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ABSTRACT. In this paper, we introduce the notion of a screen slant lightlike submanifold
of an indefinite Kenmotsu manifold. We provide characterization theorem for existence of
screen slant lightlike submanifold with examples. Also, we give an example of a minimal
screen slant lightlike submanifold of R and prove some characterization theorems.

1. Introduction

The study of the geometry of lightlike submanifolds of semi-Riemannian man-
ifolds is interesting due to the fact that the intersection of normal vector bundle
and the tangent bundle is non-trivial and is remarkably different from the study of
non-degenerate submanifolds. The geometry of lightlike submanifolds of indefinite
Kaehler manifolds was presented in a book by Duggal and Bejancu [4]. B. Y. Chen
has introduced the notion of slant immersions by generalizing the concept of holo-
morphic and totally real immersions [2, 3] and it was A. Lotta [9] who introduced
the concept of slant immersion of a Riemannian manifold into an almost contact
metric manifold. Slant submanifold of a Kenmotsu manifold was studied in [7]. To
define the notion of slant submanifolds, one needs to consider the angle between
two vector fields. A lightlike submanifold has two (radical and screen) distributions.
The radical distribution is totally lightlike and therefore it is not possible to define
angle between two vector fields of radical distribution. On the other hand, the
screen distribution is non-degenerate. Using these facts the notion of slant lightlike
and screen slant lightlike submanifolds of an indefinite Hermitian manifold were
introduced by B. Sahin {[10],[11]}.

The purpose of the present paper is to introduce the notion of screen slant
lightlike submanifold of an indefinite Kenmotsu manifold.

In Section 2, we have collected the formulae and information which are useful
in our subsequent sections. In Section 3, we introduce the concept of screen slant
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lightlike submanifold of an indefinite Kenmotsu manifold with examples. We prove
a characterization theorem for the existence of screen slant lightlike submanifolds.
Finally, in Section 4, we consider minimal screen slant lightlike submanifolds and
give an example and prove two characterization theorems.

2. Preliminaries

An odd-dimensional semi-Riemannian manifold M is said to be an indefinite
almost contact metric manifold if there exist structure tensors {¢, V,n,g}, where ¢
is a (1,1) tensor field, V' a vector field,  a 1-form and g is the semi-Riemannian
metric on M satisfying

1) { PX =X +9X)V, no¢=0, V=0 pV)=1

§(¢X7 ¢Y) = y(X’ Y) - n(X)n(Y)a g(X7 V) = 77(X)

for X,Y € TM, where TM denotes the Lie algebra of vector fields on M.

An indefinite almost contact metric manifold M is called an indefinite Kenmotsu
manifold if [§],

(2.2) (Vxo)Y = —G(¢X,Y)V +n(Y)¢X, and VxV=-X+n(X)V
for any X,Y € T'M, where V denotes the Levi-Civita connection on M.

A submanifold M™ immersed in a semi-Riemannian manifold {M"H_n,g} is
called a lightlike submanifold if it admits a degenerate metric g induced from g
whose radical distribution of Rad(T'M) is of rank r, where 1 < r < m. Now,
Rad(TM) =TM N TM*, where

(2.3) TM* = | J {u € T.M : g(u,v) =0,Yv € T, M}.
zeM

Let S(TM) be a screen distribution which is a semi-Riemannian complementary
distribution of Rad(TM) in TM, that is, TM = Rad(TM)LS(TM).

We consider a screen transversal vector bundle S(TM™), which is a semi-
Riemannian complementary vector bundle of Rad(TM) in TM+. For any local
basis {&} of Rad(T'M), there exists a local frame {N;} of sections with values
in the orthogonal complement of S(TM<1) in [S(TM)]* such that g(&;, N;) = d;;
and g(N;, N;) = 0, and therefore, it follows that there exists a lightlike transversal
vector bundle ltr(TM) locally spanned by {N;}(cf.[4], pagel44). Let tr(TM) be

complementary (but not orthogonal) vector bundle to TM in TM|y;. Then

(2.4) { tr(TM) = lr(TM) LS(TM*)

TM |y = S(TM)L[Rad(TM) @ ltr(TM)) LS(TM™Y).

