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PRECISE ASYMPTOTICS FOR THE MOMENT
CONVERGENCE OF MOVING-AVERAGE
PROCESS UNDER DEPENDENCE

QING-PEI ZANG AND KE-ANG FU

ABSTRACT. Let {&; : —0o < i < oo} be a strictly stationary sequence of
linearly positive quadrant dependent random variables and > 772 |a;] <
oo. In this paper, we prove the precise asymptotics in the law of iterated
logarithm for the moment convergence of moving-average process of the
form X, =372 ajyrei, k> 1.

1. Introduction

We assume that {g; : —00 < i < oo} is a doubly infinite sequence of identi-
cally distributed variables. Let {a; : —0o < i < 0o} be an absolutely summable
sequence of real numbers and Xy = >~ a4k k > 1. Set S, = > 1 Xi,
also let logy = log(y V e), loglogy = loglog(y V e°) for all y > 0.

When {g; : —00 < i < oo} is a sequence of independent random variables,
many limiting results have been obtained for moving-average process {X} :
k > 1}. For example, Burton and Dehling [1] have obtained a large deviation
principle for {Xj : k > 1} assuming Eexpte; < oo for all ¢, Ibragimov [4] has
established the central limit theorem for {X} : k > 1}, Li et al. [7] derived
convergence rates of moderate deviations and the precise asymptotics in the
law of the iterated logarithm.

On the other hand, Gut and Spataru [3] proved the precise asymptotics of
i.i.d random variables. One of their results is as follows.

Theorem A. Suppose that {Yy : k > 1} is a sequence of i.i.d random variables
with BY; = 0 and EY? = 02 < oo. Then

o0 1 n
limgzz P(|ZYk\ > ey/nloglogn) = o°.
n=1 k=1

eN\0 nlogn

Received December 15, 2008; Revised June 11, 2009.

2000 Mathematics Subject Classification. 60F99, 60G20.

Key words and phrases. precise asymptotics, moving-average, linear positive quadrant
dependence.

(©2010 The Korean Mathematical Society

585



586 QING-PEI ZANG AND KE-ANG FU

Chow [2] discussed the complete moment convergence of i.i.d random vari-
ables. He got the following result:

Theorem B. Let {Y,Y} : k > 1} be a sequence of i.i.d random variables with
EY; = 0. Suppose that p > 1,a > %,pa >1LE{Y]P 4+ |Y|log(l+|Y|)} < 0.
Then for any € > 0, we have

oo J

g nP" 2" B{max | E Yi| —en®}i < oo,
— j<n
n=1 k=1

In this note, we show that the precise asymptotics for the moment conver-
gence holds for moving-average process when {e; : —00 < i < oo} is a strictly
stationary linear positive quadrant dependent sequence. First, we shall give
the definition of linear positive quadrant dependent sequence.

Two random variables X and Y are said to be positive quadrant dependent
(PQD) if P(X > z,Y > y) > P(X > x2)P(Y > y) for all z, y € R. This
notation was first introduced by Lehmann [6], another concept which is stronger
than PQD was due to Newman [9]: a sequence {g; : —0o < i < oo} is said to
be linear positive quadrant dependent (LPQD) if for any disjoint finite subsets

A,BC{...,—2,-1,0,1,2,...} and any positive real numbers r;,
Zriei and erej are PQD.
icA jeB

2. Main result

Throughout this paper, let {¢; : —0o < i < oo} be a sequence of strictly
stationary linear positive quadrant dependent random variables with Fe; = 0,
0 < Ee? < oo, and set 0 < 02 = Ee1+2) ;- , Eejey, < oo unless it is specially
mentioned. Now we state our result as follows.

Theorem 2.1. Assume

Z Ecie; =0(n™") for some p >0,
1=n—+1
and
Elei|® < oo for some s> 2.

Then for —1 < b < —1/2, we have

) log logn 2-b-1
1 2(b+1) E{|S,| — 21 loe 1 —E 7|2b+3
lim ¢ ; {184l = ev/2nloglog )y = G Tymr gy BIZM™,

where Z has a normal distribution with mean 0 and variance 12=02(300 ___a;)?.

1=—00

Remark 2.1. Let a;qyr = 1,0 = kja;4 = 0, # k,1 < k < n. Then X} =
€k, Sn = 22:1 €k. Thus above result holds under some suitable conditions
when {X; : i > 1} is a sequence of strictly stationary linear positive quadrant
dependent random variables.
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The following example comes from Li and Wang [8].

