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Abstract. This paper deals with the reliability and availability characteristics of three
different series system configurations with warm standby components and a
repairable service station. The failure time of the primary and warm standby are
assumed to be exponentially distributed with parameters A and & respectively. The
repair time distribution of each server is also exponentially distributed with parameter
M . The breakdown time and the repair time of the service station are also assumed

exponentially distributed with parametersy and g respectively. We derive the
reliability dependent on time, availability dependent on time, the mean time to
failure, MTTF,, and the steady-state availability 4, () for three configurations and
perform comparisons. Comparisons are made for specific values of distribution
parameters and of the cost of the components. The three configurations are ranked
based on: y77F , 4, () and C, /B, where B_ is either MTTEF, O 4, (w)-

Key Words: reliability dependent on time, availability dependent on time, mean
time to failure, steady-state availability, warm standby, cost/benefit, repairable
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1. INTRODUCTION

Redundancy, repair maintenance, and preventive maintenance are some of the well-
known methods by which the reliability of a system can be improved. Two-unit standby
redundant systems have been extensively studied by several authors in the past. Achieving
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high reliability and /or availability is often an essential requisite. In this paper, we consider
the manufacturing system or the electric power systems (power plant) to be a serial system
with standby components and repairable service station. A standby component called a
"warm standby" when the failure rate is not equal zero and is less than the failure rate of a
primary component. Primary and warm standby components can be considered to be
repairable.

We study three different series system configurations with warm standby components
and a repairable service station. These three configurations are compared based on their

mean time-to- failure, MTTF , their steady-state availability, A (oo), and their

cost/benefit ratio C / B . Cost is considered to be a size-proportional cost for the
components. Benefit is divided into two categories according to whether the measure used
is the system reliability given by MTTF or the system availability given by 4 (oo) .

Therefore, Wang and Sivazlian (1997) compared the two different configurations
with parallel components based on their overall availability and life cycle costs under
uncertainty in systems lifetime. The time-to-repair and the time-to-failure for each of the
primary and parallel components are assumed to have the negative exponential
distribution. Wang and Pearn (2003) studied the cost benefit analysis of series systems
with warm standby components. They suggested the time-to-repair and the time-to-failure
for each of the primary and warm standby components is assumed to have the negative
exponential distribution. El-Said and El-Sherbeny (2006) studied two systems, each
system with two parallel components. The second system differs from the first system due
to the additional feature of preventive maintenance. The two systems are analyzed under
the assumption that the failure, replacement and preventive maintenance times of the units
are assumed to be arbitrarily distributed. Wang et.al (2006) considered four different
system configurations with warm standby components and standby switching failures are
compared based on their reliability and availability, when the time-to-repair and the time-
to-failure for each of the primary and warm standby components are assumed to follow
the negative exponential distribution. Chandrasekhar et al. (2004) studied the two unit
standby system and obtain exact confidence limits for the steady-state availability of the
system, when the failure rate of an operative unit is constant and the repair time of the
failed unit is a two stage Erlang distribution. Dhillon and Raypati (1985) considered the
stochastic analysis of two-unit outdoor electric power systems in changing weather. Wang
et.al (2006) studies the cost benefit analysis of series systems with cold standby
components and a repairable service station, when the service times and the failure times
of the primary components are assumed exponentially distributed. The breakdown times
and the repair times of the service station are also assumed exponentially distributed.

The purpose of this paper is accomplishes three objectives. The first one is to use
Laplace transform techniques to derive the explicit expressions for the mean time-to-

failure, MTTF; , and the steady-state availability, A, (oo) for configuration i (i :1,2,3) .
The second one is to compare these three configurations in terms of their MTTF, and

their 4, (oo) . The last one is to compare the three configurations with their cost/benefit
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(C ; / B, ) based on assumed numerical values given to the distribution parameters, as well

as to the costs for the components.

2. DESCRIPTION OF THE SYSTEM

The present paper is devoted to consider the requirements of a 10 MW power plant.
We assume that generators are available in units of both 10 and 5 MW. We also assume
that standby generators are allowed to fail while inactive before they are put into full
operation, and that the standby generators are continuously monitored by a fault detecting
device in order to identify if they fail or not. Let us assume that all switchover times are
instantaneous and switching is perfect. Primary components and warm standby
components can be considered to be repairable. Each of the primary components fails
independently of the state of the others and has an exponential failure distribution with
parameter A . Whenever one of these primary components fails, it is immediately replaced
by a standby component if one is available. We assume that each of the available standby
components fails independently of the state of all the others and has an exponential failure

distribution with parameter & where e(O,ﬂ,). Whenever a primary component or a

standby component fails, it is immediately sent to a service station where it is served in
order of breakdowns, with identical service rate &z . Once a component is served, it is as

good as new. There is a single service station which may be breakdown only when the
service station is serving a component. Once the service station breaks down, the service
station enters a breakdown state and a failed component must wait until the service station
is repaired. The service station has an exponential failure distribution with ratey .