A submanifold (M, g, S(TM),S(TM~1)) of M is said to be
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(i) r-lightlike if r < min{m,n};
(ii) Coisotropic if r=n<m, S(TM+) = {0};
(iii) Isotropic if r=m<n, S(TM) ={0};
(iv) Totally lightlike if r=m=n, S(TM)={0}=STM™").

Let V , V and V! denote the linear connections on M, M and vector bundle
tr(T'M), respectively. Then the Gauss and Weingarten formulae are given by

(2.5) VxY =VxY +h(X,Y), VX,Y € (TM),

(2.6) VxU = —-AyX + ViU, YU € L (tr(TM)),

where {VxY, Ay X} and {h(X,Y), VL U} belong to T'(TM) and T'(tr(TM)), re-
spectively and Ay is the shape operator of M with respect to U. Moreover, ac-
cording to the decomposition (2.4), h!, h* are T'(Itr(TM))-valued and T'(S(TM*))-
valued lightlike second fundamental form and screen second fundamental form of
M, respectively. Then

(2.7) VxY =VxY +h(X,Y) + 1h¥(X,Y), VX,Y € I(TM),
(2:8) VxN = —AxX + V5 (N) + D*(X,N), N eT(itr(TM)),

(2.9) VxW = —Aw X + V(W) + DY(X, W), W € T(S(TM*1)),

where D'(X, W), D*(X, N) are the projections of V* on T'(Itr(TM)) and T'(S(TM™)),
respectively and V!, V* are linear connections on I'(itr(T'M)) and T'(S(TM™)), re-
spectively. We call V!, V* the lightlike and screen transversal connections on M,
and Ay, Ay are shape operators on M with respect to N and W, respectively.
Using (2.5) and (2.7)~(2.9), we obtain

(2.10) g(h*(X,Y), W) +g(Y, D'(X,W)) = g(Aw X, Y),

(2.11) g(D*(X,N),W)=g(N,Aw X).

Let P denote the projection of TM on S(TM) and let V*, V** denote the linear
connections on S(T'M) and Rad(T M), respectively. Then from the decomposition
of tangent bundle of lightlike submanifold, we have

(2.12) VxPY =V%PY + h*(X,PY),

(2.13) Vxé=—A{X + V¥,



270 Ram Shankar Gupta and Abhitosh Upadhyay

for X, Y e I(TM) and £ € I'(RadT M), where h*, A* are the second fundamental
form and shape operator of distributions S(7T'M) and Rad(TM).
From (2.12) and (2.13), we get

(2.14) g(h' (X, PY),€) = g(A; X, PY),
(2.15) g(h*(X,PY),N) = g(An X, PY),
(2.16) g(h'(X,€),8) =0, A& =0.

In general, the induced connection V on M is not a metric connection. Since
V is a metric connection, from (2.7), we obtain

(2.17) (Vxg) (Y, 2) =g(h'(X,Y), Z) + g(h'(X, 2),Y).

However, it is important to note that V*, V*! are metric connections on S(TM)
and Rad(T M), respectively.

A general notion of a minimal lightlike submanifold in a semi-Riemannian man-
ifold, as introduced by Bejan and Duggal [1], is as follows:

Definition 2.1. A lightlike submanifold (M, g, S(T'M)) isometrically immersed in
a semi-Riemannian manifold (M,g) is minimal if

(i) h* = 0 on Rad(TM);

(ii) trace h = 0, where trace is written with respect to g restricted to S(TM).

The following result is important for our subsequent use.

Proposition 2.1[4]. The lightlike second fundamental forms of a lightlike subman-
ifold M do not depend on S(TM), S(TM=) and ltr(TM).

3. Screen slant lightlike submanifolds
In what follows we prove:

Lemma 3.1. Let M be 2q-lightlike submanifold of an indefinite Kenmotsu mani-
fold M of index 2q with structure vector field tangent to M such that 2q < dim(M).
Then the screen distribution S(T'M) is Riemannian.

