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Abstract: Theoretical models based on modern interpretations of the morphology and interactions of cement hydration products

are developed for prediction of the mechanical properties of hydrated cement paste (hcp). The models are based on the emerging

nanostructural vision of calcium silicate hydrate (C-S-H) morphology, and account for the intermolecular interactions between

nano-scale calcium C-S-H particles. The models also incorporate the effects of capillary porosity and microcracking within

hydrated cement paste. The intrinsic modulus of elasticity and tensile strength of hydrated cement paste are determined based on

intermolecular interactions between C-S-H nano-particles. Modeling of fracture toughness indicates that frictional pull-out of the

micro-scale calcium hydroxide (CH) platelets makes major contributions to the fracture energy of hcp. A tensile strength model

was developed for hcp based on the linear elastic fracture mechanics theories. The predicted theoretical models are in reasonable

agreements with empirical models developed based on the experimental performance of hcp. 

Keywords: mechanical properties, hydrated cement paste, molecular interactions, capillary porosity, calcium-silicate-hydrate.

1. Introduction

Hydrated cement paste (hcp) is a complex composite material

with multiple phases at micro- and nano-scales. These features

complicate development of structure-property relationships for

hydrated cement paste. Several empirical structure-property rela-

tionships have been developed for hydrated cement paste based on

laboratory experiments.
1,2

 Computational tools are also used toward

modeling of hydrated cement paste. 

The multi-phase nature of hydrated cement paste at different

scales distinguishes it from technical ceramics. Unlike most ceram-

ics, hydrated cement paste does not fracture in a brittle mode. It is

heterogeneous at micro-scale, where capillary pores, large CH

crystals and shrinkage microcracks are distributed randomly. The

presence of these micro-defects produces stress concentrations

which weaken the strength and stiffness of the material, but con-

tribute to the fracture toughness of hcp through arrest and deflec-

tion of microcracks, formation of microcrack processing zones,

and frictional energy dissipation during pull-out of CH crystals.

These phenomena render hcp semi-brittle with some level of duc-

tility and energy absorption capacity.

This paper presents analytical models for the mechanical perfor-

mance of hydrated cement paste. The models incorporate intermo-

lecular interactions between nano-scale C-S-H particles, effects of

micro-defects (capillary pores and microcracks), and frictional

pull-out of CH micro-scale platelets. Modeling of C-S-H as nano-

particles revolve an evolving view of C-S-H morphology,
6
 com-

pared to the traditional laminar vision of the C-S-H structure.

The models for hcp are developed in two steps. The first step

focuses on compact hcp, and the second step incorporates the

effects of micro-defects into the models developed for the com-

pact hcp. The term “compact” is used in this paper to indicate hcp

free from micro defects.

2. Compact hydrated cement paste

2.1 Molecular interactions between C-S-H particles
Mechanical models for compact hcp were first developed based

on phase interactions at molecular level. These models were later

modified by introducing the effects of micro-defects for applica-

tion to hcp with micro-defects. This section focuses on compact

hcp. 

The interactions between nano-scale C-S-H particles play key

roles in determining the mechanical properties of hcp.
3
 C-S-H par-

ticles are non-crystalline hydration products with large surface

areas which enhance their bonding to each other and to other parti-

cles within their reach through van der waals interactions. There-

fore, C-S-H plays a predominant role in rendering hcp its

cementitious properties.
4

Given the significant binding role of C-S-H particles, the first

step in theoretical modeling focused on the morphology and struc-

tural arrangement of C-S-H particles in order to determine the

bond strength between them. Research toward determination of

the detailed morphology of C-S-H is still in progress. C-S-H has

been likened by several researchers to Tobermorite mineral
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because of their similar compositions.
5
 Although C-S-H particles

grow to have a size of approximately 60 × 30 × 5 nm
3
,
 
they have

been modeled as an agglomeration of unit particles making a

spherical globule.
6
 This geometrical modeling was adopted in the

research reported herein. An agglomeration of basic C-S-H units

is assumed to make a spherical C-S-H particles (globule) with

diameter ranging from 6 to 8 nm (Fig. 1).
7
 Due to the availability

of water and space, the C-S-H particles which form at the outer

part of hydrating cement grain have lower density than the ones

which form at the inner part.
6
 A low density C-S-H is assumed to

be an agglomeration of globules bonding to each other and having

a gel porosity of about 28% (of the globule volume).
6

The bonding between C-S-H globules involve van der waals

interactions caused by weak physical electrostatic attractions

between molecules in neighboring globules. The van der waals

force per unit area (Fvdw) between two flat surfaces separated by a

distance d can be expressed as follows:
8

(1)

where hw is the dielectric constant, approximately 10eV or 1.6022

× 10
-18

 J for C-S-H.
8
 This equation can be applied to C-S-H glob-

ules as far as an effective (circular) area is used with d taken as the

minimum distance between two C-S-H globules (0.18 to 0.32 nm).
4

Substituting the above values into Eq. (1) gives a van der waals

bond strength between two adjacent C-S-H globules of 0.93 to

5.22 GPa, depending upon the size and spacing of globules. The

effective area of adjacent globules over which this stress operates

will be presented later in discussions on fracture toughness. 