Whenever a service station breaks down, it is immediately repaired at a repair rate 3.

Repair time distribution of the service station is assumed to be exponentially distributed.
Service is allowed to be interrupted if the station breaks down, and the station is
immediately repaired. As soon as the repair of a service station is completed, the service
station enters a working state and continues to serve a failed component immediately.
After the service station is repaired, it is as good as new. Further, failure times and repair
times are independently distributed random variables.

The following configurations are considered. The first configuration is a serial system
of one primary 10MW component with two interchangeable warm standby 10 MW
components. The second configuration is a serial system of two primary SMW
components and one warm standby SMW component. The last configuration is a serial
system of two primary SMW components with two interchangeable warm standby SMW
components. Each standby unit can replace either one of the failed components. If
necessary, a standby unit can also replace the first used standby unit in case of failure.

Cost-Benefit Ratio
The size-proportional costs for the primary and warm standby components are given

in Table 2.1 Thus we calculate the costs for each configuration i (i =1, 2,3) as shown in
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Table 2.2 Let C, denote the cost of the configuration i , and B, be the benefit of the
configuration i , where B, may either be the MTTF, (Mean time to system failure), or

the A4, (oo) (Steady-state availability), where i =1,2,3.

Table 2.1. The size-proportional cost for the primary and warm standby components

Component Cost (in$)
Primary 10 MW 10x10°
Primary 5 MW 5x10°
Warm standby 10 MW 6x10°
Warm standby 5 MW 3x10°

Table 2.2. The costs for each configurationi Vi =1,2,3.

configuration Cost (in $)

Configuration 1 22x10°
Configuration 2 13x10°
Configuration 3 16x10°
we defined
h=A+2a,  hy=Atpty, h=A+f. b =Ata,
hs=pB+y, hg=a+f, h=2a+f,  hy=24+a,

hy=2A+u+y, hy,=241+p8, h, =2A+2c.

3. PROBLEM SOLUTIONS
3.1. Calculations for configuration 1

3.1.1. Reliability

For configuration 1, let p, () be the probability that exactly n components are
working at time t in the system when the service station is up and Q, (¢) be the probability
that exactly n components are working at time t in the system when the service station is
broken down,where (t ZO) .The system reliability R, (¢)is the probability of failure-free

operation of the system in (O,t] . To derive an expression for the reliability of the system,
we restrict the transitions of the Markov process to the up states. The initial conditions for
configuration 1 are given by p,(0)=1, ¢,(0)=0 and p, (0)=¢, (0)=0 Vk =1,2.
Thus the differential-difference equations are obtained:

pyO)==[h +7]p;O)+up,(O)+Ba;(t), (3.1)
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o) =~[h,+a]p, @)+ up, @)+ h p, @)+ B, (), (32)
pi(t)==hy p()+h, p, )+ Bq,(1), (3.3)
q;@)==[h+ Blas @) +rp,@), (34
4, (O)=~[hy+a]q, @) +y p, ) +hq;(), (3.5)
q,(t)==hyq,()+y p,t)+h,q,(). (3.6)

Let L, (s),L, (s)be the Laplace transform of p,(¢), g, (t) Vi =1,2,3. Taking

Laplace transform on both the sides of the differential equations given above, solving for
L,(s)L,(s) Vi=1,2,3 and inverting, we get p,(f)and g, (¢). Then the system

reliability is given by.
3
R(®)=2.p, (t)+zq )-
i=1 =

5
H
Rl(t)zz (s, exp(s, t)- (3.7)
- H(St _S.l)
j=0
i#j
where, §,,5,,5,,5;,5, and s are the roots of the following equation:
(s +h +y - 0 -p 0 0 |
—h, s+h,+a -y 0 -p
0 —h, s+h, 0 0 b | 0
—y 0 0 s+h+p 0 o |
-y 0 —h, s+h,+a 0
0 0 4 0 —h, s +hy |
and, H (s;) (see in the appendix ).
The mean time to failure (M T Fl) is given by
MTTF, jR (t)dt_hm{ZP(sHZQ (s)}
For configuration 1, we get the following explicit expression for the M 7T Fl :
H (s, =0
MTTF, = (5,=0) (3.8)

