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UNIVERSAL HYPERDYNAMICAL SYSTEMS

A. DEHGHAN NEZHAD AND B. Davvaz

ABSTRACT. In this paper, the theory of n-ary hypergroups and some ap-
plications of hyperalgebras (Fredholm-Voltra integral, copula) are stud-
ied. We define some new concepts of topological hyperdynamical systems,
universal hyperdynamical systems and immersed universal hyperalgebra.
Also, we present some results in this respect.

1. Introduction

Hyperstructure theory was born in 1934 when Marty defined hypergroups
as a generalization of groups. This theory has been studied in the following
decades and nowadays by many mathematicians. Hypergroup theory both
extends some well-known group results and introduced new topics leading thus
to a wide variety of applications, as well as to a broadening of the investigation
fields. There are applications to the following subjects: geometry, hypergraphs,
binary relations, lattices, fuzzy sets and rough sets, automata, cryptography,
combinatorics, codes, artificial intelligence, and probabilistic. A comprehensive
review of the theory of hyperstructures appears in [3, 4, 20].

n-ary generalizations of algebraic structures is the most natural way for fur-
ther development and deeper understanding of their fundamental properties.
Ameri and Zahedi in [2], Davvaz in [6] and Pelea and Purdea in [17] stud-
ied algebraic hypersystems. The notion of n-hypergroup was first introduced
by Davvaz and Vougiouklis as a generalization of n-ary group [7], and stud-
ied mainly by Leoreanu-Fotea and Davvaz [12, 13, 14]. Leoreanu-Fotea and
Davvaz introduced and studied the notion of a partial n-hypergroupoid, asso-
ciated with a binary relation. Some important results, concerning Rosenberg
partial hypergroupoids, induced by relations, are generalized to the case of
n-hypergroupoids

In [11], Tlookashooly and Molaei studied the notion of immersed hypergroup
and they considered hypergroups which are also smooth manifolds and their
join operators create immersed submanifolds.
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In [8], Hoskova generalized the concept of topological groupoid to topological
hypergroupoid. Some results of this type can be found in [1].

2. Basic definitions

In this section, we give a brief introduction of universal hyperalgebras, n-
ary hypergroups and homomorphisms between them. First, we recall some
notation of ordinary universal algebras.

Definition 2.1. Let n; be a non-negative integer and H be a non-empty set.
We denote by H™t the Cartesian product H X --- X H, where H appears n;
times. An element of H"™ will be denoted by (z1,...,2,), where z; € H for
any ¢ with 1 <7 < n. An ng-ary operation on H is a function \; from H™ to
H, where H™ is the set of ns-tuples of elements of H for n; > 0, and H? is a
singleton set. If \; is an n-ary operation on H, then n; is called the arity (or
rank) of ;.

A language (or type) of an algebra is a set L such that a non-negative integer
ng and a function symbol A; is assigned to each member ¢ of L. If L is a language
of algebras, then a universal algebra H of type L is an ordered pair (H, A), where
H is a non-empty set and A = ()\tH :t € L) is a family of operations on H,
where ); is an n;-ary operation on H.

If there is no confusion, we denote A\, by A, and use the same notation \
for every algebra H.

Definition 2.2. Let H and H’ be algebras of the same type L. A function
f: H — H'is called a homomorphism if for every ¢t € L and all hy, ..., h,, € H,

FOe(ha, ooy hn,)) =M (f(ha)y ..oy fBn,))-

Definition 2.3. Let 6 be an equivalence relation on a set H. Then 6 is said
to be a congruence of an algebra H if for each ¢t € L,

Ae(has oo hn )ON(RY, .. Ry ),
whenever hy, ..., hy,, hy,... hy, € H satisty h;0h; for i =1,...,n;.
Now, we define the “hyper” counter parts of the above notions.

Let H be a non-empty set and f be a mapping f: H x H — P*(H), where
P*(H) is the set of all non-empty subsets of H. Then f is called a binary
hyperoperation on H. In general, a mapping f : H" — P*(H) is called an
n-ary hyperoperation and n is called the order of hyperoperation.

