Topology Design Optimization of Heat Conduction Problems
using Adjoint Sensitivity Analysis Method
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Abstract

In this paper, using an adjoint variable method, we develop a design sensitivity analysis(DSA) method applicable to heat
conduction problems in steady state. Also, a topology design optimization method is developed using the developed DSA method.
Design sensitivity expressions with respect to the thermal conductivity are derived. Since the already factorized system matrix is
utilized to obtain the adjoint solution, the cost for the sensitivity computation is trivial. For the topology design optimization, the
design variables are parameterized into normalized bulk material densities. The objective function and constraint are the thermal
compliance of structures and allowable material volume respectively. Through several numerical examples, the developed DSA
method is verified to yield very accurate sensitivity results compared with finite difference ones, requiring less than 0.25% of CPU
time for the finite differencing. Also, the topology optimization yields physical meaningful results.
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1. Introduction

A topology design optimization method helps
designers to find a suitable material layout for the
required performances. Ever since Bendsge and Kikuchi
(1988) introduced the topology optimization using a
homogenization method, many topology optimization
methods have been developed for both linear and
nonlinear structural problems (Cho and Jung, 2003).
Since the topology optimization necessarily involves
many design variables, gradient-based optimization
methods are generally preferred. Therefore, the sensi-
tivity of performance measures with respect to the
design variables should be determined in a very
efficient way. Among various DSA methods, a
continuum-based adjoint variable method (Choi et
al., 1986) is known to be most efficient and accurate
and widely used in the topology optimization problems.
In the continuum-based DSA approach, the design

sensitivity expressions are obtained by taking the

first order variation of continuum variational equation.
The continuum DSA methods developed so far can
handle several types of design variables. In this
paper, a continuum method for the non-shape problems
like material property is considered. We develop an
efficient DSA method for the heat conduction problems
in steady state.

The shape design sensitivity for nonlinear transient
thermal systems was derived using the Lagrange
multiplier method (Tortorelli et al., 1989a) and the
adjoint method (Tortorelli et al., 1989b). Sluzalec and
Kleiber (1996) employed the Kirchhoff transformation
to derive the shape design sensitivity expressions for
the linearized heat conduction problems using an
adjoint variable approach. Li et al. (1999) performed
a shape and topology optimization of heat conduction
problems using evolutionary structural optimization
methods.

In section 2, the governing equation and weak

formulation for the steady state heat conduction
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problems are discussed. In section 3, a continuum-
based DSA method is formulated using both the
direct differentiation method and the adjoint variable
approach in a continuum form. In section 4, for the
heat conduction problems, we formulate a topology
optimization method where the developed DSA
method is applied. In section 5, numerical examples
are demonstrated to verify the accuracy of the
developed analytical DSA method using the finite
difference sensitivity and discuss the efficiency of
the developed method. The topology design optimiza-
tion is performed for several cases, which shows

very reasonable results in physical point of view.
2. Heat conduction problems

Consider a body occupying an open domain {2 in
space that is bounded by a closed surface as shown
in Fig. 1.

Material properties are assumed to be isotropic in
domain (2. The boundaries are composed of a

temperature boundary I, a flux boundary I, a

convection boundary Iz, and I'»UILUI%L=TI. Also,
the boundaries are mutually disjointed. The body is
subjected to the rate of internal heat generation Q
and the following thermal boundary conditions. A
prescribed temperature 7j on I}, a prescribed heat
flux ¢ on ' in the inward normal direction, and an
ambient temperature 7., on the convection boundary
I'Z are imposed. n is an outward unit vector normal

to the boundaries. For a temperature field 7", a heat

conduction equation in steady state is written as

Fig.1 Heat conduction problem
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it

—kT,;=Q (i=1,2,3) (1)

where k is a positive thermal conductivity corres-
ponding to the principal axes and assumed inde-
pendent of temperature. (+), represents a partial
derivative with respect to i—coordinate .The notation
of repeated subscripts stands for the summation
operation over the indices. Three kinds of boundary

conditions are imposed on the surface of body as

T=T, on IV (2)

kT m; =q on F} (3)
and

mfini+h(T*Tw)=0 on Iz 4)

where h is a positive convection coefficient on the
convection boundary. The space Y for the trial

solution is defined by
v={T€H'(Q): =T, on TY} (5)

where H* denotes a Hilbert space of order one.

