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Abstract. The main objective of this study is to present a new approach to obtain
moment inequalities for the new better than renewal used (NBRU) class of life
distributions. In order to achieve our main objective, the moment inequalities for
NBRU class of life distribution using the new approach has been derived and then a
new test for testing exponentiality against NBRU class based on these inequalities
has been constructed. Then we calculate the Pitman asymptotic efficiency for the
proposed test using some alternative distributions and comparing it with the other
tests. Moreover, we make a comparison between Pittman asymptotic efficiencies
(PAE's) and PAE's of some other tests. A simulation study is conducted to calculate
the upper critical values and the power estimate of the proposed test for some
common alternatives. Finally, we apply the suggested test to some real data.
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1. INTRODUCTION

The mathematical theory of reliability has developed in two main branches. The first
branch is mostly concentrated on the mathematical aspects of practical problems that face
reliability and design engineers and reliability analysis specialists. The second branch
concentrates on the mathematical and statistical aspects of reliability such as life testing
and estimation. Note that the exponential distribution forms the back bone of statistical
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reliability theory and maintenance modeling, see for example Barlow and Proschan (1981)
and Zachks (1992).

For over three decades, studies have led to declaring several families of life
distributions to characterize aging. Many classes of life distributions have been introduced
in reliability, see for example Barlow et. al. (1963), Bryson and Siddiqui (1969),Barlow
and Proschan (1981), Abouammoh and Ahmad (1992), Abouammoh et. al. (1994, 2000),
Elbatal (2007) and Kayid (2007).

Testing exponentiality against various classes of life distributions has got a good deal
of attention. For testing against IFR class, see Proschan and Pyke (1967), Barlow (1968)
and Ahmad (1975, 1976) among others. For testing IFRA, see Deshpandeet.al. (1986),
inmk (1989), Aly (1989) and Ahmad (1994). For testing against NBU, see Hollander and
Proschan (1972), Koul (1977), Kumazawa (1983) and Ahmad (1994).

For testing against NBUE, NBUFR, NBAFR, NBURFR, NBRU, DVRL and NBUL
classes, we refer to Klefsjo (1981, 1982), Deshpande et. al. (1986), Abouammo hand
Ahmad (1988), Loh (1984), Hendiet. al. (2000), Mahmoud and AbdulAlim (2003,2008)
and Abuammaoh et. al. (1994), Al-Zahrani and Stoyanov (2008), Mahmoud and Diab
(2008), and Diab et. al. (2009) respectively. Finally, for testing against RNBU and
HNRBUE, see Mahmoud et. al. (2005) and Mahmoud and Diab (2007).

The rest of the article is structured as follows. In section 2, the moment inequalities
based on the new approach have been derived. Section 3 is devoted to construct the test
statistic for testing exponentiality against NBRU class of life distributions based on the
moment inequality presented in section 2. The asymptotic properties of the mentioned test
has been stated and proved. The Pitman asymptotic efficiencies of the proposed test is
calculated in Section 4 for three common alternative distributions (linear failure rate,
Weibull and Make ham distributions). Section 5 presents calculations, based on simulation
data, of the power estimates of the proposed test for the same common alternatives
mentioned in section 4. To study the effectiveness of the proposed test, three real examples
have been presented in section 6 and then apply our suggested approach to these real data.

2. MOMENTS INEQUALITIES FOR NBRU CLASS
Definition 2.1. We say the distribution F € NBRU if

Wkx+t) < FRW(@®), t >0,x >0
where

W(z) = &J:o F(u)du, and p= J:Olj"(u)du

We need the following lemma:

Lemma 2.1. Suppose that ' is NBRU life distribution and its (r+3)rd moment is finite for
some integer r > 0, then
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W(r+3) < r r Hi+1) M (r-i+2)

(r+2)(+3) — “I=0M Gy (r—it+1)(r-i+2)
Proof.
We have
Wkx+t) < FOW(), t >0,x>0
Then
fo fo E+)"WE+t)dxdt < fo fo (x+ )" F(x)W(t) dx dt
Consider
= [ [+ 0" W(x+1t) dxdt
and

I = fooo fooo(X + )" F(x)W(t) dx dt
Let (x + £) = y in the integral (2.3), then I; can be in the form

= [7 [Ty Wydydt= [t W) [ dydt
©o Y 1 po0 0 =

= Jp T W(Ddt= 27t [T F(u)du dt
1 f00 = co 1 Ootr+2_

= ;fo F(t) [, u™*'dudt = ;fo — F(dt

[

Juny

+2
1 Wr+3)
p (r+2)(r+3)
Now

I = fooo fooo(X + )T F)W(t) dx dt

= Xi=oCf fooo fooo xItTIF(OW(Y) dx dt

= Y Cl [, K Fdx][ [, t'W(t)dt]
1o CF M) [2 1 =1 [ Fwdu d]