2.2 Modulus of elasticity of compact hydrated

cement paste (Eo)
The modulus of elasticity of compact hcp was determined by

considering the effect of relative movement of neighboring C-S-H

globules based on the bond force between them. The theoretical

cohesive strength between solids is approximated based on the

relation between the bond strength (σmax) between C-S-H glob-

ules separated by a distance d and the corresponding modulus of

elasticity (E) and the surface energy (γs) as shown in Eq. (2).
9

(2)

This relationship can be reasonably approximated to be about

Eo/10 for cohesive solids.
9 

Therefore, the relationship between

bond strength and the intrinsic modulus of elasticity was approxi-

mated as follows:

(3)

where σmax is the bond strength between particles under consider-

ation, that is Fvdw (the van der waals force per unit area); the rela-

tionship thus becomes:

(4)

Substituting the values of Fvdw derived earlier into Eq. (4) yields

the values of Eo, which range from 9.3 to 52.2 GPa depending

upon the size and spacing of C-S-H globules.

2.3 Fracture toughness of compact hydrated cement

paste (Go)
Fracture toughness of compact hydrated cement paste is defined

here as the energy per unit crack area dissipated in the process of

breaking C-S-H-C-S-H bonds and pull-out of CH crystals during

fracture. The latter was found to be the major contributor to the

fracture toughness (see the following sections). The energy dissi-

pation mechanism in CH pull-out is related to friction at nano-

level. The frictional stress was thus treated as phononic friction at

nano-scale.
8
 The total intrinsic fracture toughness (Go) was taken

as the sum of the energy dissipated due to C-S-H-C-S-H debond-

ing and frictional CH pull-out; however, the contribution from the

former is relatively insignificant. 

2.3.1 Fracture toughness due to C-S-H-C-S-H debonding

(Gd)

The fracture toughness contributed by the rupture of interatomic

bonds between two C-S-H globules was determined using an

equation which relates fracture toughness to van der waals

strength as shown below.
8
 

(5)

where Rb is the radius of C-S-H globule (ranges between 3 and 4

nm); Fvdw was found earlier to range from 0.93 to 5.22 GPa; and

(6)

where Eo is intrinsic modulus of elasticity; and ν is Poisson’s ratio

(~ 0.2) of compact hcp. 

Since Rb and Fvdw are independent variables, a parametric study

was conducted to assess the significance of their variation with in

viable ranges. The resulting values of Gd (fracture toughness due

to C-S-H-C-S-H debonding) are presented in Table 1. 
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Fig. 1 C-S-H morphology and geometric arrangement.
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It can be observed from the table that the maximum contribu-

tion of C-S-H-C-S-H debonding to the fracture toughness of com-

pact hcp is 2.85 J/m
2
, which is quite small compared to the

contribution of CH pull-out (see next section). Hence, the varia-

tions in the C-S-H-C-S-H debonding contributions to fracture

toughness are not practically significant.

2.3.2 Fracture toughness due to CH Crystal pull-out (Gp)

CH crystals make about 20~25 % by volume of the hydration

product in hcp,
10

 they are generally hexagonal in shape (Fig. 2).
11

The width of CH crystals in hcp ranges from 1,000 to 10,000 nm,

and their thickness from 220 to 260 nm.
12,13

 Frictional pull-out of

CH plates from hcp is another factor contributing to the fracture

toughness of hcp. For ease of computation, CH plates were

assumed to be circular (instead of hexagonal). The contribution of

CH pull-out to fracture toughness represents the energy dissipated

in the form of heat due to phononic friction (associated with

atomic vibration) between the surfaces of CH crystal is the C-S-H

nanoparticles.
14

 This frictional energy dissipation during pull-out

of CH crystals depends on the orientation of the CH crystals rela-

tive to the direction of loading. The maximum and minimum

energy dissipations occur when the flat surface of CH crystal is at

an angle with and perpendicular to the direction of loading,

respectively. Therefore, a vertical CH orientation, with its flat sur-

face parallel to the direction of loading (Fig. 3), is assumed to

account for the random orientation of CH crystals in hcp.