Also, the space Y for the virtual temperature fields
is defined by

V= {?EHl(.Q) :T=0o0n F}} (6)

Using the virtual temperature field 7 that
satisfies homogeneous boundary conditions, the

weak form of Equation (1) is written by

/ (—kT,;—Q TdQ =0 for all TEY (7

n

Note that Equation (7) implies the “principle of
virtual power and is independent of time since the
steady state problems are considered. Integrating
Equation (7) over a unit time leads to the “principle
of virtual work” and yields an identical expression.
Thus, we regard the Equation (7) as a principle of
virtual work hereafter. Using the boundary conditions
in the Equations (2)~(4), the Equation (7) can be

written as



/ K0, T, T d0— / QTdN
(7] 2
—/ q?df+/ W T—T,)Tdl=0
Iy rs

for all. 7€ Y (8)

Defining a bilinear thermal energy form

AT T) = f 7,0, T ds2+ / hTTdl (9)
n I

and a linear load form

L(_T)E/QQ_Tdmf lq_TdF+/2hTw7’dF (10)
I'y ry

Equation (8) can be written as
Find 7€ Y such that

A1, 7)=1(7) for all TE€Y (11)
3. Continuum design sensitivity analysis
3.1. Direct differentiation method

Consider a non-shape design variable vector u
that consists of the thermal conductivity of each
element. For the given design u, Equation (11) can

be written as

Find 7€ Y such that
A1, T)=L1,(7) for all T€Y (12)

where the subscript u indicates the dependence of
the abstract form on the design variation. For a
perturbation parameter 7, the variational equation
corresponding to the perturbed design u+7du is

written as

A (1T=1L, (T forall Te Y (13)

Using the Equation (13), the first order variations
of each term in Equation (12) with respect to its
explicit dependence on the design variable w are

defined as

’ T d o2l a
A(Su(ﬂT):EA’U,—FﬂSU(TT’T)L:O (14)
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and
r (T=2r (7 (15)
ou dr u+1u =0

where the '~ denotes that the dependence on

design variation is suppressed. Note that 7' is
independent of 7 since it is an arbitrary virtual
temperature field that belongs to Y.

Consider the solution of Equation (12). Define
the first order variation of the solution with respect

to the design u as

T (16)

a T(u+ou)l_y = hmw
dr T

70

Using the chain rule of differentiation and the
Equation (14), the following holds

d

- (A, s Tutm0u), Dy = A5 (T D)+ 4,(7,7)

(17)

Using the Equations (15) and (17) and taking
the first order variation of Equation (12), we have

the following.
AT D=0,(T)-A4,(T7) for all T€Y  (18)

Next, consider a general performance functional

that may be written, in integral form, as

U= /!zgl(u,T,V]’)dQ+ /ng(u7T7VT)dF (19)

Taking the first order variation of Equation (19),

we have the following expression.

v = % f g lu+10u, Tu~+76u), v T(u+76u) }df2
o

+ / gg{u +7ou, T(u+76u),V T(u+76u) HdI
r

:/Q(gm&ung])TT +9.vrV T)d.Q

+f (99.u0u+go 7T + 9y 7V T')dl (20)
r
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Once finding 7' from Equation (18), we trivially
obtain the design sensitivity of performance measure

from Equation (20).
3.2. Adjoint variable method

To define an adjoint equation for the heat
conduction problems, replace the implicit dependence
terms 7 and v 7T in Equation (20) by a virtual

temperature X and equate the terms involving X to
the bilinear thermal energy form Au()\,X) to yield the

adjoint equation as

A,00)= [ (030,07 X)a0
i)

+/F<92,TX+92,vTVX)dF
for all AE Y (21)
where the adjoint response M\ satisfies the homo-
geneous boundary condition. Since 7€ Y and A€ Y,
Equation (18) can be rewritten as

AT N=L,(N)—A5,(T,\) for all A€ Y (22)

Noting that 77€ Y and A€ Y, Equation (21) can

be rewritten as

ANT)= [ (907 +015 v T)a2

+/ (gZTT +g2ﬁvTVT)dF
r

forall 7€YY (23)

Knowing that 4,(+,«) is a symmetric operator,

the following holds.
AT N=A4,\T) (24)

Equations (22) and (23) are equivalent so that

we can write the following equation.