Remark 2.2. A finite family of random variables {X; : 1 < ¢ < n} is said to
be positively associated (PA) if for every pair of disjoint subsets A and B of
{1,2,...},
Cov{f(X;:i€ A),9(X;;5€ B)} >0,

whenever f and g are coordinatewise increasing and the covariance exists. A
PA sequence is obviously a LPQD sequence, the following example shows that
LPQD does not imply PA: Consider three discrete random variables with joint
density p(z,y,2) = P(X =2,Y =y, Z = 2).

p(2,2,1) =p(3,2,1) =p(2,3,1) = p(3,3,1) = p(1,1,2)

1
=p(2,1,2) =p(3,1,2) = p(1,2,2) =p(1,3,2) = T and

4

1,1,1) =p(3,3,2) = —.
p(1,1,1) =p(3,3,2) = 1~

A lengthy verification shows that {X,Y, Z} is LPQD. But, {X,Y, Z} is not PA

since P(X >1,Y >1,Z>1)={: <P(X>1,Y > 1)P(Z > 1) = 3.

3. Some lemmas

First, we give some lemmas which will be used in the proofs. Lemma 3.1
and Lemma 3.2 are from Burton and Dehling [1], Kim [5] respectively.

Lemma 3.1. Let Y ;2 ___a; be an absolutely convergent series of real numbers

i=—00

witha =Y .0 a; and k > 1. Then
1 ) i+n k
1k
Jdim = > 2w =l
i=—oo | jmit1

Lemma 3.2. Let {e; : —00 < i < o0} be a sequence of strictly stationary linear
positive quadrant dependent random variables with Ee; = 0, 0 < Ee? < oo, and
set 0 < 0% = Fe?+2% 77, Eejey, < 00. Assume

Z Eecie; =0(n~") for some p >0,
1=n-+1
and
Elg;|® < oo for some s> 2.
Then the linear process { X} fulfills the CLT, that is,
Sn_
TN
Throughout the sequel, N represent standard normal variable. C will denote

a positive constant although its value may change from one appearance to the
next and let [z] indicate the maximum integer not larger than x.

2>N(0,1), where T =0 Z a;.

1=—00
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4. Proof of Theorem 2.1
Without loss of generality, we assume 7 = 1 in this section. Let A(e) =
exp{exp{g}}, M > 1. Our main result will be proved via the following
propositions.

Proposition 4.1. For any b > —1, we have

lim 2+ Z ME{\M /2log logn} = | N|2b+3
£\0 “~ nlogn o8N+ = (b+1)(2b+ 3) ’
Proof. By the variable change, we have
. (loglogn)®
2(b+1) _
&11\1%5 Z nlogn ——="F{|N| —ey/2loglogn},
< 2(b+1) (loglogn)®
= lime Z —— P(|N| > z)dz
eN\0 oyt nlogn evZloglogn
> (loglogt)®
= lim 52<b+1>/ M/ P(IN| > z)dzdt
eNo ee tlogt ev2loglogt
(oo} oo
= lim 2_b/ y2b+1/ P(|N| > z)dxzdy
eN\.0 V2 y
2t °
g P(IN| > 2642 _ 2642 9btlyg
i sy [ PONT 2 2 e )da
2-b e
= lim —— 242p(|IN| > z)d
020+ 1) /ﬁx (IN] = 2)de
271 2b+3
= —————F|N| .
(b+1)(2b+ 3)
Thus the proposition is now proved. (I

Proposition 4.2. For any b > —1, we have

(log 1
1%52“’“) Z og ogn) ’E{\Sn\ —ev/2nloglogn}; — vnE{|N| — ey/2loglogn}| = 0.
€

n<A(e) nz l

Proof. Denote

P('j% > 2)~ P(IN| > o),

it follows from Lemma 3.2 that A,, — 0 as n — oco. Then

log1
> (og ogn)® ‘E{S | —ey/2nloglogn}y — viRE{|N| — e\/2loglogn}

n<A(e) 1

A, = sup

x
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b 0O

< Z % ></ ’P(% > ey/2loglogn + x) — P(|N| > e/2loglogn + x)|dx

n<A(e) 0

(loglogn)®

< —_— An An )
< ;A:() nlogn (Lm + Any) (say)
where

Anp, /\/E 7 > ey/2loglogn + x) — P(|N| > ey/2loglogn + x)|dx,
A, :/ ’ (|\/J 2loglogn + ) — P(|N| > ey/2loglogn + z)|dz.

e

It is easy to obtain
Dy, <D, — 0 asn — oo.

n oo n
ZXk: Z Zak+i5i-
k=1

i=—00 k=1

Next, observe that

Set an; = > p_; akti- Then

oo

ZXk: Z Ani€i = Z Y; (say).
k=1

1=—00 i=—00

From Lemma 3.1, we can assume, without loss of generality, that

oo oo
Z |am" <n,n>1 and Z |az| <1.