Let f be an n-ary hyperoperation on H and Ay, ..., A, subsets of H. We de-
fine f(A1,...,A,) =U{f(z1,...,2n) | z; € A;, i=1,...,n}. We shall use the
following abbreviated notation: the sequence x;,x;y1,...,2; will be denoted
by xz For j < 1, xf is the empty set. In this convention f(z1,..., i, Yit1,-. -,
Yir Zj41, - - - 2n) Will be written as f(:v’i,y{;_17 20 q)-
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Definition 2.4. A non-empty set H with an n-ary hyperoperation f : H" —
P*(H) will be called an n-ary hypergroupoid and will be denoted by (H, f).
An n-ary hypergroupoid (H, f) will be called an n-ary semihypergroup if and
only if the following associative axiom holds:

. . B - - B
Fler faf a5t = fla L f ), a0
for every i,j € {1,2,...,n} and z1,23,...,22,—1 € H.

If for all (a1, ag,...,a,) € H", the set f(ay,as,...,ay) is a singleton, then f
is called an n-ary operation and (H, f) is called an n-ary groupoid (resp. n-ary

semigroup).
An n-ary semihypergroup (H, f) in which the equation
(*) be f(aiilﬂ Li, a?Jrl)
has a solution z; € H for every aq,...,a;-1,0i41,...,an,b € H and 1 <17 <mn,

is called an n-ary hypergroup. In the above definition, if f is an n-ary operation,
then the equation (x) is as follows:

() b= flai™ zialy).

In this case (H, f) is an n-ary group.

Let n; be a nonnegative integer. Then an n:-ary hyperoperation on a
nonempty set H is a function A\, : H™ — P*(H), where P*(H) is the set
of all non-empty subsets of H.

A universal hyperalgebra (or simply, a hyperalgebra) H of type L is a pair
(H, (At)ter), where A; is a hyperoperation on H for each t € L.

By a quasi-ordered semigroup we mean a triple (G, o, <), where (G,0) is a
semigroup and binary relation < is a quasi-ordering (i.e., it is reflexive and
transitive) on the set G such that for any triple z,y,z € G with the property
x<yalsoroz<yozand zox < zoy hold. By an ordered (semi)group
we mean (as usual) a triple (G, o, <), where (G, o) is a (semi)group and < is
a reflexive, antisymmetrical and transitive binary relation on G such that for
any triple z,y, z € G with the property x < y also zoz < yozand zox < zoy
hold.

The following proposition is a generalization of Lemma 1 in [9].

Proposition 2.5. Let (H,o,<) be a quasi-ordered semigroup. Define an n-ary
hyperoperation f : H® — P*(H) by f(h1,...,hy) ={h € H : (hyo---0oh,) < h}
for all elements hy,...,h, € H. Then

(1) (H, f) is an n-ary semihypergroup which is commutative if the semigroup
(H,o) is commutative.

(2) If (H, f) is the above defined n-ary semihypergroup, then (H, f) is an
n-ary hypergroup if and only if for any elements hy, ..., hy,,b € H there exist
elements c1,...,c, € H with a property hyo---oh;_yoc;oh;y10---0h, <b
for every 1 <i <mn.
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Proof. (1) In order to verify the associativity law, suppose that a3" "' € H.
Then

1 —1 i —1 2n—1
f(a’ll 7f(a'7il+l )7 a’nﬁ—i )
i—1 2n—1

= U fleitzesh

sz(a;lJri*l)
= U {y:alO"’OaiflOxoanJrio"’oaanlSy}

;0 :0Gn4i—1<T
={y : a10---0az,—1 <y}

={y : a10~~~aj710(ajO"'Oan+j71)0'“0a2n71Sy}

= U {y : a10---0aj_10z0an4j0---0az,—1 <y}
a;jo-0an4,; 1<%
i—1 2n—1 i—1 +j—1y 2n—1
U f(ajl » Ly anij )f(a’Jl af(a? ’ )7an7jrj )
zEf(a) )

Therefore (H, f) is an n-ary semihypergroup. Evidently, if the semigroup (H, o)
is commutative, then the n-ary semihypergroup (H, f) is also commutative.
(2) It is clear. O

Corollary 2.6. Let (H,0,<) be an ordered group. Define an n-ary hyperop-
eration f : H" — P*(H) by f(h1,...,hn) ={h € H : (hyo---0h,) < h}
for all elements hy,...,h, € H. Then (H, f) is an n-ary hypergroup which is
commutative if the group (H,-) is commutative.