/Q(QLTT to1vrV T)dQ
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+ / (g0 7T + g0 TVAI= L 5, (N — A’ (TA) (25)
r

Substituting Equation (25) into Equation (20),

we have the following.

V= / 91 ,Oud 2+ / gy 0udl+ L 5, (N)—A'5,(T,0) (26)
] r

To evaluate the Equation (26), we need not only
the original response 7" but also adjoint response .
The efficiency and accuracy of Equation (26) will be

demonstrated in section 5.

4. Topology Design Optimization

The objective of topology optimization is to find an
optimal material distribution that minimizes the
thermal energy stored in a system under prescribed
thermal loadings. The material distribution can be
represented using a normalized bulk material density
function v that has a continuous variation from zero
to one, taking the value of 1.0 for solid material and
0.0 for void. For the topology optimization using the
finite element method, the structural domain is
discretized into NE finite elements and the bulk
material densities are assumed constant in each
element. The design variable, bulk material density
of each element, is associated with the thermal

conductivity using the following expression as

rk; =ulr, (i=1,2,... NE) 2
0< Unin = U; =1 (28)

where &k, is the thermal conductivity of original
material. A penalty parameter P is used to enforce a
concentrated distribution of material. The lower
bound of material, wu,;,,, is introduced to avoid

numerical singularity. A topology design optimization

problem is stated as

Minimize

= / QQTd(H / FquTdF—F / r%h T, 7dIl’ (29)



Subject to / wd2=< Voo wabie (30)

where T, q, Q, T, and V,

allowable

are a temperature
field, a prescribed heat flux, a rate of internal heat
generation, an ambient temperature, and an allowable
volume, respectively.

For topology design optimization, it is very important
to make the problem convex to obtain a unique optimal
solution regardless of initial design. Otherwise, it may
have many local minima and thus the optimal result
depends on its initial design. If the Hessian of the
unconstrained function that consists of the objective
function and constraints is positive definite, the
optimization problem is convex. In this topology
optimization formulation, only linear constraints with
respect to the design variables are considered so that
the Hessian of the compliance functional affects the
convexity of problem. To check the convexity of
performance measure of (29), consider the state

equation that is equivalent to the Equation (11) as
T(u7 -T(u)):fint_fezt:KT_fezt:O (31)

where u, fi.:, feze. & and T are the bulk material
density, an internal load, an external load, a system
matrix, and a response vector, respectively. Taking
derivative of the state equation with respect to the
response 7T leads to

ar
7K (32)
and with respect to the design variable yields

dr or or d1T  or aT
d ou ol du ou Kau O (33)

Taking the derivative of the second equality in the
Equation (31) with respect to the design variable u

yields
dK dT or

where Equation (33) is used in the second equality.

The thermal compliance functional is rewritten in

Kim, Min-Geun + Kim, Jae-Hyun « Cho, Seonho
the form of discretized form by
m=fr.m= %TTKT (35)

Taking the derivative of the compliance functional

with respect to the design variable v, we have

dIr dT rdK . 1, or
du Tl‘(du)+2T N Tj( ) (36)

where Equation (34) is used in the second equality.

Taking the derivative of the Equation (36) with

respect to the design variable v again yields

o sfurfl) oz
du? 2\ du ou 2 du

S CLCEE

The last term of Equation (37) is expressed,

R BNCO

using Equation (34), as

Ly (AR ) LK g LprdK AT
2 dul\ du =) 2 du? 2 du du
&EK 1
— T = 1
Td2T 2(8U)K_( )(38)

Thus, Equation (37) can be expressed in terms of

the design variable » as

ou

| or TK_l
ou

ﬂ)——P(P 16, T7K{u'" ) T

i

(39)

where K is the second order derivative of system
matrix K with respect to the design variable u. If the
penalty parameter P is equal to zero or one, the
second term in Equation (39) vanishes so that the
problem is convex. Otherwise, it may have many
local minima.