The portion of the width (diameter) of a single CH crystal

which could be subjected to phononic friction as the CH pulls out

from a cluster of C-S-H globules ranges between 0 and 0.5 (of the

width). Therefore, a quarter of the diameter of CH crystals was

assumed to be subject to phononic friction for the purpose of esti-

mating an average CH pull-out length. The part of CH crystal

cross-section subjected to frictional pull-out is a segment bound by

a chord 0.5R away from the center of the circle as shown in Fig. 4.

The area of this segment (As) can be obtained as the difference

between the OABC and the OAC areas.

(7)

where R is the radius of CH crystal; and Z is the half of the radius

plus the distance moved by CH as it pulls-out. The value of Z

increases during the pull-out process of CH.

The actual contact area between spherical C-S-H globules and

the flat surface of circular CH crystal in compact hydrated cement

paste (hcp) was determined based on the assumed morphology

As 2R
2 Z

R
---⎝ ⎠
⎛ ⎞1–

Z– R
2

Z
2

–cos=

Table 1 Fracture energy due to C-S-H-C-S-H debonding (Gd) in J/m.
2

Fvdw (GPa)

0.93 1.0 2.0 3.0 4.0 5.0 5.22

R
ad

iu
s 

of
 g

lo
bu

le
, R

g 3.0 0.38 0.41 0.82 1.23 1.64 2.05 2.14

3.2 0.41 0.44 0.87 1.31 1.75 2.18 2.28

3.4 0.43 0.46 0.93 1.39 1.86 2.32 2.42

3.6 0.46 0.49 0.98 1.47 1.96 2.46 2.56

3.8 0.48 0.52 1.04 1.56 2.07 2.59 2.71

4.0 0.51 0.55 1.09 1.64 2.18 2.73 2.85

Fig. 2 Hexagonal CH crystal.
11

Fig. 3 CH orientation with flat surface parallel to the direction 

of loading.

Fig. 4 Schematic model of CH pull-out.
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and structural arrangement of C-S-H globules (Fig. 5).

The effective contact area (Ac) subjected to bond energy (Gd)

per unit area can be determined as follows:
8
 

(8)

(9)

where Rg is the radius of the C-S-H globule.

The values of rc and Ac range from 1.4 to 1.8 nm and 5.8 to 10

nm
2
, respectively. The total effective contact area (AECH) of all C-

S-H globules contacting both faces of a single CH crystal can thus

be calculated as follows:

(10)

where Ag is the projected area of a C-S-H globule.

The value of AECH calculated above ranges from 1.11 to

0.00515 nm
2
. Equation (10) is multiplied by 0.8 to account for the

nearly 20% gel porosity.

The next step was to determine the frictional force acting on the

CH surface as it pulls out. For the atomically sharp surfaces of CH

crystals, nano-scale phononic friction dominates, where collision

of vibrating molecules as two flat surfaces slide against each other

dissipate energy in the form of heat. The phononic frictional stress

(τf) associated with CH pull-out can be estimated at about 1

GPa.
15

 

The frictional force (Ff, newtons) due to phononic friction can

be computed as the effective area of CH subjected to frictional

pull-out (AECH, m
2
) times the phononic friction stress acting on it: 

(11)

The energy dissipated by pull-out of a single CH crystal, Ef1, is

computed as the work done by Ff during pull-out of CH crystal

over a distance equal to half its radius: 

(12)

The next task is to approximate the possible number of CH

crystals per unit area of hydrated cement paste in order to calculate

the amount of energy dissipated per unit cracked area. The num-

ber of CH crystals in a unit cubic cell can be estimated by

assuming a uniform distribution of vertically oriented CH crys-

tals. The amount of CH in mature Portland cement paste ranges

from 20 to 25 percent
12

 of the solid volume (estimated at 22%

on average). The volume of a single CH crystal (VCH) can be

calculated as:

(13)

where RCH and tCH are the radius and thickness of CH crystal,

respectively.

The number of CH crystals per unit cubic cell volume (NCH)

can be obtained as:

(14)

The number of CH crystals in a plane parallel to any side of the

unit cubic cell, NCHP, is:

(15)

The total energy per unit area (Gp) due to pull-out of CH crys-

tals can thus be calculated as follows:

(16)

The values of Gp calculated using the above approach range

between 5.42 and 281 J/m
2
.