Proof. By Proposition 2.5(1), (H, f) is an n-ary semihypergroup. Suppose that
ai,...,ay,b are arbitrary elements of H. We denote

—1

xi:a;_llo...oal oboa;lo... -1

o an-{—z"

Then b = ay0---0a;—10%;0an4;0" - -0a,. Thus ajo---0a;_10x;0a54;0: - -0a, < b,

and so the equation b € f(a} ™', x;,a?, ;) has a solution ;. O
3. Some examples of hyperalgebra

3.1. Constructions of n-ary hyperoperators on ordered groups

In this paragraph, we give a generalization for [9]. A Fredholm-Voltra inte-
gral operator can be written as the following:

FA\u, K, L, f): C(J x[0,400)) — C(J x [0,+00))
(p(x’ t) = F()\’ M’K(x’ t’ s)’L(x’ t’ T)?f(x’ t))((p(x7 t))

b t
-\ / K(xt, 8)p(s, )ds + / La,t, 7)o, 7)dr + f(, 1),
a 0

where J = (a,b), K(x,t,s) € C(J x [0,400) x J), L(x,t,7) € C(J x [0, +00),
[0,t]), (kernels), are a real or complex valued functions (mostly positive real
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functions), f(z,t) € C(J, x[0,+00)), A, p are two real numerical parameters.
Usually there are considered Fredholm-Voltra integral equations with a non-
degenerate Lebesgue square integrable kernels K (x,t,s) and L(z,t,7). In this
contribution we will construct an n-ary hypergroup on the set of operators
F(\ p, K(z,t,s), L(x,t,7), f(x,t)) with continuous functions K, L, f and two
nonzero parameters A\, u. For our purposes we will consider continuous positive
functions only, in order to avoid some obstacles with integrability of functions
in the form of fractions.

Denote FV = {F(\ pu, K(x,t,5), L(z,t,7), f(z,t)) : \,p € RA% 4 p? #
0,K(z,t,8) € C(J x [0,400) x J), L(z,t,7) € C(J x [0,+00),[0,]), f(x,t) €
C(J, x]0,4+0))}

For any pairs of operators F()\l, M1, Kl, Ll, f1)7 F(AQ, H2, KQ, Lg, fg) in F'V
let us define

F(A,p1, Ky, Ly, f1) o F(A2, po, Ko, Lo, f2)
= F(MAg, papiz, Kafi + K1, Lo f1 + L1, f1f2)
and F(\1, p1, K1, L1, f1) < F(Ag, p2, Ko, Lo, f2) if and only if Ay = Ay, 1 =
w2, fi(x,t) = fa(z,t) for any (x,t) € J x [0,00), K1(z,t,5) < Ka(z,t,s) for
any (z,t,8) € (J x [0,400) x J), Li(x,t,7) < Lo(x,t,7) for any (x,t,7) €
(J x [0,400),[0,1]).
Proposition 3.1.1. (FV,o0,<) is a noncommutative ordered group.
Proof. Suppose that F(\;, p;, K;, Li, f;) € FV,i=1,2,3. Then
F(A1, p, K, Ly, f1) o (F'(A2, pa, Ko, Lo, fa) o F(A3, p3, K3, L, f3))
= F(A1, 1, K1, Ly, f1) o (F(A2As, pops, Ks fo + Ko, Ly fo + Lo, fa f3)
= F(MXaAs, papiopes, K3 fafi + Kofit + K1, L3 fo f1 + Lo f1 + L1, f1f2f3)
= F(AMAg, papio, Ko fi + K, Laf1 + La, fif2) o (F(A3, p3, K3, L3, f3))
= (F(A1, 1, K1, Ly, f1) 0 Fi(A2, p2, Ko, Lo, fa)) o F((As, 3, K3, L, f3).