1 h1h4/1((h1 +h)(hy+7)(hy+a+y)+2y(h, +a+7/),u+7/,uz)'
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3.1.2. System availability
The system availability is the probability that the system operates within the
tolerances at a given instant of time and is obtained as follows:

@) ==[h +7] ps@)+ P, )+ Bq,(), (3.9)
PO ==[h,+a]p,@)+h py )+ up, @)+ Bq,(), (3.10)
) ==hy p, () +h, p,(0)+ 1py )+ Bq,(2), (3.11)
po®)==[u+7]p, ) +Ap, )+ Bq,(), (3.12)
q;)=~[h+Bla;@)+y p; @), (3.13)
0,(t)=~[h+a]q,@)+y p, @) +h q;@), (3.14)
0,t)=~h,q,(t)+7 p, @)+ h,q,(t), (3.15)
40(®)=~Pq, @) +y Do)+ 2q,(t). (3.16)
We solve equations (3.9-3.16) usingi D, (t)+z3:ql. (t)=1. Taking Laplace

transform on both the sides of the differential equations given above, solving for
L, (s),L, (s), i=0,1,2,3 and inverting, we get p,(¢),q,(¢);i =0,1,2,3. Then the

system availability is given by.

5
A, ()= 5{1 +Z - H.Gs,) exp(s, 7). (3.17)
[To P TTn 6-s)
=0 /=0
i#j

where,

5
[T, = A (b (B + k) (R + 7)) (hy+a+y) At b by (hy+a+y) (hs f+2a B+ A(2hg +
i=0

37+/’t)),u+h1(h7aﬁ+h5(h7ﬁ+3h3/1)+/1(2a2+/12+3a(2,8+7/+/1)))y2+h3(h3+
a)(h, +,B),u3)},where H, and H (s;) are shown in appendix.

For configuration 1, the explicit expression for the 4,(0)is given by
Hl

5

ITs

i=0

Al(oo):

(3.18)

3.2. Calculations for configuration 2

3.2.1. Reliability
For configuration 2 are given by p;(0)=1, p,(0)=0and ¢,(0)=0 Vk =2,3.

The system of differential-difference equations associated with configuration 2 is:
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@) =—=[hg+y]ps@)+ up, @)+ Bq, @), (3.19)
P> (@) =~hy p, () +hy py(t)+ B, (), (3.20)
q5(t)=~[hy+Blas )+ ps(t), (3.21)
4,()==hyoq, O+ Py () +heqs (). (3.22)

Taking Laplace transform on both the sides of the differential equations given
above, solving for L, (s),L, (s) Vi =2,3 and inverting, we get p, (¢),q, () Vi =2,3.
Then the system reliability is given by.

Rz(z)=23“3ELexp(sit). (3.23)
= H(Si _Sj)

where, §,,5,,5, and 5, are the roots of the following equation:

s+hy+y - -p 0
—hg s +h, 0 -p 0
—y 0 s+h+p 0 ’
0 -y —hy s+h,

and, E(s,) (see in the appendix).
The mean time to failure (M T F2) is given by
@ 3 3
MTTF, :!Rz(t)dz :m{gg (s)+;Qi (s)} .
For configuration 2, we get the following explicit expression for the MTT F2 :

MTTF, = E(s,=0)
2 2h8/1((h5 +h8)(h10+7)+7ﬂ)

(3.24)

3.2.2. System availability
For the availability case of configuration 2, the differential equations can be
expressed as:

ps@) =~[hs+y]ps@)+ up, )+ Bq,(@), (3.25)
p'z(t) =—hy p,(t)+hy ps()+up, )+ Bq, ), (3.26)
p@)=~[u+7]p,O+22p,t)+Bq @), (3.27)
q45(0) ==[hy+ Bla; )+ p; ), (3.28)

q,()=—hyyq,(O)+7 p,(t)+hsq,(t), (3.29)



96 The optimal system for series systems with warm standby components

0,()==Bq,O)+y p,()+22q,(). (3.30)
Taking Laplace transform on both the sides of the differential equations given
above, solving for L, (s),L, (s) Vi=L23 and inverting, we get

p;(),q,(t) Vi=1,2,3. Then the system availability is given by.