Since the topology optimization necessarily uses
many design variables, gradient-based optimization
methods are generally preferred. Therefore, the

sensitivity of the performance measures with respect
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to the design variables should be determined in a
very efficient manner. Among various DSA methods,
the continuum-based adjoint variable method is
known to be most efficient and accurate and thus
widely used in the topology optimization problems.
To derive the adjoint design sensitivity, consider a

thermal compliance functional

U= /ﬁgl(u, T,v T)d+ /ng(u, T~V T)dlr=L,(T)=11
(40)

Taking the first order variation of Equation (29)

with respect to the design variables w leads to

LV:A/Q(gl,u&“Lgl,TT+91,vrv T')ds2

+/(g2vu5u+gQ>TT +g2,vTVT)dF
r

= T A+ Tdr+ | w7, Tdr (41)
[ @raos [ arars [
Thus
L' (D= /”glvuéud()-i- /rgméudl"‘: 0 (42)

The adjoint equation is written as

4,00)= [ (0. 3+ 0,0 v X)a0
7]
+\/‘F(92,TX+92,VTVX>C[F
= / QN+ / ghdl+ / RT NIl (43)
n I; I}

Comparing Equation (43) with Equation (11), the
following holds.

A=T (44)

The compliance sensitivity using Equation (26) is

obtained as

LVZ/ glju(;udQJr/ Go oudl’
e} r

+L,5U(T§7A’5u(ﬂT) (45)

Using Equations (42), Equation (45) is reduced
to
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W =4,/ (110 =— [ 155,70 (46)
(7]

5. Numerical examples

This example is to verify the DSA method in the
temperature field. Consider a square plate fixed
along the bottom side as shown in Fig. 2.

The ambient temperature is 20TC. Convection
boundary conditions are imposed along all the sides
excluding the bottom. A heat flux ¢=100(W/m?) is
applied at the center of bottom side. The thermal
conductivity coefficient of k=1.4(W/m - C) and the
convection coefficient of h=20(W/m - C) are used in
this problem. Design variables are the bulk material
densities of all the elements. Performance measure is
the temperature at the center node 221. The
temperature design sensitivity at node 221 with
respect to the thermal conductivity coefficient of each
element is contoured in Fig. 3. As expected, the

thermal conductivity coefficients near the loading

m— = % Convection Boundary

= Boundsry

Elemgnt 344
{1 ? t_~Element 314
Element 127 = = Element 232
——
|
AN -
IN =
Element 23 ™ P ——— Node 221
M~
™~
Element 171
Te=20C
- 9 7

Fig. 2 Square plate

SENSITIVITY

Fig. 3 Design sensitivity



Table 1 Comparison of design sensitivity

Design dT,,, AT, ATH,/&(%)
Variable dx, Ak, Ak, | dxk,
Foos -7.89047043x10° |-7.89057786x10°| 100.00136
ke | -8.28900388x10 |-8.28913800x10| 100.00162
K 2.75000803x10% | 2.75004899x10% | 100.00149
Ky | -8.21570461x107 [-8.21582671x10°| 100.00149
Ky -2.33197840x107 |-2.33201285x10°%| 100.00148
Kaw | -7.20091450x107 [-7.20101849x107°| 100.00144
Table 2 Comparison of CPU time
CPU time (seconds)
FDM DDM (DDM/FDM %) | AVM (AVM/FDM %)
40.4882192 | 14.27052(35.246%) | 0.100144(0.247%)

points turn out to be the most sensitive.

The obtained analytical sensitivity is compared
with the finite difference sensitivity. In Table 1, the
temperature sensitivity at node 221 with respect to
the thermal conductivity of each element (x;) is
compared. d7y,,/dk; stands for the analytical sensitivity
using either the direct differentiation method (DDM)
or the adjoint variable method (AVM). Those methods
yield an identical result. AT, /Ak; represents the
central finite difference sensitivity. The last column
shows the percent agreement between the finite
difference and the analytical sensitivities. Excellent
agreements are observed.

In Table 2, the CPU costs required for the compu-
tation of design sensitivity are summarized. We
notice that only 0.1 second is required for the AVM
and 14.3 seconds for the DDM whereas 40.5 seconds
for the FDM. In general, the DDM requires appro-
ximately 35% of CPU time for the FDM. However,
the AVM does only 0.25% of CPU time for the FDM.
DDM and AVM, the AVM just
requires approximately 0.7% of CPU time for the
DDM.

