

By (14), in view of Fubini’s theorem[11] and (7), it follows

(1-3)(p—1),,% ~1p(z)
15 I, < K'Y4 / / x y dad
(15) A= PP Ay

fP(x)dx.

= RN [ w0 @)ds = REAIFIE,

If there exists a y € (0,00), such that (14 ) takes the form of equal-
ity, then[10] there exists constants a and b, such that they are not all zero
and z172(-Dya-1fp(z) = y1-2)aDg3-1  ge in (0,00). It means that
azP(1=2) fP(z) = by?1=2) g.e. in (0, 00). We affirm that a # 0, otherwise b = a = 0.
Hence it follows zP(=2)=1 fP(z) = [by?1~2)]/(az) a.e. in (0, 00), which contradicts
the fact that 0 < [|f[|,¢, < oo. Then (14) keeps the form of strict inequality; so
does (15). And (12) is valid.

By Holder’s inequality[10], we find

o) 00 =142
y» "2 f(x)dz
16) Jy =
(o) /0 Vo 2 yh Ay

In view of (12), we have (13).
On the other-hand, suppose that (13) is valid. There exists ng € N, such that for

n > ng,0 < flr;n op(@)[f(z)Pdx < oo, where [f(z)], = n, for f(z) > n;[f(z)], =
f(z), for f(z) < n. For n > ng, setting

p—1
px_q | [T z)|ndx
(17> gn(y) =y? [/Un T + y/\ _’[_fl(4(£—)\ + y—A)—1] Y € (0,71],

1_2 >
[yv 29(1/)} dy < I7|gllg.6,-

>

by (13), we find

09 0< [ ot = [ % [ e fﬁjﬁﬁ‘fﬂw)_l] dy

)]ngn()
dxd
/m//nzwy Np Ay

¢p($)[f(m)]ﬁdx}p { 17 ¢q(y)g§€(y)dy} < 00;

1

< K/\(A){
1/n
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(19) { l/n@ﬁq(y)g%(y)dy} <K/\(A){/0 d)p(a:)f”(z)dx} < .

Hence 0 < [;° ¢q(y)9% (y)dy < oo, and then (18) and (19) are valid for n — oo by
using (13). Therefore we obtain (12), which is equivalent to (13).

(b) By the reverse Holder’s inequality and the same way, we can obtain the
reverse forms of (12) and (16) and then deduce the reverse form of (13). Setting
gn(y) as (17), by the reverse form of (13), we obtain the reverse forms of (18) and
(19), and then deduce the reverse form of (13), which is equivalent to the reverse
form of (12). The theorem is proved. O

Theorem 2. As the assumption of Theorem 1, all the constant factors in (12),
(13) and the reverse forms are the best possible.

Proof. For 0 < ¢ < 3min{p, |q|}, we set f.,g. as: f-(z) = g.(x) =0, for z € (0,1);
fe(z) = w%_%_l7g€(:ﬁ) =22 i fora e [1,00).

(a) For p > 1, if there exists a constant 0 < k < Kx(A), such that (13) is still
valid as we replace K A(A) by k, then in particular, we have

Y fe(2)g: (y)dady
cHIf ol oella, > e [ [ B I

[eS) . ) %7571d
= 5/ p2 5! / S Ay ’ )\y 7 | dz.
1 R ST o (G o T I
Setting u = x/y in the above integral, by Fubini’s theorem, we find
o] x 2481
w2 q
ko> et dul d
5/1 ’ /0 ur + 14 A(u=> 4 1)1 u] !

/1 w2 ti 1y +/°° el /x cu2tildy d
x X
0o VH1+AWM+1)"1 ) L w14+ A+ 1)t

/1 wrte . /oo (fuoo x_a_ldx)u%Jr%_l .
o v+ 1+ A(u*+1)"1 1w+ 1+ A r+1)71 “

>
I

A_e_q

1 u%-l—%—ldu 00 uz" s .
B /0 u)‘+1+A(u*)‘+1)*1+/1 W1+ A+ 1)1

For ¢ — 0T, in view of (8) and (9), we find k > K,(A). Hence k = K,(A) is the
best constant factor of (13). If the constant factor in (12) is not the best possible,
then by (16), we may get a contradiction that the constant factor in (13) is not the
best possible.



On a Hilbert-Type Integral Inequality with a Combination Kernel and Applications 287

(b) For 0 < p < 1, if there exists K > K(A), such that the reverse form of (13)
is valid as we replace K(A) by K, then we have

e e fe()g:(y)dady
K = K
eK||fellp,o, 19 1g,04 </0 /0 max{z™, y*t + A(z—> +y=2)—1

C a_e_ 4| [ 2275y
€ U X o B S
1 0 T +yr+ Al +yN)

1 2-£-1 00 2-£-1
_ / u? v du +/ u2"r Tdu
o AT+ AN+ ) ) w1+ A(u A+ 1)

IN

dy

/1 w? 5 du +/°° w2 ldu
o WH+1+Aw >+t fi WM+ 1+ A A1)

For £ — 0T, in view of (10), we obtain K < Kx(A). Hence K = K)(A) is the best
constant factor of the reverse form of (13). If the constant factor in the reverse
form of (12) is not the best possible, then by the reverse form of (16), we may get
a contradiction that the constant factor in the reverse form of (13) is not the best
possible. The theorem is proved. O

Remark. (a) For p = ¢ = 2,A = 1,A = 0 in (13), it deduces to (1). Hence
inequality (13) is an extension of (1);
(b) for p > 1,A = —=3,A > 0 in (13), we obtain a new inequality with the best

constant factor 2= as

by
Y )g(y)dzd o
20) /0 /0 max{x/\,;/(\})g(gzx—/\y_F g1 < 7||f|

and it follows that the revere form of (20) with the same best constant factor for
0<p<l,y+g="1and 0<|[f|lp,,9llge, < oo is valid.

p.bp 191,605
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