5
A,(t)= SEI +D = E,Gs,) exp(s, ). (3.31)
[Ts. “IIs 6. -s)
i=0 j=0
1#]

where,

5
[T =hs (2 (s 4 ) A+ 2 2)+ b (s + @) B+2(2hs + ) A+ 447 ) g g (B + B) a2,
i=0

E and E (s,) (see in the appendix ).
For configuration 2, the explicit expression for the 4,(0) is given by

E
Ay(0)= ——. (3.32)

I |Si
i=0

3.3. Calculations for configuration 3

3.3.1. Reliability

For configuration 3 are given by p,(0)=1, ¢,(0)=0 and ¢, (0)=p, (0)=0

Vk =2,3. The system of differential-difference equations associated with configuration
3is:

pa@) ==, +7]p, )+ up, @)+ Bq, (), (3.33)
ps@)==[hy+a]p,@)+hy p,(O)+pp, )+ Pqs), (3.34)
P>(O)=~hy p, @)+ hy i)+ B, (@), (3.35)
q,@)==[h, +Bla, @)+ 7 p,@), (3.36)
45@) ==[hg+ Blas )+ 7 p3 ) + by q,(0), (3.37)
4>(t)=~hq, )+ y P, )+ hyqs(t). (3.38)

Taking Laplace transform on both the sides of the differential equations given
above, solving for L, (s),L, (s), ©=2,3,4 and inverting, we get

p;(t),q,(t)i =2,3,4. Then the system reliability is given by.
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&(t)zi&@(p(sit).
i:OH(Si _Sj)

i#j

where, 5,,5,,5,,55,5,and s are the roots of the following equation:

(s +h, +y —u 0 - 0 0
—h,, s+hy+a —u 0 -p 0
0 —hy s +h, 0 0 -
4 0 0 s+h,+p 0 0
0 4 0 —h,, S+hg+p 0
0 0 -y 0 —hy s+h,

and, Z (s) ( see in the appendix ).

The mean time to failure (M TT F3) is given by

MTTF, :IR3(t)dt =1@3{ZP[ (s)+ ZQ,, (s)} :

For configuration 3, we get the following explicit expression for the MTT

Z (s, =0)
MTTF, =

F3:

97

(3.39)

3.3.2. System availability

(4h4 hgﬂ((hm+7/)(h10 +a+7)(h10+2a+7/)+2;/(h10 +a+7),u)+;/,u2)

(3.40)

For the availability case of configuration 3, the differential equations can be

expressed as:
ps)==[h, +7]p,O)+pp,)+Ba,(t).

p;(l‘) :_[h9 +a]p3(t)+h11p4(t)+yp2(t)+ﬂq3(t),

Pa(t)=—hy py () +hs ps () + 1 p, () + B, (),
PO =~[u+y]p,O)+2Ap, )+ Bq,@1),
q,@)==[hy,+Bla, )+ p, @),

q5(t)=—[hs+ Bla;O)+y ps(©)+hy,q, (),
4,()==hyoq,(O)+7 Py () +hyq, (1),
0,(t)==Lq,)+y p,(t)+21q,(t).

(3.41)
(3.42)
(3.43)
(3.44)
(3.45)
(3.46)
(3.47)
(3.48)
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Taking Laplace transform on both the sides of the differential equations given
above, solving for L, (S),Lq_ (s), i=1,2,3,4 and inverting, we get

p.(t),q, ()i =1,2,3,4. Then the system availability is given by.
7
PRSI SR ) R (3.49)

[Ts: “TIsiGi-s)
i=0 7=0

i#]

where,

;
[1s: =4 (4h4(h“+h5)h8(h5+h8)/1(h5 +24)+2h, hy(hs+hg)(hs B+2a B+24(2h,
i=0

B3y+22)) u+2h, (b (hs+ ) B+2(3hs B+ a(2a+6 f+3)) A+12(h+a) A +81°) 7
+h, (h11 +ﬁ)(h8 +ﬁ),u3), where Z, and Z,(s;) are shown in appendix.

For configuration 3, the explicit expression for the 4,(0) is given by

Z
A (o0)=—— (3.50)

[

i=0

4. COMPARISON OF THE THREE CONFIGURATION

The purpose of this section is to present specific comparisons for the MTT F; and the
A, (). Using an efficient Mathematica and Matlab computer program, all configurations
will be compared in terms of their MTT. Fl and A, (o0) Vi=1,2,3 with the following

values.
12100() days, lzs() days, l=1600 days, l:3oo days and lzzooo days.
A u a B 7

4.1. Comparison for the MTTFZ. and 4, ()

We first consider the following five cases to perform a comparison for the M7T7T. Fl

and A4, () of the configurations 1, 2, 3.

Case I: we fix a=0.000625, x=0.02, F=0.003, y=0.0005and vary the values
of /16[0.001,0.002].