« R

Thus the binary operation “o” is associative. Further, any operator F(\, pu,
K, L, f) € FV and operator F'(1,1,0,0, 1) satisfy an equality

F(}\,,U,,K,L7f)OF(171,0,071) :F()‘7/’L7KaL7f)
:F(151707071)OF(A’/-L?Kame)'

Thus the operator F(1,1,0,0,1) is unit of the semigroup (F'V, o).

Now, since for any operator F(\,pu, K, L, f) € FV there holds \? + p? #
0 and f(x,t) > 0 for all (z,t) € J x [0,+00). We have that the operator
F(L, 1, =K =L 1) is well defined and belong to FV. Then,

N 0T 7)OF(Aa,u7K7L7f)_F(17170a071)7

F()‘vu‘aKaL’f)oF( p— ’) :F(17170a0a1)7
H
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which means that F~Y(\, u, K, L, f) = (%, i, %, % %) hence (FV,0) is a
group. Evidently the binary operation “o” is non-commutative on “F'V”. From
the definition of the relation “<” it follows immediately that this relation is
reflexive, anti symmetrical and transitive on F'V. Hence the pair (F'V, <) is an
ordered set. It remain that to verify the compatibility of the ordering “<” on
FV with the binary operation “o”. Suppose that F'(A\1, pu1, K1, L1, f1), F()e,
to, Ko, Lo, f3) € FV are integral operators satisfying
F(A, pn, K, Ly, f1) < F(Xa, pe, Ko, Lo, fa),
and F(A\,u, K, L, f) € FV is an arbitrary operator. Then
0 < fi(z,t) = fa(z,t),
0# A =X, 07 1 = po,
Kl(xu tv S) é K2(x7 tu 8)7
Li(x,t,7) < La(a,t,7)
for any x € J, t € [0,00), s € J, 7 € [0,¢]. Hence
A= Me, flx,t) fi(z,t) = f(x,t) f2(z, t),
Ki(x,t,s)f(x,t) + K(x,t,s) < Ko(x,t,8)f(x,t) + K(x,t,5),
L(z,t,s) f1(z,t) + Ki(z,t,8) < K(x,t, 8) fa(z,t) + Ko(z,t,5),
Li(z,t,7)f(z,t) + L(z,t,7) < Lo(zx,t,7) f(z,t) + K( )
L(z,t,7)f1(z,t) + Ki(x,t,7) < L(x,t,7) fa(x, t) + La( )

x,t,T),

x,t,7T),

and so

F\pu, K, L, f)o F(Ai, 1, K1, L, f1) = F(A\, papo, Ko f + K, Lif + L, f f1)
< F(Mg, ppo, Kof + K, Laf + L, f f2)

F\ p, K, L, f) o F(A2, p2, K2, La, f2)

and
F(\, pa, Kv, L, f1) o F(\ p, K L f)
=F(MA pap, Kfi + K1, Lfi + L, f1f)
< F(XaAy, pop, K fo + Ko, Lfa + Lo, fof)
= F(Az, p2, Ko, Lo, f2) o F(A\, i1, K, L, f).
Consequently, (F'V, 0, <) is a noncommutative ordered group. O

3.2. About the definition of copula

The mathematical concept of copulas has been known in principle for about
half a century. As early as 1959, Sklar published his work now referred to
in the literature as Sklars theorem which is of central significance when one
is applying copulas to statistical investigations of the relation between mar-
ginal distributions and their dependence structure. However, it took about
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four decades before copulas became more widely used by the mathematical
community. Since the late 1990s, copulas have been rediscovered, becoming
more and more attractive in statistics. Consequently, the amount of literature
in this area has also increased. A good example of this is Nelsens excellent text
An Introduction to Copulas, which was first published in 1999 and has since
been reissued in a revised format. Today, the book is firmly established as the
standard reference in the area of copulas (see [16]).