Proof. Let M be an (m + n)-dimensional indefinite Kenmotsu manifold with index
2g and M be an m-dimensional 2g-lightlike submanifold of M such that 2¢ < m.
We can choose a local quasi orthonormal frame on M along M as follows:

{&,Ni, Xa, Wo b, €{1,...,2¢q},a € {2¢+1,....,m},a € {2¢+1,...,n},

where {&;} and {N;} are lightlike bases of RadTM and ltr(T M), respectively, and
{X,} is an orthonormal basis of S(T'M) and {W,} is an orthonormal basis of
S(TM+). Now we can construct the orthonormal basis {Uy, Uz, ..., Us,} as follows:
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U1=%{§1+N1}7 U2=%{§1—N1}a
Us = %{fz + Na}, Uy = %{52 — N},
U4q—1 = %{52(1 + NQq}7 U4q = %{é&q - NQq}-

Hence, {&;, N;} gives a non-degenerate space of constant index 2¢ which implies
that RadTM @ ltr(TM) is non-degenerate and of constant index 2¢ on M. As
index(TM) = index(RadTM @ ltr(TM)) + index(S(TM)LS(TM™)), we have
2q = 2q+index(S(TM)LS(TM™1)), which implies that index(S(TM)LS(TM>)) =
0. Hence S(T'M) and S(TM~) are Riemannian. O

As mentioned in the introduction, the purpose of this paper is to define screen
slant lightlike submanifolds of indefinite Kenmotsu manifolds. To define this notion,
one needs to consider angle between two vector fields. As we can see from Section
2, a lightlike submanifold has two distributions viz. radical and screen. The radical
distribution is totally lightlike and, therefore, it is not possible to define angle
between two vector fields of radical distribution. On the other hand, the screen
distribution is non-degenerate. Thus one way to define slant lightlike submanifolds
is to choose a Riemannian screen distribution on lightlike submanifolds, for which
we use Lemma 3.1.

Similar to the definition of screen slant lightlike submanifold of indefinite Her-
mitian manifold [11], we state the following:

Definition 3.1. Let M be a 2g-lightlike submanifold of an indefinite Ken-
motsu manifold M of index 2q with structure vector field tangent to M such that
2q < dim(M). Then M is a screen slant lightlike submanifold of M if the following
conditions are satisfied:

(i) RadT M is invariant with respect to ¢, i.e. RadTM = ¢RadT M

(ii) For all z € U C M and for each non zero vector field X tangent to S(T'M) =
D1{V}, if X and V are linearly independent, then the angle 8(X) between
¢X and the vector space S(TM) is constant, where D is complementary
distribution to V in screen distribution S(TM).

The constant angle 6(X) is called the slant angle of S(T'M). A screen slant
lightlike submanifold M is said to be proper if 6 # 0,7. In what follows, we
suppose that (M, g, S(TM)) is 2¢-lightlike submanifold of an indefinite Kenmotsu
manifold M with constant index 2¢ < dim(M). A real lightlike submanifold M of
M is called invariant lightlike submanifold if [5]

¢RadTM = RadTM and ¢S(TM) C S(TM).
A real lightlike submanifold M is called screen real submanifold if [5]
¢RadTM = RadTM and ¢S(TM) C S(TM™*).
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The following result is an easy consequence of Definition 3.1:

Proposition 3.1. Let M be a screen slant lightlike submanifold of an indefinite
Kenmotsu manifold M with structure vector field tangent to M. Then M is invari-
ant(resp. Screen real) if and only if 0 =0, (resp. 0 = 7).

Proof. If M is invariant, then ¢RadTM = RadTM and ¢S(TM) C S(TM),
and consequently § = 0. Conversely, if M is screen slant lightlike submanifold
with § = 0, then it is clear from Definition 3.1 that ¢RadT M = Radl M and
@S(TM) C S(TM). Thus the proof follows. Similarly other assertion follows. 0O

Proposition 3.1 implies that invariant and screen real lightlike submanifolds are
examples of screen slant lightlike submanifolds. Now we provide examples of proper
screen slant lightlike submanifolds.

In what follows, (R2™*!, ¢g, V, g) will denote the manifold R2™*! with its usual
Kenmotsu structure given by

n=dz, V =0z,
g=nQn—e*(XCi dr' Qda’ + 3711y da’ Qda' + 37, dy' Qdy’),
do( X1, Xo, eot, Xone1, Xon, Y1, Yo, o, Y1, Yo, Z2)
= (*X27 Xl; ey *Xma Xm—la *)/27 Yly ceey *Krza }/m—ly 0)7
where (2%, 4y, z) are the cartesian coordinates.