=0~ | j4q

HGi+1) 1 o= tor—i
= Yo Cf%;fo F(t) [yu" dudt
— r r H(i+1) lf
1=0™1 449 pJ0 r—i+1
_ r r Mi+1) Hr—i+2

T AI=0M 41 (r—it 1) (r=i+2)
Making use (2.5), (2.6) and (2.2), we get (2.1).

oo tr—it1

F(t)dt

3. TESTING HYPOTHESIS AGAINST NBRU

141

(2.5)

(2.6)
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In this section, we present the procedures of testing hypothesis for exponentiality
against NBRU class of life distribution based on the moment inequality (2.1), i.e. the
following hypotheses will be tested:

H, =F is exponential

and

H, =F belongs to NBRU class and not exponential
Let X, X5, ..., X, be a random sample from a population with distribution F. Using
Lemma 2.1, we use §,-as a measure of departure from exponentiality where

5. = YT r HG+1) Hr—i+2) ___Ha+3) 3.1
r =01 (41 (r—i+ D) (r=i+2)  (r+2)(r+3) )
It is easy to show that §,= 0 under H, and §,>0 under H,. Now consider 6,
1

_ HG+1)HE-i) M
. 0(i+1)(2—i)(3—i) 12
1=

8

This implies that

2
I T T i C))
8 = 6 1 12

The empirical form of §; is given by

5 1 Z“:Z“: XXg, XiXe X
"~ n2, 6 4 12
j=1 k=1
By taking
X, X3 X2x2  x¢
(D(XLXZ) = =2 =2 =2
6 4 12

and defining the symmetric kernel

1
P(X1,X3) = EZ @(ijsz)
R

where the summation is over all arguments of X;; and Xj,, then 8 is equivalent to U-
statistic, such that

1
Up= =) 00, %0
"R

To make the test statistic invariant, let

& ~_ 0
A= F which is estimated by A = =3

~

The following theorem is summarizing the asymptotic properties of J;.

Theorem 3.1. As n —o0
Vn(A - Ay) ~N(0,02)
where g?=Var(n(X)) and
2
Xum) | Xu | X2 | X' n

6 12 12
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Proof.
Consider
N1 (X1) = 0(Xy, X31X1)
And
N2 (X2) = 0(X4, X5 1X3)
Therefore
2
(X,) = X | K _ Xi
Mlaifa 6 4 12
And
X3 X2 X4
N5 (X,) = UA; " 2HR) A1

6 4 12
Suppose that n(X) = n;(X) + T]Z(X) this implies that
Xio , ¥, X M
2 /6\ 12 12
It is easy to show that X* —» y* asn — oo and E(Al) = A,. Using Serfling (1980) results,
we conclude that: Asn — oo,

Vn(A —Ay) ~N(0,02)

n(X) = u(3)

where 02 = Var(n(X))
It is easy to show that under H:

EmX)] =0
and
o? = Em*(X)]
X3 x4 2
=E|l—— =+ X*+ X-2
[ 12
5 1 5 4
=FE|[—X8—- —X7"— —X® 4+ —X°+ —X*+ —X3 - 3X%2 - 4X+4
[144 360 Teh T3% T3 +
This implies that
2 1 8! 1 7! > 6! + 5'+ 54'+ —31— 32N — 444 =102
90 = Ta4 36 36 3 3 =

and this completes the proof.

4. THE PITMAN ASYMPTOTIC EFFICIENCY(PAE)

In this section, we compute the PAE of our test §;, where

45,00
PAE(5,(6)) = g O, (4.1)

Oo
and
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2
Holiye . He)e  Hae
§5,(0) = + -
1(0) 6 4 12
This implies that
ok ’ ek K
5, = 8 (3)e+ Heu(3)9+ (26F)e  F4a)e

6 6 2 12
Here, we use three alternatives, Weibull, linear failure rate and Makeham families,

F; (x), F,(x) and F;(x), therefore

() F;(x) = exp(—x%) ,x>0,0 > 1
(i) F,(x) = exp (—x —gxz) ,x>0,0 >
(iii) F3(x) = exp[-x + 8(x +e™* —=1)] ,x>0,0 =0

Note that Hy is attained at 8= 1 in (i) and 6= 0 in (ii) and (iii).
4.1. PAE (81) for Weibull Family