Therefore, the total intrinsic fracture toughness of compact

hydrated cement paste (Go) can be determined as the sum total of

energy dissipation by CH pull-out (Gp) and debonding of C-S-H

nanoparticles (Gd):

(17)

The values of Go calculated using the above equation range

between 7.55 and 283 J/m
2
, compared to measured values range

of about 16.9 to 41.0 J/m
2 

fracture toughness (GIC) for compact

hydrated cement pastes.
16

2.4 Intrinsic tensile strength of compact hydrated

cement paste (σto)
The tensile strength of compact hcp was determined from the

force required to break the bond between two basic C-S-H glob-

ules. The total force required to separate two surfaces of physically

bonded C-S-H globules was determined as the sum of the forces

required to break each bonded C-S-H globule divided by the total

debonded surface area. 

The tensile force required to break the bond between two basic

C-S-H globules (Fg) can be determined as: 

 

(18)

The intrinsic tensile strength (σo) can be determined, assuming

22% gel porosity, as follows:

Ac πrc

2
=

rc 1.5πkRg

2
Gd( )1/3

=

AECH 0.8
Ac

Ag

------As=

Ff τf AECH 1 10
9

AECH××= =

Ef1 Ff zd

R/2

R

∫ 10
9
τf AECH zd

R/2

R

∫= =

VCH πRCH

2
tCH=

NCHV

0.22 1×
VCH

-------------------=

NCHP NCHV( )2/3
=

Gp Ef1NCHP=

Go Gd Gp+=

Fg AcFvdw=

Fig. 5 Schematics of the effective contact area between CH 

crystal and C-S-H globules.
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(19)

The values of σo calculated using the above equations range

between 152 and 854 MPa, compared with the measured value of

about 930 MPa for the tensile strength of compact hcp.
4

3. Hydrated cement paste

3.1 Introduction
The term micro-defective hydrated cement paste is used here

for a conventional hydrated cement paste (hcp) which incorpo-

rates capillary pores and microcracks in its microstructure. The

mechanical and physical properties of hcp are affected by the pres-

ence of these micro defects, which should be accounted for in cal-

culation of their strength, modulus of elasticity and fracture

toughness. Capillary pores and microcracks affect the modulus of

elasticity of hydrated cement paste by reducing the effective con-

tact area and generating stress concentration. The shape and size

distribution of the capillary pores significantly affect the modulus

of elasticity of hcp. Capillary pores are assumed hence to have an

elliptical shape with the ratio of the major-to-minor axis about 2.
17

 

3.2 Elastic modulus
In modeling the elastic modulus of hcp, the first step involves

determining the relationship between capillary porosity and pore

size. Uniform size capillary pores distributed uniformly in space

were assumed for ease of computations (Fig. 6).

If a unit volume of hcp, enclosing a single pore, is considered to

have 2a+d width, 2b thickness and a unit length (see Fig. 6(b) for

notation), then porosity can be approximated as:

(20)

(21)

The effect of interactions between two adjacent capillary pores,

separated by a distance d, on stress concentration in hcp can be

determined using the relationship between d and the amplification

factor (K2) with the stress concentration due to a single elliptical

capillary pore (K1).
18

 

(22)

where K1 is the stress concentration factor due to a single ellipse;

and K2 is the stress concentration amplification factor due to the

interaction of adjacent capillary pores. The following expression

can be used to calculate K1: 

(23)

From Fig. 6, it can be observed that σo = K2σ, and since for

constant strain in the linear elastic range, E/Eo is equal to σ/σo,

one concludes that E/Eo = 1/K2. 

(24)

Substituting Eq. (21) and K1 into Eq. (24), and simplifying the

resulting equation, gives the model for the modulus of elasticity of

hcp,

(25)

The analytical model is plotted as a function of porosity and

compared with empirical models in Fig. 7. The analytical model is

observed to compare reasonably well with empirical models

which reflect the trends observed in experiments. 

3.3 Fracture toughness of hcp (G)
The fracture surface of hcp is not highly tortuous, and thus the

fracture toughness of hcp (G) can be assumed to vary linearly with

porosity as shown in Eq. (26).

σo 0.78
Fg
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πa

4a 2d+
------------------=

d
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π 4p–( )
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Fig. 6 Capillary pore shape and interactions, and the resulting 

stress concentration. Fig. 7 Modulus of elasticity-porosity relationships.
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(26)

where Go is the fracture toughness of compact hydrated cement

paste.