Case 2: we fix a=0.000625, 4=0.001, £=0.003, y =0.0005 and vary the values
of ye[0.02,0.033].
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Case 3: we fix ©=0.02, A4=0.001, #=0.003 ,» =0.0005 and vary the values of
ae [0.000625, 0.000833] .
Case 4: we fix p=0.02, 1=0.001, =0.000625 ,» =0.0005 and vary the values of
ﬂe[0.003,0.004] .
Case 5: we fix ©=0.02, 1=0.001, =0.000625 , #=0.003 and vary the values of
76[0.0005,0.0007] .

Numerical results of MTT. Fl and A, (o) for configurations Vi =1,2,3 are

shown in Tables 3 and 4 for cases 1-5, respectively.
4.2. Comparison of all configurations based on cost / benefit ratios

In the above section, we did not consider that the different configurations may have
different costs. However, these costs must be considered when comparing all
configurations. The cost (C ; ) of the configuration i Vi =1,2,3 are listed in Table 2.2.
Under the cost / benefit ratios, namely, C, /M TTF,; and C, /A, (), comparison are

made based on assumed specific values given to the system parameters, and to the costs of
the configurations.

Numerical results of C, /M TT Fl and C,/A, (%) for configurations Vi =1,2,3 are

shown in Tables 4.3 and 4.4 for case 1-5, respectively.

Table 4.1. Comparison of the configurations 1, 2, 3 for MTTF,

Range of 4
0.001< 4 <0.002 MTTF, > MTTF, > MTTF,
Range of u
0.02< 1<0.03 MTTF, > MTTF, > MTTF,
Range of «
0.000625 < a < 0.000833 MTTF, > MTTF, > MTTF,
Range of [
0.003 < £ <0.004 MTTF, > MTTF, > MTTF,
Range of y
0.0005 <  <0.0007 MTTF, > MTTF, > MTTF,
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Table 4.2. Comparison of the configurations 1, 2, 3 for A4, (©)

Range of A
0.001< A < 0.002 A, (00)>A4,(0)> 4, ()
Range of 1
0.02 < 1£1<0.03 A,(0)>4;(0)>A, ()
Range of o
0.000625< @ <0.000833 ‘(> A:(2)>4:()
Range of
0.003 < 8 <0.004 A,(0)>A4,(0)>A,(x)
Range of y
0.0005 < 7 < 0.0007 A,(0)>4;(0)>A, ()

Table 4.3. Comparison of the configurations 1, 2, 3 for C, /MTTF,

Range of A
0.001< 4 <0.002 C,/MTTF,<C,/MTTF,<C,/MTTF,
Range of 1
0.02 < 1£<0.03 C,/MTTF,<C,/MTTF,<C,/MTTF,
Range of
0.000625 < <0.000833  C,/MTTF,<C,/MTTF,<C,/MTTF,
Range of f
0.003 < 3 < 0.004 C,/MTTF,<C,/MTTF,< C,/MTTF,
Range of y
0.0005 < ¥ < 0.0007 C,/MTTF,<C,/MTTF,< C,/MTTF,

The results of the cost /M TTF; for each configurations i Vi =1,2,3 are listed in

table 4.3 for cases 1-5, respectively. Table 4.3 reveal that the optimal configuration using
C, /MTTE. value depends on the values ofA, a, u, L and y. When

0.001<41<0.002, 0.02<x<0.03, 0.000625 < <0.000833, 0.003 < £ <0.004
and 0.0005 <  <0.0007 the optimal configuration is configuration 1.
The results of the cost/A, () for each configurations i Vi =1,2,3 are listed in

table 4.4 for cases 1-5, respectively. Table 4.4 reveal that the best configuration using
cost[A, (o) value depends on the values ofA, «, u, B and y. When
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0.001<4<0.002, 0.02< x<0.03, 0.000625 <« <0.000833, 0.003 < £ <0.004
and 0.0005 <  <0.0007 the optimal configuration is configuration 2.

Table 4.4. Comparison of the configurations 1, 2, 3 for C, /A4, ()

Range of A
0.001< 1 <0.002 C,/A4,(0)<C,/A,(0)<C,/A4,()
Range of u
0.02 < 12 <0.03 C,/A4,(0)<C;/A4,(0)<C, [A4,(0)
Range of
0.000625 < r < 0.000833 €, /A,(0)<C, /A, (3)<C, /4, (0)
Range of f
0.003 < 8 < 0.004 C,[4,(0)<C,/4(0)<C, /4, ()
Range of y
0.0005< 7 <0.0007  C,/A4,(0)<C;/A4,(0)<C,/4,()

5. SPECIAL CASE

[1] When =0 i.e "warm standby components convert to cold standby components".
The optimal configuration using the cost / MTTF measure is configuration 1. Next, the
optimal configuration using the cost / A, (o0) measure is configuration 2.