Using Maple Package, we get the following:
n= 1, Uiy = 2, Uiz = 6 , /.l = —0.4227
/.1(2) = —3.691, ,ll(3) = —22.61, ‘[,'1(4) = —144.58
where
as0 -1 p=pg
as @ > 1 uw) = Uy
as® > 1 pa) = U)o
as 0 = 1 fip) = fzyp = 2 fom x?Inxe ™ dx
as® > 1 fiz) = fizyp =3 fom x3Inxe *dx
as 0 > 1 figy) = flayp = 4 fom x*Inxe ™ dx

Now, by using Equation (4.1), we calculate PAE of £1, then we get that
PAE(6;) = 0.4125

4.2. PAE (6,) for Makeham Family

In this case, we have
L=1 pz =2 uz =6 ,fp=-05
[1(2) = —2.5, [1(3) = —12.75, [2(4) =-73.5
Therefore, by applying Equation (4.1), we get
E(6) =1

4.3. PAE (6,) for Linear Failure Family

In this case, we have
H=1 uz =2 us =6 S p=-1
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li(z) = —6, ﬂ(3) = —36, 11(4) = —240

Therefore, by applying Equation (4.1), we get
PAE(8,) = 0.693

Table 4.1 gives the efficiencies of our proposed test §; comparing with the tests given by
Kango (1993) (U,), Mugdadi and Ahmad (2005) (83), Abdel-Aziz (2007) (Agy) and

Mahmoud and Abdul Alim (2008) (51", 8:)).

It is clear from Table 4.1 that our test is more efficient than all other tests for all
alternatives.

Table 4.1. The PAE’s of 6, Up, 83,Apy, 85,6

Alternatives | Tests — 51 U, d3 ARN rj‘g,l n) d(i)
Linear failure rate 0.693 | 0.433 | 0.408 | 0.535 | 0.433 | 0.217
Weibull 0.412 | 0.132 | 0.170 | 0.223 | 0.405 | 0.05
Makeham 1 0.144 | 0.039 | 0.184 | 0.289 | 0.144

5. THE POWER OF THE PROPOSED TEST

The power of the proposed test at a significant level aw.r.t. the linear failure rate,
Weibull and Makeham alternatives are calculated based on simulation data. In such
simulation, 10,000 samples are generated with sizes 10, 20 and 30 from the alternatives
for different values of 6 at a = 0.05. Algorithms for computing the percentiles and
thepower of the test are explained as follows:

Algorithm for computing the percentiles

. Determine the required sample size and the simulated number of samples.

. Generate an exponential random sample.

. Use §;to compute the values of our test statistic.

. Save the values of &,

. Repeat steps (2) to (4) for the determined number of simulated samples and sort the
values of the test statistic.

. For the specified simulated number of samples, compute the upper percentiles of the
computed values of &,

7. Repeat steps (1) to (6) for all different simulated number of sample and sample sizes.

DN A~ W N -

(o)
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Table 5.1. Power of the proposed test
Weibull ‘ Makeham ‘

‘ n H % H Linear failure rate

10 || 1 0.9958 0.9486 0.9830
10 || 2 0.9976 1.0000 0.9924
10 || 3 0.9990 1.0000 0.9950
10 || 1 0.9984 0.9416 0.9890
20 || 2 1.0000 1.0000 0.9968
20 || 3 0.9998 1.0000 0.9974
30 )1 0.9990 0.9416 0.9904
30 || 2 1.0000 1.0000 0.9982
30 3 1.0000 1.0000 0.9986