Example 3.1. Let M = (R3,9) be a semi-Euclidean space of signature (-, -, +, +,
+, +, +, +, +) with respect to the canonical basis {0x1, dxs, Oxs, Ox4, Y1, Oy2,
dys, Oya, 0z}.

Consider a submanifold M of R3, defined by

X (u,v,61,02,t) = (u,v,sin 0y, cos 6, —0; sin b, —0; cos 02, u, v, t)

Then a local frame of TM is given by

1= e*Z(axl + (93/3), Ly = 672(6562 + 5‘y4),
Z3 = e *(cos 010x3 — sin 0104 — sin 030y; — cos 020y-),
Zy = e *(—07 cos 020y1 + 61 8in 020ys), Zs =V = 0z.

Hence, RadTM = span{Zy,Zs}, which is invariant with respect to ¢g. Next,
S(TM) = D1{V} = {Z3,Z4} L{V} is slant distribution with slant angle 7. By
direct calculations, we get

Wy, = eiz(COS 918x3 — sin#10x4 + sin 926y1 -+ cos anyg),
Wy = e~ *#(sin 010z + cos 610x4)

—z —z

and ltr(TM) =span{N; = %~ (—0x1 + Jy3), No = S5—(—0x2 + Oys)}. It is easy to
see that conditions (i) and (ii) of Definition 3.1 hold. Hence, M is a proper screen
slant lightlike submanifold of R.

S(TM*) = span {

Example 3.2. Let M = (R, ) be a semi-Euclidean space of signature (-, -, +, +,
+, +, +, +, +) with respect to the canonical basis {Ox1, 02, Ox3, 024, Oy1, OYa,
ay37 6y4a aZ}
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Consider a submanifold M of R3, defined by

X (u,v,6q,02,t) = (u,v,sin 0y, cos 6, —6; sin b5,

— 01 cos Oy, ucosa — vsina, usina + v cos a, t)
for a, 01,02 € (0,%). Then a local frame of T'M is given by

Z1 = e *(0z1 + cosadys + sinadyy), Zo = e *(0xy — sin adys + cos adyy),
Z3 = e *(cos 010xs — sin 010x4 — sin 020y — cos 620y2),
Zy = e #(—01 cos 020y1 + 018in020y2), Zs =V = z.

Hence, RadTM = span{Zi,Z>}, which is invariant with respect to ¢o. Next,
S(ITM) = DL{V} = {Zs,Z4} L{V'} is slant distribution with slant angle 7. By
direct calculations, we get

1y Wi = e *(cos 010x3 — sin 010x4 + sin 030y; + cos 20ys)
S(TM~) = span {Wg = e~ *(sin 61 0z3 + cos H10x4)

and -
ltr(T'M) = span { N ="

Ny = e;z (—0xo — sin adys + cos adyy).

(—0x1 + cos adys + sin adyy)

It is easy to see that conditions (i) and (ii) of Definition 3.1 hold. Hence, M is a
proper screen slant lightlike submanifold of RS.

Example 3.3. Let M = (R}?,g) be a semi-Euclidean space of signature (-, -, +,
+, +, +, +, +, +, +, +, +, +) with respect to the canonical basis {9z, dz2, dzs,
83747 8$57 6$67 ayla 8y27 ay?n ay4a ay5a 8967 aZ}

Consider a submanifold M of R33, defined by

X (u,v,601,0s,t) = (ucosh a, v cosh a,u, v, 01,02, k cos by, ksin by,

k cos Ba, k sin 65, usinh o, v sinh v, t)
for a, k > 0. Then a local frame of T'M is given by

#(cosh adx1 + Oxs + sinh adys),
%(cosh adxs + O0x4 + sinh adys),
#(0xs — ksin010y1 + k cos 610ys),
e #(0xg — ksin020ys + k cos 020y,),
=V =0z

|
o o o

Zy
Zo
3 =
Zy4
Zs

Hence, RadTM = span{Zi,Z,}, which is invariant with respect to ¢o. Next,
S(TM) = DL{V} = {Z3,Z,} L{V} is slant distribution with slant angle 6§ =
cos_l(ﬁ). It is easy to see that conditions (i) and (ii) of Definition 3.1 hold.
Hence, M is a proper screen slant lightlike submanifold of Ri3.
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Now, we give a result for non-existence of proper screen slant submanifold.