[2] When o = A i.e "warm standby components convert to hot standby components". The
optimal configuration using the cost / MTTF measure is configuration 1. Next, the
optimal configuration using the cost / A, (o0) measure is configuration 2.

6. CONCLUSIONS

In this paper, we studied the mean time to system failure and the steady-state
availability of three different series system configurations with warm standby components
and a repairable service station. By comparing the MTTF,and 4, (o) listed in Tables

(4.1, 4.2). Numerical results for the cost/benefit measure have been obtained for all
configurations as in Tables (4.3, 4.4). It is interesting to note first that the optimal
configuration using the cost/MTTF, measure is configuration 1. Next, the optimal

configuration using the cost / A, (00) measure is configuration 2.
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APPENDIX

From (3.17) we define
H(s,)=s;] +(6h4+3h5+2y)sj‘+(3h52 +130° +15h(a+A)+6 B u+4y u+(34+ 1)

(5/1+,u)+a(30/1+8,u))si3 +(12oc3 + 3By A3BY 128 A+24 8y A+12
PA+30 B2 430y 27 +194° +2(hy+y)(3B+y+6A) u+(3B+y+3A4) 1’ +2a° (138
+13y+5(5 A+ p))+a(12h] +60h, A+57 2 +24ﬂ,y+y(1gﬂ+14y+3ﬂ)))sf +(4a
+3(hy+y) A(hs+42)+2p(h: B+ +3h A(2+y+32)) u+(3 8 +3A(y+A)+2
,B()/+3/1)),uz+2a3(9ﬂ+97+15/1+2,u)+a2 (ISﬂ2 +157° + 72y A+63 17 +14y u
204 u+24° +2,8(15;/+36/1+8y))+3a(ﬁ3 +77 4272 (6 A+ u)+y(3A+p)(94+ 1)
AL +4 A u+ i)+ (3(7/2 +8y/1+9/12)+6(y+2/1)y+2y2)+ﬂ2 (3y+4(34
+1))))s, +(4a4(h3 +7)43(hy) 2+ Au( A2 (6 f+Ty+24)+ 202 (B+32))+(2

+h5(,82+3ﬂ/1+3/12)),u2 +2a’ (hy+7)(3hs +9/1+2y)+a(3/1(h3 +7) (2hs +52)

+p (202 (B+64)+ A (18B+21y +82))+3( 27 + hy(B+24)) )+ 207 (B + 7 +3p°
(y+4a+u)+2y" (62+u)+ A(1BA +5Au+ 1)+ B(37  +24y A+ 2447 +5y u

+8 /1,u+,u2)+7(24/12 +9/1,u+,u2))).

H1=[,B,u(hlh4(h1 +hs)(hy+7)(hy+a+y)+h (hy+a+y)(hsh,+ A2k +3y+2)) 1
+(hyhohy + by 2+ 30y (h+ B)2) 1) |

Hl(si)=[h1 hy By (=(hy+s,)(hy+s, +a)=(hy+s, ) (b +s, + B)—(hy +s, +a)(h,+
s, +B)—Pr+hyu)—hpy’ ((h3 +5, +7)(s; +A)(hs+2s, +3a+24)+(3s] +hy f+2
af+2s, (a+2ﬁ+7)+7sl./1+5a/1+4,8/1+3yl+412)y+(h10+si)yz)—h4(si +
B)(s, +y+u)(=hy (hy+s,)((hs+s, +a)(h +s, + B)+ By)—h By(hs+2s, +3a+
22+ p1))=hh, By ((hy+s,)((hs+s, +a) (b +s, + B)+By)+ By (hs+2s, +3a+22
+p) = A p(hy+2s, +3a+2/1+,u))+h1ﬂ;/(—(h2+si V(s +s,)((hy+s, +a) (b +s, +
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B)+By)+By(2hys, +s] +3s, a+20’ +3a f+ fr+ By +3a i+ 2BA+ A —h, p)
A u(2hys, +5) 435, @420 +3a fr [+ By+3a A+ 2 BA+ A —hy p))+ by (s,
+ﬂ)y(—(h2 +5, + @) Ap+((hy+s, +a)(h+s,+ B)+By)(s, +y+u)+(s, +y+u)
((hy+5,)(hy+s, +a)=h, )+ (b, +5, + B)(=Au+(hy+5,) (s, +y+u)))~(s, +B)