The next example is for the topology optimization

Comparing the

under heat loading and temperature boundary using
the derived design sensitivity. A rectangular model is
subjected to a concentrated heat flux, temperature
boundary, and an internal heat generation. The final
material distribution after the topology optimization
is also shown in the Fig. 4.

In Fig. 4, as the rate of internal heat generation

Kim, Min-Geun + Kim, Jae-Hyun « Cho, Seonho

| m— 0w Temperature Boundary

e I FuxBoundary
‘ [ Heat penerate rate Q =100 W/m!
T
Ty =07
(a) Design domain and boundary conditions
> >

il 1 1
X X

(b) No heat generation (c) Q=100 /m’
ge
X X
(d)Q=500/ /m’ (e) Q=10007 /m’

Fig. 4 Topology design for various heat generation rates

increases, significantly different topology results are
obtained. As the magnitude of heat generation rate
increases, we observe the complicated connectivity
appearing (c). When Q increases (d), significantly
different results are found. Further increase of heat
generation rate results in a similar result (e).

The purpose of topology optimization in heat
conduction problems is to find an optimal material
layout that yields thermally stiff structure. In other
words, we want to find the layout hard to increase
the temperature in the system for the given loading
and boundary conditions. To investigate the effect of
the topology optimization, we compare the temperature
distributions in two cases. The one has uniformly
distributed material property whose magnitude is
reduced by 30 % of original one, (a) in Fig. 5. The
other is the one obtained after the topology optimiza-
tion, (b) in Fig. 5. Tt also uses 30 % of the original
material and has the optimal material distribution.
In Fig. 5, in case the rate of internal heat generation
Q is equal to IOOOW/mS, temperature distributions in
two models are compared. As expected, the optimal
model (b) yields lower temperature distribution thro-
ughout the whole domain. The temperature distribu-
tions are approximately 34.33C~194.03TC for the
model (a) and 9.61T~153.80C for the model (b).
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(b) After optimization

Fig. b Temperature comparison

Convection boundary conditions

Temperature conditions

Fig. 6 Three-dimensional problem

The last example is an application of the developed
method to a three-dimensional problem. The model is
subjected to temperature boundary and convection
boundary conditions as shown in Fig. 6.

The objective of this example is to perform general
topology optimization for three-dimensional problem
and to verify the physical meaning of optimal
topology. The model is composed of solid elements
and the ambient temperature is 0C. Temperature
boundary conditions are imposed 7=0C at 4 nodes
at bottom corners. The heat generation @ is applied
in all elements. The objective function and constraint
are the thermal compliance and the allowable
material volume of 30%, respectively. In Fig. 7, the
optimal material distributions are contoured as the
heat generation @ decreases. The ambient tempera-

tures of top surface and 3 slots are 7L =20T, 72 =

0T, respectively.
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(a) Q=200W/m®

(b) @=100W/m?®

Fig. 7 Three-dimensional problem

(b) @=100W/m®

Fig. 8 Single convection boundary problem

In Fig. 8, in case single convection boundary of top
surface is imposed, the optimal material distribu-
tions are contoured as the heat generation @
decreases. The ambient temperatures of top surface
is 71 =20T.

6. Conclusions
We have derived a weak formulation for heat

conduction problems in steady state and a continuum-
based DSA method using both a direct differentiation



and an adjoint variable approach in continuum form.
Also, a topology design optimization method for heat
conduction problems has been developed using the
adjoint DSA method. Since the already factorized
system matrix is utilized in the adjoint variable
method, the computing cost is significantly reduced.
For the topology design optimization, design variables
are parameterized using bulk material densities.
Through several numerical examples, we verify the
accuracy of the analytical DSA method using the
finite difference sensitivity. The analytical DSA
method yields very accurate sensitivity results compared
with the central finite differencing. Comparing the
efficiency of developed method, it just requires less
than 0.3% of CPU time necessary for the finite
differencing. Also, the topology optimization yields
physically meaningful results. It could result in
different topologies depending on the ratio of flux and
internal heat generation rate. Comparing the tem-
perature distributions before and after the topology
optimization, significantly reduced temperature is

observed.
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