During a long time statisticians have been interested on the relationship be-
tween a multivariate distribution function and its lower dimensional margins.
M. Frchet, and G. Dall’Aglio did some interesting works about this matter
in the fifties, studying the bivariate and trivariate distribution functions with
given univariate margins. The answer to this problem for the univariate mar-
gins case was given by A. Sklar in 1959 creating a new class of functions which
he called copulas. These new functions are restrictions to [0,1]? of bivari-
ate distribution functions whose margins are uniform in [0, 1]. In short, Sklar
showed that if H is a bivariate distribution function whit margins F(z) and
G(y), then there exists a copula C such that H(z,y) = C(F(x),G(y)). The
recent book by R. B. Nelsen (see [16]) is an important monograph about cop-
ulas.

Definition 3.2.1 (Copula). A d-dimensional copula is a function C : [0, 1] —
[0,1] and having the following properties:
(i) let z € [0,1]¢, thus = = (21,...,24), where x; € [0,1], Vj € {1,...,d},
then C(z) is increasing in each component,
(ii) C(z) =0 if at least one coordinate x; = 0,
(i) C(z) = f z; =1,Y] #k,
(iv) for every i = 1,...,d, and a;,b; € [0,1] with a; < b; and a hypercube

B = [a,b] = [a1,b1] X [az,b2] X -+ X [ag,bg] whose vertices lie in the
domain of C, we have volume V¢ (B) > 0, where Vo (B) is defined as
follows,

2 2
Vo(B)= > .Y (=) C (4, Ta,)

for all x11,...,2z41 € [0,1] and z1,2,...,242 € [0,1] with z;; <
T2, (1 <j<d).

Theorem 3.2.2 (Sklar’s theorem, [18]). Let F' be a d-dimensional distri-
bution function with margins F1,Fy, ..., Fy. Then there exits an d-copula C
such that for all x1,...,04 € RY F(xy,...,2q) = C(Fi(21),...,Fy(zq)). If
Fy, ..., Fy are continuous, then C is unique; otherwise, C is uniquely deter-
mined on Ran(Fy) x - -- X Ran(Fy). Conversely, if C is an d-copula and dimen-
sional distribution function with margins F, ..., Fy. Here, Ran(F) indicates
range of the function F.
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Let Cy4 denote the set of all d-dimensional copulas. Denote by 0;C the partial
derivative of C' € C4 with respect to the i-th variable.

Example 3.2.3.

(1)

The Cy can be equipped with the x-multiplication (see [16]), defined
by;
AxB:[0,1]> — [0,1] for all A, B € Cy

1
(A*B)(z,y):/o O Az, )01 B(t, y)dt.

Notice that (A B)(x,y) is well defined because each partial derivative
is an L'-function with respect to ¢, as well as L>-function. The set of
copulas is a non-commutative semigroup under the operation . For all
(z1,...,2,) € I", where C7 is the so-called Fréchet-Hoeffding Upper
given by C*(z1,...,2,) = min{zy,...,x,}. Direct calculations show
that for any copula C' € Cy we have CT xC = C*CT = C. The copula
C™ represents the unit element in (Ca, *).

Here, we define a generalization of the * product over the copulas. Let
A € Cy, and B € C,. We can define the (m + n — 1)-copula by the
following;

A% B:[0, )™t — [0,1]
(AxB)(x1,-. s Tmtn—-1)
= /Oxm OmA(T1, - Tin—1,6)1 B(t, Tt 15 - - - s Trnn—1)dt.
Observe, if m =n = 2, the x and * products are related by

(A* B)(z,y) = (Ax B)(z,1,y).

By arguments similar to those used in [16], it is readily verified that
Ax B is (m + n — 1)-copula and that the % product distributive over
convex combinations, is associative and continuous in each place.

Now, we introduce a new construction of copulas.