3.4 Tensile strength of hydrated cement paste
The Griffith’s equation for linear elastic fracture mechanics

(LEFM) is used to predict the tensile strength of hcp in order to

use this model, one needs to determine the critical crack length for

hcp. Microcracks develop in cementitious materials even before

the application of loads. These microcracks result from the

restraint of thermal and drying shrinkage of hcp at early age. Cal-

culation of the critical crack length in hcp is presented below. 

 

3.4.1 Shrinkage microcracks

The formation of microcracks in hcp is due to the differential

shrinkage that exists between the relatively stiff CH crystal and the

softer C-S-H gel. Restraint of the shrinkage strains in C-S-H gel

by CH crystals lead to microcracking of the young hcp. Restrained

shear stresses cause debonding of C-S-H from the CH surface and

subsequent cracking of hcp (Fig. 8). 

The strain energy released during cracking under the effect of

shrinkage strain can be calculated as follows:

(27)

where εsh = shrinkage strain; E = modulus of elasticity of C-S-H;

A (surface area of CH subjected to skin friction) = (PCH)(tCH); y

(crack width at the periphery of CH crystal) = εsh PCH; and PCH

and tCH are the perimeter and thickness of CH crystal, respectively.

Substituting the above expressions into Eq. (27):

(28)

The energy dissipated upon cracking (Ui) can be calculated as

follows:

(29)

where Gd is the fracture toughness due to C-S-H debonding; and l

is crack length.

Equating Ue (Eq. 28) and Ui (Eq. (29)) yields the following

expression for crack length, l: 

(30)

Due to the unavailability of sufficient information on the rela-

tionship between capillary porosity (p) and shrinkage strain (εsh),

an empirical relationship was determined using experimental

results
12

 as follows:

(31)

After substituting Eq. (31) into Eq. (30) and simplifying it, the

following expression can be derived for crack length:

(32)

where rCH is the radius of the largest possible CH crystal; a 100

µm diameter CH was considered.
12

 The critical crack length l' is

half of  l plus the diameter of CH:

(33)

3.4.2 Tensile strength of hydrated cement paste

The Griffith equation defines the relationship between tensile

strength (σt) and critical crack length (l'):

(34)

Substituting Eq. (25) for E, Eq. for G and Eq. (33) for l' into Eq.

(34) yields: 

(35)

4. Validation of tensile strength model of hcp

The values of different parameters governing the tensile

strength of hcp are determined using the ranges presented in the

literature (presented earlier), with parametric studies conducted to

assess the significance of various parameters in order to assist with

final values within the reported ranges. The final selections were

as follows: rCH (radius of largest possible CH crystal) = 50,000

nm; Eo = 38 Gpa; Gd = 1.56 J/m
2
; and the ratio of the major-to-

minor axis of capillary pores was 2.
17

 Eo and Gd were calculated

G Go 1 p–( )=

Ue εshEoAy=

Ue εshPCH( )2
EotCH=

Ui GdltCH=

l
εshPCH( )2
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------------------------------=

εsh 0.0148p 8.8 10
4–×–=

l
39.8EorCH

2
0.0148p 8.8 10

4–×–( )2
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----------------------------------------------------------------------------------=

l′ 0.5 1 2rCH+( )=

σt
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πl′
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σt

0.77EoGo 1 p–( )2
π 4p–( )0.37

πl′ 1 2
a
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---+⎝ ⎠

⎛ ⎞p
0.37
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Fig. 8 Schematic presentation of the formation of microcracks 

in otherwise micro-defect-free hcp.
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by considering the average values of d (the distance between two

C-S-H globules) and Rb (the radius of C-S-H globule) to be 0.2

nm and 3.5 nm, respectively.
6
 Average thickness and diameter of

CH crystal were assumed to be 240 nm and 2,500 nm, respec-

tively. Substituting the above values into Eq. (37) yields:

(38)

The above equation is observed in Fig. 9 to compare favorably

with an empirical model which reflects experimental result.

5. Conclusions

The following conclusions can be drawn based on the results

obtained from the above work:

1) The mechanical properties and mode of failure of hydrated

cement paste at nano-scale depend on bond strength between C-S-

H globules resulting from the interatomic interactions. However,

the introduction of capillary pores and microcracks at micro- and

macro-scales alters the property and modes of failures. In the

former, failure is governed by debonding of C-S-H globules while

in the later by fracture.

2) It can be observed from the research that fracture toughness

of hydrated cement paste depends on two energy dissipation

mechanisms, debonding of C-S-H globules and CH pull-out fric-

tion. The later is the major contributor to the fracture toughness of

hydrated cement paste.

3) These mechanical models can be used as a basis to promote

further researches aiming at developing models for various

cementitious products incorporating different mineral admixtures.
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