1=—00 1=—00

And then, by Lemma 3.1 and the stationarity we get

Var (.S, Esf Z am+2 Z Z QpiGnj e

1=—00 i=—o00 j=i+1

oo

oo
< nCE@% +2 Z Zanian k:—i-iEElEk-i-l

i=—o00 k=1

< nCEei + Z Z(aii +ap g Berern

i=—00 k=1

< nCEe? + ZE51€k+1 Z aZ, + ZE515k+1 Z a? ki

i=—00 i=—00

< Cn.

Thus, by virtues of Markov’s inequality, we have

o C+1
A, < da < (C + D)\,
2= /# (ev/Toglogn + x)? r<(C+1)

VEn
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Denote A, = A, + Ap,. It follows that

— 0 asm — oo.

1 Z . (loglogn)?

(loglog m)b+1 nlogn
We have
g Q08080 15| — e/ BTogTog ) . — VAE(IN] - e/ ZogTog)
< imeern 3 (oglogn)
eN\.0 naate) nlogn
B ;I{I(l) M (log log[il(s)])bﬂ ng:(g) nﬁgn(bg logn)” 0.
Hence, the proposition holds. O

Proposition 4.3. Uniformly for 0 < e < we have

f}

(loglog
hm hmsupz—: (b+1) Z og Ocn =0.

[m=eo o n>A(e) 3 log

E{|S,| —ev/2nloglogn}: — vVnE{|N| —ey/2loglogn}

Proof. Tt is sufficient to show

log 1
(1.2) Mlim g2(+1) Z (loglog n)° ~———= " F{|N| —e+/2loglogn},

-] =0
n>A(e) nilogn

uniformly with respect to all sufficient small 0 < ¢ < %, and

log1
(1.3) lim limsupe”®+) Y~ (og ogn)” ~——=—=""FE{|S,| — ey/2nloglogn}; = 0.

M—0co N0 noAe) n2 logn

Note that A(g) =1 > y/A(e) for M >1and 0 <e < Thus

f

g2(0+1) Z (loglog )" ———F{|N| —e+v/2loglogn},

naAte) nlogn
o] b
< 52(b+1)/ M/ P{|N| > a}dady
A(e)—1 legy ev/loglogy
<

©  (loglogy)’ [
52(b+1)/ ( 0g 10g y) / P{‘N| > l‘}d.’Edy
VAE® ylogy  JeytogTogy
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= 2/ t2b+1/ P{|N| > z}dxdt
v/ M—e2log?2 t

[ee] oo
2/ t2b+1/ P{|N| > z}dtdx
\/]\/[—%log;Q t
(o] x
< 2/ P{N| = 2}
\/M—%logZ \/M—%logQ
(oo}
< C’/ z?P2P{|IN| > z}dz — 0 as M — .
\/M—%log2

Then (1.2) is proved.
Now we turn to prove (1.3). Notice that Ee? < oo, which coupled with
(1.1), it follows that, for —1 < b < —1/2

log 1 b
lim limsup 2(**+Y) Z ME{|Sn|—5\/2nloglogn}+

IN

2+ dtdy

3
—00 2\ ,0 nonte) "’ logn
log 1 b oo >
= lim limsup g2(b+1) Z (O%ﬂ / P( Z Ani&i| > x> dxr
M-—0c0 N0 n>A(e) n2 logn ev2nloglogn = o0
log 1 boopee C
< lim limsup g2(b+1) Z (0%&/ —gdx
M—0c0 N0 nonte) M2 logn Jeyonloglogn ©
. . 2(b+1) (loglogn)® .
< lim limsupe Z —F——(ev/2nloglogn)
M—o0 -\ 0 o) "2 logn
< lim limsupe? ™ [loglog A(e)}l”%
M—0c0 e\.0
< lim M3 =0.
M—oc0
Then, we complete the proof of this proposition. O

Our main result now follows from the propositions.
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