Proposition 3.2.4. Let A and B be two d-copulas in Cy and let C = {C }ier,
be a family in Cyq. The the mapping (Axc B) : [0,1]¢ — P*([0,1]) defined by

(A%,B)(x1,...,2q)

-

1
U C’l((‘iA(rl, ey L1, t,.’l)i_'.l e ,.’I)d), ajB($17 ey .’L']‘_l,t, Tjg1--- ,Td))df

leLitj=d+1""

s an n-ary hyperoperation.

Proof. The proposition can be obtained from definitions and the proof is omit-

ted.

0
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4. Topological hyperdynamical systems

Let (H,7) be a topological space and (H, (\¢),c;) be a hyperalgebra, where
At H™ — P*(H).

Definition 4.1. The hyperoperation \; is called;

(1) pseudo-continuous or for short p-continuous, if every O € 7 the set
Oy, ={(x1,...,2n) € H" : \¢(x1,...,2,) C O} is open in H™,
(2) strongly pseudo-continuous or for short sp-continuous, if for every O €
7 the set Oy, = {(z1,...,2n) € H" : A\e(21,...,2,) = O} is open in
H"™.
We denote by 7" the Cartesian product 7 x - -- x 7, where 7 appears n times.

Definition 4.2. Let (H, (\),c; ) be a hyperalgebra, where \; : H™ — P*(H).
Let (H,T) be a topological space and 7, be a topology on P*(H).

(1) The hyperoperation \; is called 7.-continuous if the mapping A; is
continuous with respect to topologies 7 and 7.

(2) The triple (H, (A¢),cp,,T) is called a pseudo-topological (strongly pseu-
do-topological) hypersystem, if the hyperoperations A; for all ¢ € L,
are pseudo-continuous (strongly pseudo-continuous).

(3) The quadruple (H, (A¢),cp,, 7, 7«) is called T.-topological hypersystem,
if the hyperoperation (\;),, is T.-continuous.

Now, we will show that for a given topology 7 on H, it is possible to find
a topology 7, in such a way that 7,-continuity means just p-continuity or sp-
continuity, respectively.

Proposition 4.3. Let (H,T) be a topological space. Then the family U con-
sisting of all sets S, = {u € P*(H) : u Cv},v € 7, is a base of a topology Ty
on P*(H).

Proof. Let Sy, ,Sv, € U,v1,v3 € 7. Evidently, Sy, NSy, = Spynw, a8 v1Nvg € T.
Thus for every point h € S,, N S, there exists Sy, y, such that Sy ny, C
Sy, N'Sy,. Further, for every h € H there exists a Sy = P*(H) (Here H € 1)
such that h € Sy. O

The topology Ty, on P*(H) in Proposition 4.3 is called an upper topology on
P*(H) induced by the topology T on H.

Theorem 4.4. Let (H,(A\n,),c;) be a hyperalgebra and (H,T) be a topological
space. Then (H,(An,),cp) is a pseudo-topological hypersystem if and only if
the quadruple (H, (An,)scr, T, Tu) is Ty-topological hypersystem.

Proof. For an open set v € 7 we have:
ME(Sy) ={(h1,... hn,) € H™ : Xy (ha,. .., hy,) € Sy}
={(h1,...,hn,) € H™ : \p,(h1,..., hy,) C0} =V,
Therefore A, is continuous if and only if V, is open for any v € 7, i.e., when
An, 1s p-continuous. O
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Proposition 4.5. Let (H,T) be a topological space. Then the family F con-
sisting of all sets
I,={ueP(H):u=v}, ver,
is a subbase of topology 77 on P*(H), where u = v means uNv # ().
Proof. Tt is sufficient to verify that J .. I, = P*(H) which is evident as H € 7

veT v
and Iy = P*(H). O
Definition 4.6. The topology 77 on P*(H) in Proposition 4.5 is called a lower
topology on P*(H) induced by the topology 7 on H.