Proposition 3.2. There exists no 3-dimensional proper screen slant lightlike sub-
manifold M with structure vector field tangent to M in an indefinite Kenmotsu
manifolds M with index 2.

Proof. Let M be a screen slant lightlike submanifold of an indefinite Kenmotsu
manifold with index 2. Then M is 2-lightlike or 1-lightlike. If M is 2-lightlike
then S(TM) = {V}, and ¢S(TM) C S(T'M). Moreover, by Definition 3.1,
¢RadTM = RadT M. Hence, M is invariant. From Definition 3.1, M can not
be 1-lightlike screen slant submanifold. O

We know that for any X € T'(S(T'M))
(3.1) OX =TX +wX

where TX € I'(TM) and wX € I'(tr(TM)) are the tangential and transversal
components of ¢.X, respectively. Moreover, for a screen slant lightlike submanifold,
we denote by Q, P and P the projections on the distributions RadT M, D and
S(TM) = DL{V}, respectively. Then for any X € I'(T'M), we can write

(3.2) X =QX+PX

where PX = PX + n(X)V. Using (2.1) in the above equation, we obtain
(3.3) pX =TQX + ¢PX =TQX +TPX +wPX

for any X € I'(TM). Thus, we conclude that

(3.4) PQX =TQRX, wQX =0 and TPX eT(S(TM)).

On the other hand, the screen transversal vector bundle S(T M) has tha following
decomposition

(3.5) S(TM*) = wP(S(TM)) Lv
Then for W € I'(S(TM™)), we have
(3.6) oW = BW + CW

where BW € I'(S(TM)) and CW € I'(v).
We have:

Corollary 3.1. Let M be a screen slant lightlike submanifold of an indefinite
Kenmotsu manifold M with structure vector field tangent to M. We have

(i) if X e T(S(TM)), then wX € T(S(TM™)),
(ii) if X € T(RadT M), then wX = 0.
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Proof. (i) follows from the invariant properties of ltr(T'M) with respect to ¢ due to
the fact that RadT M is invariant and (ii) is obvious. O

We now prove a characterization for screen slant lightlike submanifolds.

Theorem 3.1. Let M be a 2q-lightlike submanifold of an indefinite Kenmotsu
manifold M of index 2q with structure vector field tangent to M such that 2q <
dim(M). Then M is screen slant lightlike submanifold if and only if the following
conditions are satisfied:

(a) oltr(TM) =Utr(TM) i.e. ltr(TM) is invariant
(b) There exists a constant A € [—1,0] such that

(3.7) T?°PX = \(PX —n(PX)V)

VX e T(S(TM)) linearly independent of structure vector field V.. Moreover,
in such a case, A = —cos? 0 ls(Tar),

where 0 is the slant angle of M.

Proof. Let M be 2¢-lightlike submanifold of an indefinite Kenmotsu manifold M of
index 2¢g. Then Lemma 3.1 implies that S(T M) is a Riemannian vector bundle. If M
is a screen slant lightlike submanifold of M, then RadT M is invariant distribution
with respect to ¢ and from Corollary 3.1, we have that wPX € T'(S(TM™)) for
X € S(T'M). Thus, using (3.1), we get

g(¢N, X) = —g(N,¢X) = —g(N,TPX) —g(N,wPX) =0

for X € S(T'M) and N € ltr(T'M). Hence we conclude that ¢ N does not belong to
S(TM). On the other hand, from (2.6), we find

(6N, W) = —g(N, W) = —g(N, BW) — g(N,CW) =0

for W € T'(S(T'M+*)) and N € T'(Itr(TM)). Thus, N does not belong to S(TM=).
Next, suppose that ¢ N € T'(RadT M). Then,

PN = —N + n(N)V = =N € T'(ltr(TM)), as RadT' M is invariant , and we
get a contradiction. Thus (a) is proved.