(hlﬂy(si+7/+y)(2h3s[ +s,.2+3s,.a+2a2+3a,8+,32+ﬂy+3al+2ﬂ/1+/12—h4y)
~h, (hy+s,)((hy+s, +@)(h +s, + B)+ By )(-Ap+(hy+s,)(s, +;/+,u)))—(sl. +B)y
(h Br(s, +7+u)(hs+2s, +3a+24+u)=h (hy+s,)(=(hy +s, +a) Ap+(s, +y+ )
((hy +5,)(hy +s, +a)—h, )+(h1+sl.+ﬁ)(—/1,u+(h2+si)(si+7/+,u))))—7/(—ﬂ7/
(Br((hy+s, +a)(hy+s, +a)=By+h, pt)=Au((hy+s, +a)(hy+s, +a) = By+h, )
—(hy+s,)(=(hy+s,) By )+(hy+s, +a)((hy+s, ) (hy +s, +a)—h, )))—(s.+,8)(—ﬁy
(s, +7+u)((hy+s, +a)(hy+s, +a) = By+h, u)+(h+s,) =By (-2 u+(hy+s,)(s,
+y + 1))+ (hy +s, )( (h 5, +a) Ap+(s, +y+p)((hy+s,)(hy+s, +a)— ,u))))
+(hy +s, + B (ﬂ hy+s, +a)(hy+s, +a)=By+h, pt)=Au((hy+s, +a)(hy+
s, +a)=By+h, ,u)—(h3 +8,)(=(hy+5,) Br+(hy+s, +a)((hy+s, ) (hy +5, +a)—h
)+ (s +B)(=Br (s, +r+u)((h+s, +@)(h+s, +@) = By+h,u)+(hy+s, )(—ﬂ7
(“Ap+(hy+5,)(s, +7+ 1)) +(hy+s, +a)(=(hy+s, +@) L+ (s, +7+u)((h,+s,)

(h, +s, +a)—h4u)))))]

From (3.31) we have

E, :ﬂy(hg(hs +hg)(hs+22)+(2hg A+ hy (b +4/1)),u).

E(s,)=s]+5](2(hs+y+42)+pt)+s, (a2 + 12y A+20 7 4y u+4 A u+2
(y+6A+ ) +a(3hs+10A+p))+(hy +7)(hy +a+y)(a+4A)+hs hg p+2(2hs+hg) A p.

E\(s)=s] +(3hs+2(a+4A+u))s! +(a® +3 5 +37" +5a(h,+y)+20y A+20°
+3a,u+47,u+10/1,u+,u2+ﬂ(67/+20),+6,u))si3+(/33+3ﬂ27/+3ﬂy2+7/3+16ﬂ22
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32y A+16y7> A+36 BA° +36y A* +16 2> +2(hs+ A)(3B+y+8A) u+(3B+y+4A) 1
+a’ (2(hs +/1)+y)+a(4ﬂ2+4;/2 +18y A+127 +5y u+10 A pu+ 1 + B(8y +184

+7 p1))s} +(hs (hs+hg) (hs+22) (a+42)+(2h] B+a(2h,a+5h; B+2h y+ay)+
2((7Ths+8a) B+4(hs+a)y) A+4(2a+6 B+3y) 2> +84° ) u+(2hya+ay+h, (3

+2(7/+/1))),uz)s[ + B 11 (hy (hs+hg) (hs +22)+(2hs A+ h (hy+42)) ).

Z(s)=s; +Sl.4(6a+3(h5 +4/1)+2y)+sf(3h5(h5 +5hg)+130° +6 B u+4y u+(64+ )
(10/1+u)+0:(60/1+8,u))+sf(120{3 + B 3By 3B+ 424 B A+A8 By A+24y7 A
+120 BA° +120y A2 +152 8 +2(hyy +7) (3 B+y +12 ) u+ (3 B+y +64) i +2a° (13 B
+137/+501+5y)+a(12(h52 +104, /1+19/12)+2(9/3+7y+24/1)y+3y2))+s,. (4o
+6(h+7) A(hs+84)+2(h B+322° +6h, A(2B+y+64)) u+(3 5 +6A(y+22)
+2,8(7/+6/1))y2 +2a° (9B+9y+30A+2u)+a’ (15h52 +144h, /1+2(126/12 +20Au
+/¢(8,6’+7;/+/1)))+3a(,83 +77 4277 (120+ p1) +y (6 A+ ) (18 4+ 1) +4 A (3247 +

8Au+ 1)+ (37/+4(6/1+,u))+ﬁ(37/2 +67(84+p)+2(544° +12/1,u+,u2))))+
(40 (ho+7)+12(hg+y) X +4A(22° (6 B+Ty+42)+hi (B+61)) u+(84° +h