Theorem 4.7. Let (H, (A, ),c;) be a hyperalgebra and (H,T) be a topological
space. Then (H, (An,);ey, ,) 5 a strongly pseudo-topological hypersystem if and
only if the quadruple (H,(\n,),cp,T,TF) is TF-topological hypersystem.
Proof. For an open set v € 7 we have:
MHL) ={(h1, ... hy,) € H™ : Ny, (ha, ... hy,) € I}

= {(hl, .. .,hnt) e H™ . )‘nt(hlw . .,hnt) ~ ’U} =V*.
Therefore Ay, is continuous if and only if V* is open for any v € 7, i.e., when
An, is sp-continuous. O

In 1922 an Austrian mathematician, L. Vietoris [19] defined on the collection
of all non-empty closed subsets CI(H) of a topological space (H,7) a topology
as follows: for each finite collection Uy, ..., Uy € 7, let (Uy,...,Ux) denote the
set of all s € CI(H) such that S C Ule and SNU; # () for each i =1,2,..., k.
The sets (Ui, ...,Ux) form the base of a topology on CI(H). This approach
can be applied to the collection of all non-empty subsets of (H,7) as follows:
Proposition 4.8. Let (H, T) be a topological space. For anyuy,...,u € T,k €
N, let us denote

k
V(ug,...,up) ={Be€P*(H): BC Uui and B~ u;; fori=1,...,k}.
i=1
The family B of all set V(uq, ..., ux) forms a base of a topological space (P*(H),
Tv).

The topology 7 in Proposition 4.8 is called a Vietoris topology on P*(H).

The vietories topology is one of the possible ways how to define a topology
P*(H) if a topology on H is given.

Proposition 4.9. Vietoris topology Ty is the lowest common refinement of
upper and lower topologies Ty and Tx.

Theorem 4.10. Let (H,T) be a topological space and (H,(An,),cp) be a hy-
peralgebra. The triple (H, (\n,)cp,T) 45 both pseudotopological and strongly
pseudotopological hypersystem if and only if the quadruple (H,(An,),cp, T, Tv)
is Ty - hypersystem.

Proof. The proof is evident. O
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5. Universal hyperdynamical systems

A universal hyperdynamical system ® of type 7 is a triple (X, ®,H), where
H = (H,(An,)icr) is a hyperalgebra of type L, X is a non-empty set and @ is
amap ®: H x X — P*(H) with the following property;

Ifhi,...,hn, € H and x € X, then

O(hy, @(he, ®(...,P(hp,,x),...))) € P(An,)(h1, ... hn, ), ),
where ®(Ay, (h1,... k), 2) ={P®(g,2) : g € A\, (h1,. .., hn,)}
Definition 5.1. Let (H, (A\n,),c;) and (H’, (An,);c;) be two hyperalgebras of
type L. Two universal hyperdynamical systems (X, ®,H) and (X', ®',’H') of
type L, are called conjugate universal hyperdynamical systems if there exist

one to one and onto maps 7' : X — X’ and ¢ : H — H' such that the following
tow axioms hold;

(1) o(An, (R, .. hn,)) = Nu(p(h1), ..., 0(hy,)) for all hy,... hy, € H,
(2) T(®(h,z)) = @' (p(h),T(x)) for all h € H and = € X.

Theorem 5.2. Let (T, ) be a conjugate relation between (X, ®, H) and (X
D' H') and (T',¢") be conjugate relation between (X', ', H') and (X", ",
H'"), where all universal hyperdynamical systems are of type L. Then

(1) the relation (T, 0™1) is a conjugate relation between (X', ®',’H') and
(X,®,H),

(2) the relation (T oT’,¢' 0 p) is a conjugate relation between (X, P, H) and
(X// (b// H//)'

Proof. (1) If hY,...,h!, € H', then

e N, (B ---,hi“)) e NV (p(h), - (hn,)))
1(()0)‘nt(h17 sy hnt))
= )\nt(hl, ceyhny)
= Ao (@ p(h1)s -0 (), )
= )\nt ((p_l(hll)’ trt (p_l(h’ﬂt)/)’
where hy,...,h,, € H. For all i’ € H and 2’ € X', we have
T(®(p~ (W), T (a")) = ' (p(p~ (1), T(T " (a'))))
=o' (W, 2"),
so (= 1(R), T~ Y(2")) = T~H(®' (W, 2")).
(2) For all h € H and =z € X, we have
(¢ (p(h)), T'(T(2"))) = T'(®'(p(h), T (x)))
=T'(T(2'(h,x)))
= (T' o T)(®'(h,x)). 0
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For any point x € X, the hyperorbit of x is the set O (x) = {®(h,z) : h €
H}.