For X e I'(S(TM)),PX € S(TM) — {V}, we have

g(pPX,TPX 9(PX,9TPX G(PX,T?2PX
(38)  cos(px) = LOPXTPX) _ g(PX,6TPX) _ g(PX. )
[P X[ TPX]| [$PX||TPX]| |PX||TPX|

On the other hand, we get

_[rpx|

(3.9) cosf(PX) = GPX|

Thus, from (3.8) and (3.9), we find
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cos?(PX) = fw‘);i;:‘fx).

Since (PX) is constant on S(T'M), we conclude that

(3.10) T?PX = A\PX = A\(PX —n(PX)V),\ € (—1,0).

Moreover, in this case, A = :Cos2 6. It is clear that equation (3.10) is valid for
0 =0 and 6 = 7. Hence, for PX € S(TM), we find

5
(3.11) T?(PX) = M(PX —n(PX)V), X € [-1,0].
The converse can be obtained in a similar way. O

Using (2.1), (3.1) and Theorem 3.1, we have the following:

Corollary 3.2. Let M be a screen slant lightlike submanifold of an indefinite
Kenmotsu manifold M with structure vector tangent to M. Then we have

(3.12) g(TPX, TPY) = cos? 9|S(TM) [g(ﬁX,?Y) — W(FX)U(FY)]

(3.13)  g(FPX,FPY)=sin®0|san9(PX, PY) — n(PX)n(PY)]

for X, Y e T(TM).

4. Minimal screen slant lightlike submanifolds

In this section we study minimal screen slant lightlike submanifolds of indefinite
Kenmotsu manifolds. We have the following:

Example 4.1. Let M = (R3,9) be a semi-Euclidean space of signature (-, -, +, +,
+, +, +, +, +) with respect to the canonical basis {0z, dxe, Ox3, Ox4, Y1, Y2,
dys, Oya, 0z}.

Consider a submanifold M of R defind by

1 = U1, T2 = U2,
xr3 = U, Ty = U2,
41 = cos ug cosh uy, Yo = cos ug sinh uy,
Y3 = sin ug sinh uy, Y4 = sinug cosh uy,
z=1

where u; € (0, 5).
Then a local frame of T'M is given by

Zi=e"*(0x1 + 0x3), Zas=e *(0xs+ 0z4),

Z3 =€~ *(— sin ug cosh u40y; —sin ugz sinh u4dys +cos ug sinh w4 Oys +cos uz cosh ugdyy ),
Z4=e"*(cos ug sinh u4dy; + cos ug cosh ugOys +sin ugz cosh ugOys +sin ug sinh ugyy ),
Z5 =V=0z
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We define a (1,1) tensor ¢, as follows:
(;!)1 (1‘1, T2,T3,T4,Y15Y2,Y3, Y4, Z) = (—372, L1, —TL4,T3, —Y3 COSA—Y2 sin v, —1Y4 COS o+
Y1 sin @, Y1 cos a + yysin a, yz cos a — y3 sin , 0) where o € (0, 7).

For X = (z1, 2, x3, %4, Y1, Y2, Y3, Y4, 2), we have
q’)%X = (—x1, —T2, —T3, —Tg, — Y1 cos? v — Yyasinacosa + ygsinacosa — y sin® a,
—1ys cos? o + Y3 sin accos v — yg sina cos o — Yo sin’ o, —y3 cos? a — Yo cos asin o +
Yo cos asin o — y3 sin® o, —y4 cos® o 4+ yy sina cos o — yy sina cos o — yy sin’ o) =
- X +n(X)V
proving that ¢; is an almost contact structure.
Hence, RadTM = span{Zi,Z}, which is invariant with respect to ¢;. Next,
S(TM)=DL{V}={Z3+ Z4}1L{V} is Riemannian. Then M is screen slant light-
like with slant angle o with respect to ¢;. By direct calculation, we get

W1 = e #(— coshugQyy + sinh ugOys + tan ug sinh usdys
— tan ug cosh ugQys),
Wy = e~ #(— tan uz sinh usdy; + tan ug cosh ugys — cosh uy Oys
+ sinh u48y4)

and ltr(TM) = span{N; = %(—81‘1 + 0x3), No= e;z (—0xg + 0x4)}. Tt is easy
to see that condition (i) and (ii) of Definition 3.1 hold. Hence M is a proper screen
slant lightlike submanifold of (RS9, ¢1).