Table 5.2. Critical values of the proposed test

‘:u ” 0% | 5% ‘ 08% | 99% H 1 H 0% ‘ 95 % ‘ 8% | Q0% ‘

Bl 07500 | DE0TT | D8R39 | 057 || 28 || 0.6273 | (L6562 | 0LG8IG | (L7008

i UL7ALd | Uasias | sy [

AT 29 | L6238 | DLGSAG | DLGRGT | DLT101

T DLT37T | 0.7DaG | 1 J216 | 00| 06232 | L6520 | DL6823 | (L7014

S0AD |

) 07218 | 07785 | 08444 [ D.BRE3 31 0LG213 | 06472 | L6763 | 06952

9 DLTI79 | L7633 | 08242 [ DRG4s [ 32 || 06198 | G460 | LGTR5 | LGDTT

1] 0.7019 | 0.7474 | 0.8015 VESOS [ 33 || 06153 | G390 | L6725 | LG9S

11 D.GO04 | 07273 | 07782 [0

SISG || 34 || OLGTL2 | DGATD | DLGGRG | LG9S

12| DLGRAT | 07241 | 0.7730 |1

SOTE || A5 || 06123 | DL638S | 06676 | (LGRS

L LG9 | D.71e0 | 07606 D791 A6 0L6124 | G384 | 0LGGS5 | DLGRGE

1 06725 | 07112 | D.7560 | 1

TO55 | 3T || LGOT9 | L6336 | D626 0LGR20

1o | 0.GT0L | 07078 | D.7330 | 07876 || 38 || L6055 | LG356 | 06602 | 06774

LG LG | U700y | oy o

SORE A0 LB0a T | DuGanG | DLGats | DLGTGd

LT || 0.6090 | 0.6951 | 0.7339 | 0.7620 ) L6045 | DLG305 | L6362 | LGT2T

18 [ 0.6335 [ 0.6843 | 0.7230 | [

a1l 11 DLGUST | DLGA0S | DLG395 [ DLG7 4R

19 [ D.6521 | 06842 | 07216 | 1

T4ADG 12 L6006 | G262 | 0.63353 | DLGTOS

200 || 06466 | DGTRS | DTG | I

Tals 5| 025997 | 062500 | L6527 | L6701

21 O.G441 | 06780 | 07146 | 0.7355 LU 005959 | 06231 | 06519 | D.6699

22| 06427 [ DGTST | 07090 | 0.7323 B || L3852 | DLG198 | L6466 | DLGG3S

23 [ 06368 | DGGRT | DLTO38 | 0.7270 G || 058960 | 062100 | 0LGATT | (L6641

24 (| 0LG346 | DLGG3Y | 0.6959 | 07160 17| LoUas | DGTss | LG4 | DLGBSS

25| 06321 [ DGG1D | D.6DTS | 07182 IS 0La80s | 06166 | DL6434 ) DuGabl

26| D.G3LT | DGG2S | 06940 | 07147 19 ]| 05925 | G188 | 0L6433 | 0.630D9

27 06295 [ DGAGR | DLGRES | D.T1LS || 500 || L3808 | G163 | (L6394 | 0LG60




M. A. W. Mahmoud, M. S. Albassam and E. H. Abdulfattah 147

Algorithm for computing the power

1. Determine the values percentiles that we shall compared with sample sizes and the
umber of simulated samples.

. Put the first value of 6.

. Generate LFR, Makehaman Weibull random samples and save them.

. Use §;to compute the values of our test statistic for all generated samples one by one.

. Compare the values of &, for the specified sample with the corresponding percentile
which leads the sample to reject or not.

. Repeat steps (3) to (5) for the determined number of simulated samples.

. For specified simulated number of samples and the parameterf, compute and save the
power in this case.

8. Repeat steps (2)-(5) for all different values of 8 and sample sizes.

N kW

N

From Table 5.1, it is noticed that the power of the proposed test is high and increases
by increasing the value of the parameter 6 and the sample sizes.

Table 5.2 shows the critical values of the proposed test in different sample sizes and
it can be noted that the critical values decrease when the sample sizes increase.

6. SOME APPLICATIONS

One of the main objectives of this research is to study the effectiveness of the
proposed test. In this section, the proposed test is employed, with three sets of data, to
identify the distribution where the data is drawn from via comparison between the
tabulated value and calculated value.

Example 6.1. The following data representing failure times in hours for a specific type of
electrical insulation in an experiment in which insulation was subjected to a continuously
increasing voltage stress (see Lawless 1982, p.138):

0.205 | 0363 | 0407 | 0.770 | 0.720 | 0.782

LTS8 | 1.255 | 1.592 | 1.635 | 2.310 -

In the above case, we found 81= 0.499, which is less than the tabulated value,
consequently the given set of data is drawn from the exponential distribution.

Example 6.2. Consider the well-known Darwin data that represent the differences in
heights between cross and self-fertilized plants of the same pair grown together in one pot.
The data is as follows ( see Fisher 1966) :

LOL-6.7 (08 [ 160623 28 |41

LA 29 1506247560 -48] -

In the above data, §; = 2.26, which exceeds the tabulated value, consequently the given
set of data is drawn from NBRU class and not exponential.
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Example 6.3. The following data set consists of 16 intervals in operating days between
successive failures of air conditioning equipment in a Boeing 720 aircraft (see Edgeman et.
al. 1988) :

L25 | 8.708 | 0.583 | 2.5375 | 2.25 | 1.333 | 2.792 | 2.458

D.O83 | 6333 | 1125 | 0583 | 9583 | 275 | 2.542 | 1417

One can show that §;= 0.549, which is less than the tabulated value, and then the given set
of data is drawn from exponential distribution.

7. SUMMARY AND CONCLUSIONS

The main objective of this research is to derive moment inequalities for NBRU class
of life distribution using a new approach. Based on these inequalities, new testing
hypothesis for exponentiality against the NBRU class are introduced. The Pitman
asymptotic efficiency of this test is calculated for some alternative distributions and
compared with other tests for exponentiality. The critical values and the power of the
proposed test are calculated. Finally, the proposed test is applied to some real data.
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