Proposition 5.3. The set O (z) is a universal hyperalgebra of type L, where
An, 1S a hyperoperation on H for each t € L.

Theorem 5.4. If (X, ®,H) and (X', ®',H') are conjugate under (T, ), then
T(0" (z)) = O"'(T(x)).
Proof. If y € T(OH (x)), then there exists h € H such that
y € T(&(h,z)) = ¥ (p(h), T(x)) € O™ (T(x)).
Since conjugate relation is an equivalence relation, so the first part of the proof

shows that T-1(OH'(T(x))) € OH (). Thus OF' (T'(z)) C T(OH (x)). O

The subset A C X is called invariant, if ®(H, A) = A. For any point z € X,
the hyperstabilizer of z, is defined as S, = {h € H : ¢(h,z) =z}. If S, # 0,
then S, is an universal hyperdynamical system (X, ¢, H) of type L.

6. Immersed universal hyperalgebra
Throughout this paragraph, we work in the C'*° category.

Definition 6.1. An n-ary hypergroupoid (H, \,,) is called an immersed uni-
versal algebra if H is a smooth real manifold and for all 27 € H, f(z]) is an
immersed submanifold of H.

Example 6.2. A p-plane (with p < n) in R™ is a p-dimensional vector subspace
of R™ and so it is determined by an ordered set of p independent vectors of R™.
We can define a C'*° structure on the set G(p, R™) of all p-planes in R", which
is called a Grassmann manifold. If my,...,m, € G(p,R™), then we define an
n-ary hyperoperation as follows:

(1, .o, m) = {7 € G(p,R™) | 7 is a p-plane of w1 + -+ + 7, }.

G(p,R™) with this n-ary hyperoperation and the C*° structure of Grassmann
manifold is an immersed universal hyperalgebra.

Proposition 6.3. Let (Hy,\,) and (Ha, Ay) be immersed universal hyperal-
gebras. Then (Hy x Ha, A X Ap,) s an immersed universal algebra.

Proof. We know that H = H; x Hs is a smooth manifold. Only, we show that
for given x = (x1,...,2,) € H', y = (y1,...,yn) € HY, the set A\ (x1,...,2p)

XAm (Y1, -+, Ym) is an immersed submanifold of H. Since iy : Ay (21, ..., Zp) —
Hy and is : Ay (Y1, - -, yn) — Ho are immersions, the map i : A\, (z1,...,2,) X
Am(Y1s -« Ym) — Hi X Hy defined by i(cq, ca) = (i1(c1),i2(c2)) is an immersion

as well. Because, it is a one to one map and di(c; X c2) = di1(c1) X diz(ca),
which is a one to one map. O



UNIVERSAL HYPERDYNAMICAL SYSTEMS 525

Proposition 6.4. If (H, \,,) is an immersed universal hyperalgebra, then any
open subset U of H with the n-ary hyperoperation \Y on U™ defined by A\Y (uy,
y Un) = An(U1, ..., up) NU is an immersed universal hyperalgebra.

Proof. U with the atlas Ay = {smooth charts (v,0) of H : V C U} is a

manifold. Moreover, it is a universal hyperalgebra. If uy,...,u, € U, then i :
An (U, ..., uy) — H is an immersion. Hence iy : Ay (u1, ..., u,)NU — U is also
an immersion. Therefore (U, A7) is an immersed universal hyperalgebra. O

Proposition 6.5. If (H, \,,) is an immersed universal algebra and ¢ : H — RF
is a smooth one to one immersion, then W(H) with the n-ary hyperoperation

is an immersed universal hyperalgebra, where the smooth structure of W(H) is
the smooth structure induced by

Proof. Tt is straightforward. O
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