By direct calculation and using Gauss formula, we get

S(TM+) = span

h(X,Z1) = h¥(X,Z2) =0, h' =0,¥X € T(TM)
s — e “(cosus) s _ e~ *(cosus)
h*(Zs, Z3) = twarmremezan W1 0 (24, Z4) = —ara memizan V1

h*(Zs, Z5) = 0

Thus M is a minimal proper screen slant lightlike submanifold of (R3, ¢1).

In what follows, we prove two characterization results for minimal slant lightlike
submanifolds.
We have the following:

Lemma 4.1. Let M be a proper screen slant lightlike submanifold of an indefinite
Kenmotsu manifold M such that dim(D) = dim(S(TM*1)). If {e1,...,em} is a local
orthonormal basis of T'(D), then {csc@Fe,...,cscOFen} is an orthonormal basis of
S(TM™*).

Proof. Since {eq,...,e,} is a local orthonormal basis of D and D is Riemannian,
from Corollary 3.2, we find

g{cscOFe;,cscOFe;} = 6;j,

where i,§ = 1,2, ...,m. This proves the result. O

Theorem 4.1. Let M be a proper screen slant lightlike submanifold of an indefinite
Kenmotsu manifold M with structure vector field tangent to M. Then M is minimal
if and only if
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trace Aw; s(rar) = 0, traceAzk‘S(TM) =0, and g(DY(X,W),Y) =0,

for X, Y € T(RadTM) and W € T(S(TM™1)), where {&}r_, is a basis of Rad(TM)
and {W;}7, is a basis of S(TM™).

Proof. Since VyV = 0, from (2.7), we get h!(V,V) = h*(V,V) = 0. Now, take
an orthonormal frame {ey, ..., e, } of D. We know that h! = 0 on Rad(TM)(cf.[1],
Proposition 4.1). Thus M is minimal if and only if ) ;" h(e;,e;) = 0 and h® =
0 on RadT'M. Using (2.10) and (2.14), we obtain

m

(4.1) Z (e, €;) Z Zg AEae“el )No + — Zg Aw,ei,e)W.

i=1
On the other hand, from(2.10), we get h* = 0 on RadT M if
g(D' X, W),Y) =0,

for X,Y € T'(RadTM) and W € T'(S(TM1)).
Thus our assertion follows from (4.1) and (4.2). O

Theorem 4.2. Let M be a proper screen slant lightlike submanifold of an indefinite
Kenmotsu manifold M with structure vector field tangent to M such that dim(D) =
dim(S(TM™)). Then M is minimal if and only if

traceApe,|s(rar) = O,traceAzk‘S(TM) =0, and g(D'(X,Fe;),Y) =0,

for X, Y € I'(RadT'M), where {{}}_, is a basis of RadT'M and {e;}L, is a basis
of D.

Proof. Since VyV = 0, from (1.7), we get h/(V,V) = h*(V,V) = 0. We
know that h! = 0 on Rad(TM) (cf.[1], Proposition 3.1). Also, from Lemma 4.1,
{cscOFey,...,cscOFe,,} is an orthonormal basis of S(TM~*). Thus

(X, X)= chc 0g(Ape; X, X)Fe;

i=1
for X € T'(D). Thus the proof follows from Theorem 4.1. O

Remarks. (a) It is known that a proper slant submanifold of a Kenmotsu manifold
is odd dimensional [6], but this is not true in case of our definition of screen slant
lightlike submanifold. For instance, see two examples given in this paper.

(b) We notice that the second fundamental forms and their shape operators of
a non-degenerate submanifold are related by means of the metric tensor field.
Contrary to this we see from (1.7)~(1.11) that in case of lightlike submanifolds
there are interrelations between these geometric objects and those of its screen dis-
tributions. Thus, the geometry of lightlike submanifolds depends on the triplet
(S(TM),S(TM™*),itr(TM)). However, it is important to highlight that, as per
Proposition 1.1 of this paper, our results are stable with respect to any change in
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the above triplet.
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