(B +6p4+1227)) 1 +a(12(h10 +7) A(hs+52)+2(h (B+124)+22° (18 B+21
7/+161))y+3(,82 +4/1(7+/1)+ﬂ(7/+41))/12)+2a3 (ho+7) (35 +2(9A+p))+2
o’ (ﬂ3 +7 43 (r+8A+u)+2y (1244 1) 24(5247 +10 A+ p* )+ B (37" +48

yA+964° +57,u+16ﬂ,u+,u2)+7/(96/12 +182,,u+,uz))).
From (3.49), we have
Z,=Bps( 2y (I + s (s ) (s + 2 2)+ 2, () (s by + 222 +37+2.2)) p+

(s ho by +4h, hy A+6hs (hy, +/3)/1)/ﬂ).



A.M. Rashad, M.S. EL-Sherbeny and D.M.Gharieb 105

Z,(s,)=2h, hy By (=(hy+5, ) (b +s, +2a)=(hyy +s, +20)(hs+s, + B) = By +hs u
—(hy+s, ) (hg+s, +y+u))=2h, hy(s, + B)(s, +y+y)(—(h10+s,. (g +s, +2a)(hy
+5,+ B)+ By)= By (hs+2s, +3a+4 A+ 1)) =2h, hy By ((ho+s,)((hy +5, +22) (hy
+s, +ﬂ)+,37)+ﬂ7(h5+2s1. +3a+4A+ )22 p(hs+2s, +3a+4/1+,u))+2h4ﬂ7
(—(h10 +5,)(hy +5, ) (R +5, +2)(hg+s, + B)+ By)+ By(s) +3h,a+20 +h f+
Ay A+s, (Ba+2B+4A)~hgu)-2Au(s] +3hga+2a +hs f+4h A+s, (3a+28
+42)—hy y))—2h4 (s, +B)y(Br (s, +7+u)(hs+2s, +3a+4 2+ u)—(hy+s,) ((s,
+7)(s, +7+24)(hs+2s, +3a+42)+(s, +7)(5s, +5a+2 f+3y+8A) pu+(h,, +4s,
+2a+3y) i’ +y3))—2h4 hy (s, +ﬂ)y(—((h10+sl. +2a)(hg+s, + B)+By)(s, +7+u)
24 u(hg+s, +y+u)=(s; +7+u)(hy (s, + 7 +22)+(hy+5,) (s, + 7+ )=l +

s, +2a)(-2A4 pu+(hy+s, )(s, +;/+,u)))—2h4 (s, +ﬂ)(,87/(s,. +;/+y)(sl.2+3h10a+2a2
+hy B+4hy A+s, (3a+2B+42)—hy u)—(hy+s,)((hy+s, +2a)(hy+s, + B)+ B7)
(24 u+(hy+s,)(s, +;/+,u)))+2h4,87/2([3;/(h5+2s1.+3a+4/1+y)—2/1,u(h5+2sl.
Ba+di+p)+(hg+5, ) (~(hy+5,)(hg+s, +20)+ by t—(hy+s, ) (hs+s, +y+ 1))
1 (=Br(Br((hs+s, )(hs+hg+s, ) +(hy+s, +42) ) =22 u((hs+s, ) (hs+hg+s, )+
(hy+s, +42) 1) =(hyg+s, ) (= (g +5, ) By +(hy+5, + B) (s (s, +7+22)+(hy +5,)

(s, +7/+,u))))—(sl. +ﬂ)(—,8;/(si +y+ 1) ((hs+s, ) (hs+hg+s, )+ (hy +s, +42) )+

(ho+5, ) (=By(-2Au+(hy+s,)(s, +7+p))+(hs+s, + B) (2 A u(hy+s, +y+u)+
(s, +y+u)(hs(s, +7+22)+(hy +s,)(s, +;/+y))))))+(h10 +s,+2a)(By(Br((h
+5, ) (hs+hy+s, ) +(hy+s, +42) 1) =22 p((hg +5, ) (hs + hg+s, ) +(hy +5, +42) ) -
(ho+8,)(=(hy+5,) By +(hs+s, +B) (hs(s, +y+24)+(hy +s, ) (s, +;/+,u))))+(si
+,6’)(—ﬂ}/(si +7/+,u)((h8 +5, )(h5 +hy +s, )+(h7 +35, +4/1),u)+(h10 +35, )(—ﬁy(—Zﬂ,u
+(hy+5,)(s, +y+p))+(hs+s, +ﬂ)(—2/1,u(h8 w5, 4y u)+(s, +y+u)(hy(s, +y+22)

+(hy+5,)(s, +7+“))))))'
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